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Preface

In statistical mechanics as in many other fields, diffusion phenomena may arise from
Markovian stochastic modeling. This has motivated, since the early investigations
of Kolmogorov and Doeblin’s seminal paper (Doeblin, 1938), an increasing interest
in central limit theorems for Markov processes. Doeblin made a close connection
between the validity of such theorems and the time mixing properties of the Markov
process. Such mixing conditions, nowadays called Doeblin’s conditions, are some-
times difficult to verify. In particular many problems in statistical mechanics are
intrinsically infinite dimensional, and in that case the Doeblin mixing assumption
typically does not hold.

In the 1960s Gordin (1969) introduced another more analytical approach, based
on martingale approximation of additive functionals of Markov processes. Con-
sider a Markov process {X;, ¢t > 0} with an ergodic stationary probability measure
m(dx), and let V (x) be a function on the state space of the process with mean zero
with respect to 7. Let L be the generator of the corresponding Markovian semi-
group Pru(x) = E[u(X;)]. Then if u is a function in the domain of L, the pro-
cess u(X;) — u(Xo) — fot Lu(X;)ds is a martingale. Solving the Poisson equation
Lu =V with a nice function u in the domain of L, one can express f(; V(X;)ds as a
martingale plus a boundary term, and reduce the problem to proving a central limit
theorem for martingales. As we will explain in Chaps. 1 and 2, central limit theo-
rems for martingales requires only ergodicity of the process and a global control of
the corresponding quadratic variation.

Of course the possibility of inverting the generator L is related to the mixing
properties of the process, but it permits to tailor the conditions to the particular
function V we are studying. If L possesses a spectral gap, then the corresponding
Poisson equation can be solved for any function V' with mean zero.

However in many applications in statistical mechanics, the generator L does not
have a spectral gap. The typical infinite dimensional situation deals with a dynamics
that has conservation laws and there is an entire family of stationary ergodic mea-
sures. The classical example is given by the problem of the macroscopic diffusive
behavior of a tagged particle in a system of interacting particles. The dynamics of
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viii Preface

the interacting particles may conserve the density and eventually some other quan-
tities.

The problem of the tagged particle in exclusion processes (studied in detail in
Part II of this book) motivated Kipnis and Varadhan to develop a general central
limit theorem that exploits the time symmetries of the process. The idea in the article
(Kipnis and Varadhan, 1986) can be summarized as follows: the asymptotic variance
for t=1/2 [ V(X,)ds is given by

o) =2 [ BV OOV (o],
0

where E; is the expectation with respect to the path measure of the process starting
from the stationary measure 7. If the measure is time-reversible, i.e. the generator L
is self-adjoint in L2(7), then E; [V (X,)V (X0)] > 0 forall > 0 and o2(V) will be
finite if this time correlation decays sufficiently fast. The condition 62(V) < 400
is much weaker than asking that V belongs to the range of L, and it translates to
an integrability condition on the corresponding spectral measure (supported on the
real line) around zero that is relatively easy to verify. A simple argument using this
spectral measure shows that the martingale approximation can be done using the
resolvent solution u; = (A — L)_1 V, even when V is outside the range of L. In the
introductory Chap. 1 we will explain this approach in detail for a simple example of
a reversible (discrete time) Markov chain.

Some of the ideas discussed above were already present in the literature deal-
ing with the problem of homogenization of diffusions in stationary ergodic random
environments (cf. Kozlov 1979; Papanicolaou and Varadhan 1981), but it is in the
aforementioned work of Kipnis and Varadhan (1986) that the connection with re-
versibility has been exploited fully and the finiteness of the variance o>(V) has
been formulated as a sufficient condition for the central limit theorems for reversible
Markov processes.

Later on the theory has been extended to certain classes of non-reversible Markov
processes, i.e. Markov processes with a stationary ergodic (but non-reversible) prob-
ability measure . When this measure is explicitly known, the generator can be
decomposed as the sum of a symmetric and an anti-symmetric operator in L2 (1),
L = S+ A.If for a sufficiently large set C, that is a common core of L and S, there
exists a finite constant K such that

(/ngdn)2 <k [e-91dn [e-sdn. fgec

then we say that L satisfies a sector condition. The name illustrates the fact that
the spectrum of L, in general a subset of the complex plane, is contained now in a
cone around the negative reals touching the imaginary axis only at 0, where the con-
stant K is the tangent of the corresponding semiangle of the cone. There are many
interesting examples of Markov processes that satisfy the sector condition: asym-
metric exclusion processes with null average jump rate (studied in Sect. 5.3), cyclic
random walks in random environment (Sect. 3.3), doubly stochastic random walks
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in one dimension (Sect. 3.6), diffusions with the random generator in a divergence
form (Chap. 9).

Another class of processes where the theory can be extended is provided by
Markov processes with normal generators L and their bounded perturbations
(Sect. 2.7.5). This condition allows to deal with examples like random walks, or
diffusions in time dependent random environment (Sect. 9.9).

A further extension concerns processes where the generator L satisfies a graded
sector condition: this is the case where the space L?(rr) can be decomposed into
a direct sum of orthogonal subspaces, Lz(n) = @n>0 o, and L satisfies a sector
condition on each subspace with a constant K, eventually growing to infinity not
too fast (see Sect. 2.7.4 for the precise formulation of this condition). Examples
include asymmetric exclusion processes in dimension d > 3 (Sect. 5.5, this example
motivated the extension), and diffusions with Gaussian drifts (Chap. 12).

We also present some examples that go beyond sector type conditions:

e diffusions in divergence free fields with the stream matrix that is square inte-
grable (i.e. finite Péclet number), can be dealt with by an approximation proce-
dure (Chap. 11);

e doubly stochastic random walks in space-mixing environment in dimension 3 or
higher, where an approximation procedure can be implemented (Sect. 3.5);

o Ornstein—Uhlenbeck process in a random potential (position-velocity Langevin
diffusion). This is a very degenerate diffusion (noise acting only on the velocity),
but time symmetry of the Gibbs measure can be exploited by changing sign of
the velocity in the reversed process (see Chap. 13).

All these examples of the central limit theorem for processes with the generator
not satisfying any sector condition exploit particular features of the dynamics. What
is missing is a general theorem for non-reversible Markov processes. We expected
the validity of the central limit theorem for any Markov process with stationary,
ergodic measure 7 and a function V such that (—=S)" 12y belongs to L2(). We
are not aware of any counterexamples to this statement.

Description of the Content of This Book Part I concerns the general theory,
and could be used as the base for a graduate course. Only some basic probability
is required, in particular ergodic theorems and martingales. In the first chapter we
expose the central limit theorem for a countable state space, discrete time, reversible
Markov chains. This is the most elementary, non-trivial set-up where we can illus-
trate the basic ideas without spending much time on technicalities. In Chap. 2 we
develop the theory for general continuous time Markov processes, and introduce the
various sector conditions. In Chap. 3 we apply the theory to random walks in ran-
dom environment on Z¢, that are nice and relatively simple, although at the same
time quite non-trivial examples of the general theory. We conclude this part of the
book with Chap. 4 that contains estimates and variational formulas for the asymp-
totic variance o2(V), which turn out to be quite useful in applications. In fact in
some examples the central limit theorem follows by the application of the general
theory, while proving strict positivity of the variance requires some extra effort.
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Part IT is completely dedicated to central limit theorems for exclusion processes,
the problem which motivated the development of the theory presented in this book.

In Chap. 5, we introduce the simple exclusion process, prove the main properties
of its generator, and examine central limit theorems for additive functionals. In the
case where the jump rates of the particles are symmetric, this result is a straight-
forward consequence of the first part of the book since the generator is self-adjoint.
If the jump rates have mean zero, the generator of the exclusion process satisfies a
sector condition and we may still apply the general theory.

In the asymmetric case, the picture is different. The duality introduces an or-
thogonal decomposition of the L2 space which permits to consider the central limit
theorem from the perspective of the graded sector condition. However, one needs to
assume that the dimension is larger than or equal to three to prove that the asymmet-
ric part of the generator which changes the degree of a function satisfies hypothesis
(2.45) assumed in the general theory. Moreover, the asymmetric part of the gener-
ator which keeps the degrees of the functions does not satisfy condition (2.50). To
overcome this obstacle a method, known as the removal of the hard core interaction,
has been developed and is presented in Theorem 5.19.

To proceed step by step, increasing progressively the level of difficulty, we first
present a central limit theorem for additive functionals of asymmetric exclusion
processes in dimension d > 3 when the density of particles is equal to 1/2, in which
case the asymmetric part of the generator which keeps the degree of the functions
does not appear. In the following section we examine the full asymmetric case in
d > 3. In the last section of this chapter we present some results on transient Markov
chains needed in the chapter and which have intrinsic interest.

In the following two chapters, we extend the central limit theorem to the case of a
tagged particle, deriving the self-diffusion coefficient of exclusion processes, and to
the case of a second class particle which is connected to the equilibrium fluctuations
from the hydrodynamic limit of the empirical measure, Kipnis and Landim (1999).

In the last chapter of this second part of the book we prove that the asymptotic
variance depends smoothly on the density of particles. In particular, we show that
the self-diffusion and the bulk diffusion coefficients are smooth functions, a property
which has important consequences in the theory of hydrodynamic limits.

Part III deals entirely with diffusions in random environments. Chapter 9 contains
the main applications of the general theory. It starts with the periodic environments,
where a spectral gap is present in the dynamics. In the quasi-periodic case we il-
lustrate the loss of compactness and of the spectral gap property. This motivates
the study of general ergodic random environments. Chapter 10 contains variational
principles for the homogenized diffusion matrix, while the following chapters con-
tain some other applications and extensions: divergence free drifts (Chap. 11, where
the homogenized diffusion is enhanced by the microscopic convection), Gaussian
drifts (see Chap. 12), where we have included also the discussion on superdiffusion
effect due to large convection. Chapter 13 deals with the Ornstein—Uhlenbeck pro-
cess in a random potential. The final Chap. 14 is dedicated to the relation of this
probabilistic approach with the classical analytic homogenization theory and the
notions of G-convergence of operators and I -convergence of quadratic forms.
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There are many problems and results related to this theory that we have not in-
cluded:

e The theory is about Markov processes in a stationary, ergodic state, and is tailor
made for situations where there can be many ergodic measures. So the central
limit theorem obtained refers to the particular ergodic measure chosen, the diffu-
sion coefficient may depend on it, and the convergence of the laws are in proba-
bility with respect to the initial chosen ergodic measure. There are many almost
sure results for diffusions in random environments, and it remains an open prob-
lem in the case of interacting particles systems, like for the self-diffusion of the
tagged particles (Part II), even in the reversible case.

e For the same reason we do not deal with non-stationary problems, or locally er-
godic environments etc. Some limited results in these directions do exist in the
literature.
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Part I
General Theory



Chapter 1
A Warming-Up Example

The purpose of this chapter is to present, in the simplest possible context, some
of the ideas that will appear recurrently in this book. We assume that the reader
is familiar with the basic theory of Markov chains (e.g. Chap. 7 of Breiman 1968
or Chap. 5 of Durrett 1996) and with the spectral theory of bounded symmetric
operators (Sect. 107 in Riesz and Sz.-Nagy 1990, Sect. XI.6 in Yosida 1995).

Consider a Markov chain {X; : j > 0} on a countable state space E, stationary
and ergodic with respect to a probability measure 7. The problem is to find neces-
sary and sufficient conditions on a function V : E — R to guarantee a central limit
theorem for

— Z V(X)). (1.1)

We assume that E,[V] =0, where E, stands for the expectation with respect to
the probability measure 7. The idea is to relate this question to the well-known
martingale central limit theorems.

Denote by P the transition probability of the Markov chain and fix a function
V in L% (), the space of functions f : E — R square integrable with respect to 7.
Assume the existence of a solution of the Poisson equation

V=U-P)f (1.2)
for some function f in L2(r), where I stands for the identity. For j > 1, let
Zj=fX;)—(PHXj-1).

It is easy to check that My =0, My = ZlgjsN Zj, N > 1, is a martingale with
respect to the filtration {%; : j > 0}, #; = o (Xp, ..., X;), and that

N—-1
Y V(X)) =My — f(XN)+ f(Xo). (13)
=0
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4 1 A Warming-Up Example
Since f is square integrable, the last two terms divided by N'/? vanish as N 1 oo
and the central limit theorem for N~!/2 2 0<j<n V(X;) follows from the central
limit theorem for the martingale My .

If the Markov chain has good mixing properties which guarantee the convergence
of the series ) >0 PJ/V in L?(1), the Poisson equation (1.2) has a solution given by
=X >0 PJ V. Unfortunately, as will be seen in this book, this is not the typical
situation. Nevertheless, the central limit theorem can be established with weaker
conditions, approximating V, in a proper norm, by functions in the range of / — P.

The optimal situation is achieved in the special case where the invariant state 7
is reversible. It is shown in Theorem 1.10, the main result of this chapter, that in this
case the finiteness of the limit variance

N—1 2
o2(V) = Jim %E[( Z V(Xj)> ] (1.4)
Jj=0

is a necessary and sufficient condition for a central limit theorem for (1.1). Non-
reversible chains require a deeper analysis, presented in the next chapter.

The material is organized as follows. In Sect. 1.1 we introduce some termi-
nology and prove a few elementary facts on Markov chains on countable state
spaces. In the second section, we prove a central limit theorem for the sequence
N~1/2 > 0<j<n V(X;) assuming that the solution of the Poisson equation (1.2) be-
longs to L2(rr). In Sect. 1.3 we prove a central limit theorem for a stationary and
ergodic sequence of random variables whose partial sums form a square integrable
martingale. In the fourth section we obtain necessary and sufficient conditions for
the limit variance (1.4) to be finite. This computation leads us to introduce some
Hilbert spaces associated to the transition probability of the Markov chain which
are examined in detail in Sect. 1.6. In Sect. 1.5 we prove a central limit theorem for
the sequence N~ 1/2 Zos j<n V(X)) showing that this sum can be approximated by
a martingale.

1.1 Ergodic Markov Chains

In this section, we present some elementary results on Markov chains. Fix a count-
able state space E and a transition probability function P: E x E — R:

P(x,y)>0, x,yeE, Y P(x,y)=1, x€E.
yeE

A sequence of random variables {X; : j > 0} defined on some probability space
(82, #,P) and taking values in E is a time-homogeneous Markov chain on E if

PIXj1 =X, ... Xo] = P(X}.,) (15)
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forall j >0, yin E. P(x,y) is called the probability of jump from x to y in one
step. Notice that it does not depend on time, which explains the terminology of a
time-homogeneous chain. The law of X is called the initial state of the chain.

Assume furthermore that on (§2,.%#) we are given a family of measures P,
z € E, each satisfying (1.5) and such that P, [Xo = x] = 1. We call it a Markov
family that corresponds to the transition probabilities P (-, -). For a given probabil-
ity measure pon E, letP,, = Y, u(x)P,. Observe that w is the initial state of the
chain under IP,,. We shall denote by [, the expectation with respect to that measure
and by E, the expectation with respect to Py.

The transition probability P can be considered as an operator on Cp(E), the
space of (continuous) bounded functions on E. In this case, for f in Cp(E),
Pf: E — E is defined by

(Pf)(X)=ZP(x,y)f(y)=E[f(X1)|X0=X]- (1.6)

yeE

We use the same notation P for the transition probability and for the operator on
Cp(E). In the countable case, we can think of Pf as the product of the square
matrix P with the column vector f.

Let 1 P be the state of the process at time 1 if the Markov chain starts from pu,
i.e., the distribution at time 1 of the process starting at time O from p:

(WP)(x) =Pu[X1 =x]= Y u(y) Py, x).
yeE

In the countable case, we can think of p P as the product of the line vector y with
the square matrix P.
For n > 1, we denote by P" the n-fold composition of P with itself so that

P',y)= Y PO,x)P@1Lx2) - PO2, X)) (a1, y)

X5 Xn—1€EE

for all x, y in E. In particular,

(P )0 =B [f (X)), (wP") () =Y p(B[X, =x]

yeE

for all bounded functions f and all probability measures . Hence,  P" stands for
the state of the process at time n if it starts from 1. By convention we let PO = I—
the identity operator.

A probability measure 7 is said to be stationary or invariant for the chainif 7 P =
7. This happens if and only if the sequence of random variables {X; : j > 0} is
stationary under P, . We do not assume the chain to be indecomposable. There might
exist, in particular, more than one invariant measure. Denote by E, the expectation
with respect to 7, not to be confused with E, —the expectation with respect to P,

We say that an invariant measure 7 is ergodic if any bounded function f sat-
isfying (I — P) f = 0 is mw-almost everywhere constant. It can be shown, see e.g.
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the proof of Theorem 7.16 in Breiman (1968), that 7 is ergodic if and only if
the sequence of random variables {X; : j > 0} is ergodic when considered over
(2,%,Py).

We may extend the domain of definition of the operator P given in (1.6) to
L?(rr), the space of m-square integrable functions. It is indeed clear, by Schwarz
inequality, that Pf defined by (1.6) belongs to L2(rr) if f does since

2
Y r@[PH®] = Zn(x){ > P, y)f(y)}

xeE xeE yeE
<Y @Y PO =) @PYOSG)
xekE yeE yeE
=Y 1MW)
yeE

because 7 is invariant. We have thus proved that P is a contraction in LZ(JT)Z

(P, Pfix < (fs fns (1.7)

where (-,-); stands for the scalar product in L(r). Let || - || be the norm associated
to the scalar product (-,) .

1.2 Almost Sure Central Limit Theorem for Ergodic Markov
Chains

Consider a time-homogeneous irreducible (or indecomposable in the terminology of
Breiman 1968) Markov chain {X; : j > 0} on a countable state space E with tran-
sition probability function P : E x E — R. Assume that there exists a stationary
probability measure, denoted by 7. By (Breiman, 1968, Theorem 7.16), 7 is unique
and ergodic. In particular, for any bounded function g : E — R and any x in E,

1 N-1 .
Jim Z;(Pfg) (x) = Exlg].
]:

Fix a function V : E — R in L%(7r) which has mean zero with respect to 7. In
this section, we prove a central limit theorem for the sequence N ~1/2 Z?’;Ol V(X;)
assuming that the solution of the Poisson equation (1.2) belongs to L?(r). Under

this hypothesis we obtain a central limit theorem which holds -a.s. with respect to
the initial state.

Theorem 1.1 Fix a function V : E — R in L*>(7r) which has mean zero with respect
to m. Assume that there exists a solution f in L2(7) of the Poisson equation (1.2).
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Then, for all x in E, as N 1 0o,

z
L

V(Xj)

IIM

converges in P, distribution to a mean zero Gaussian random variable with variance

o2(V) = Ex[f*1— Ez[(Pf)?].

Proof Fix a mean zero function V in L2(;) and an initial state x in E. By assump-
tion, there exists a solution f in L2(r) of the Poisson equation (1.2). Consider the
sequence {Z; : j > 1} of random variables defined by

Zj=f(X;) = Pf(X;_1). (1.8)

The sequence {Z; : j > 1} is adapted to the natural filtration of the Markov chain
Fj=0(Xo,...,Xj).LetMy=0,M; = lekﬁj Zi, j > 1. A simple computation
shows that {M; : j > 0} is a martingale adapted to the filtration {.%; : j > 0}.

Assume first that the solution f of the Poisson equation (1.2) is bounded. In this
case, the random variables {Z : j > 1} are bounded. Thus, for |#| small enough, we
may define

A;(0) :=1logEy[expli0 Z;}| F(j—1)]- (1.9)
Fix 0 in R. An elementary computation shows that for all N large enough,
N
E, |:exp{ (0/N)My =) " A;(0/v/N) ” =
Jj=1
It follows from a second order Taylor expansion that
N

N

1
§ Ai(0/vVN)=— § [ Z3.F-1)]+ —=Rw.
= Jj pot J= N

for some random variable Ry bounded above by a constant. Since
E([Z31Z-n] = (PF?)(Xj-1) = (P (X-1),

by the ergodic theorem, as N 1 oo, Y, <j<N A j(G/\/ﬁ) converges Py-a.s. to
—(62/2) Ex[(Pf?) = (Pf)*1=—(6?/2) Ex[f* — (Pf)*]. In particular,

Nlim E, [exp{(i@/\/ﬁ)MN}] = 6_9202/2’
—00

where o2 = Eﬂ[f2 — (Pf)z]. The central limit theorem for (l/ﬁ) X
205 <N V(X ;) follows from this result and identity (1.3).
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Assume now that f belongs to L2(7'[). Let {f, : n > 1} be a sequence of
bounded functions which converge to f in L?(rr). For a fixed n > 1, let Z;") =
fa(Xj) = Pfu(Xj_1), j > 1, and let M" =0, M;”) =Y 1<=; Z{" be the mar-

tingale associated to the sequence {Z 5.") : j = 1}. By the first part of the proof, for
everyn > 1, ’

Jim E, [exp{(i0/VNYMP}] = e=on/2,

where 0.2 = E;[f2 — (Pf)?].
Since E;T[fn2 — (Pf)?*] converges to Ex[f2— (Pf)*] as n 1 0o, to conclude the
proof of the theorem we need to show that

lim limsup |Ex[exp{(i9/«/ﬁ)M1(\’,1)}] — Ex[exp{(iG/«/ﬁ)MN}H =0.
=00 N_500

Since |exp{ix} — exp{iy}| < |x — y|, the previous difference is absolutely bounded

iExHM[(\;l) _ MN|] < {ﬁEx[(M(”) . MN)z]}lm’
JN i P

where we used Schwarz inequality in the last step. Recalling the representation of
the martingales My, MI(\;’) in terms of the sequences {Z; : j > 1}, {Zj.”) :j =1}, by

orthogonality of these variables in L2 (P,), the expression inside braces is equal to

%z]:: Z(n) z)

Let F, = f, — f so that zj.") — Zj = Fy(Xj) — PF,(X;_). With this notation the
previous sum becomes

92 Y .
~ Z @) =[P PF)Y] ().

By the ergodic theorem this average converges to 0%E, [F,% — (PF,)?]. This expres-
sion vanishes as n 1 oo because F;,, converges to 0 in L2(7). This proves the central
limit theorem for the martingale My and the theorem in view of identity (1.3). [

In general there is no solution of the Poisson equation in L?(r), but one still ex-
pects a central limit theorem for N -172 Z;V:_Ol V(X ;) if its variance remains finite.
We prove such a result in the following sections under the assumption of reversibil-
ity of the stationary measure . The approach relies on a central limit theorem for
martingales presented below.
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1.3 Central Limit Theorem for Martingales

Fix a probability space (£2, %, P) and an increasing filtration {.%#; : j > 0}. Denote
by [E the expectation with respect to the probability measure P. Let {Z; : j > 1} be
a stationary and ergodic sequence of random variables adapted to the filtration {.%}
and such that

E[Z}] <o,  E[Z;j41|%j1=0, j=>0. (1.10)

The variables {Z; : j > 1} are usually called martingale differences because the
process {M : j > 0} defined as My :=0, M; := lekfj Zk, j > 1,1is a zero-mean,
square integrable martingale with respect to the filtration {.%; : j > 0}.

Theorem 1.2 Let {Z; : j > 1} be a sequence of stationary, ergodic random vari-
ables satisfying (1.10). Then, N_1/221§j§N Z; converges in distribution, as

N 1 00, to a Gaussian law with zero mean and variance o= E[Z%].

Proof If one assumes that the martingale differences {Z;} are bounded, the proof is
elementary and follows from the ergodic assumption. Suppose therefore that | Z1| <
Co, P-a.s. for some finite constant Cy.

We first build exponential martingales. Since {Z;} are martingale differences,
E[Zj+1§k§j+K Zklgfj] =0forall j >0, K > 1. Therefore, since |e”‘ —1—ix| <
x2/2, x € R, subtracting E[i6 Zj+1§k§j+K Z,|.# ] from the expression on the left-

hand side in the next formula we obtain that
02 Jjt+K 2
{(£2)17]
k:./—ﬁ—l

J+K
]E|:exp{i9 Z Zk}‘ﬁj:| -1

k=j+1
Since the variables {Z;} are martingale differences, we may replace (3, Zi)? by
Dok Z,% in the above conditional expectation to obtain that this expression is bounded
above by (6C¢)?K /2. The left-hand side of the previous displayed equation is thus
bounded by 1/2 if |8] < 1/+/K Co. We can therefore define for 6 in this range and
for j > 1 the compensator

ik
A;(9) :=logE|:exp{i9 Z Zk}’dgz(jl)l(:|a

k=(j—1)K+1

with the usual definition of logarithm log(1 + z) :=z — z2/2 4 z3/3 — - - - valid for
lz] < 1.

Fix 1 « K « N.This means that K increases to infinity after N. Letm; := Mg
for j > 0. Clearly, for every admissible 6, exp{ifm; — Zlgkgj Ar(0)} is a mean
one exponential martingale with respect to the filtration { %k : j > 0}.
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Assume without loss of generality that N = £K for some integer £ and fix 0 € R.
An elementary third order Taylor expansion shows that for N sufficiently large

jK 2
K
§ A;(6/VN )_——E IEJ|: § 72 y(j_l)K:|+—\/_RN,K
j=1 j=1 k=(—1)K+1 N

for some random variables Ry g that can be deterministically bounded indepen-
dently of N and K. Since {exp{i0m; — lekfj Ar(0)}: j = 0} is a mean one
exponential martingale, for any 6 in R and N sufficiently large we obtain

14
= E[exp{i(@/«/ﬁ)me —~ ZAk(e/W)H

k=1
g2 =1 [ UHDK 2
:E|:exp{ MN+_ZE|: Z Z]%‘yﬂ(] _TRN’K}:|'
—0 Lk=jKk+1 N

We prove below that

g2 =1 [U+DK
2 2
Iggnwiglfla[ exp{ﬁZE[ > (@ )‘33]-,(“ —1 } =0.  (L11)
j=0 k=jK+1

Therefore, since Ry g are uniformly bounded random variables, for every 6 in R,

922

i0
lim E ——=My+——1|=1,
N [eXp{a/N Nt 2 ”

which proves the central limit theorem in the case of bounded martingale differ-
ences.
It remains to show that (1.11) is in force. The expression inside braces is bounded

by a finite constant which depends on Cg and 6. Since |¢* — 1| < |x|e/], x € R, the
expectation in (1.11) is less than or equal to

192 e 1 (J+DHK , ,
- XEllx X (@-)
=1 k=jK+1

for some finite constant Cy. Since {Z;} is a stationary sequence, this expression
does not depend on £ and is equal to
] (1.12)

C102E|:

K
ZZk—o

By the ergodic theorem (1.12) vanishes as K 1 co.
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The general case can be deduced from the previous one by approximating the
martingale differences {Z; : j > 0} by bounded martingales differences. The most
natural way consists in fixing a cut-off level ¥ > 1 and to define

2% = ¢ (Z)) — E[$pe(Z))| Fj1]

for j > 1. Here ¢, : R — [—«, ] stands for a cut-off function which can be taken
as ¢, (x) = x1{|x| < «} for instance.

Note that {Z(.K) : j > 1} forms a sequence of bounded martingale differences.
Although {¢,(Z )} inherits stationarity and ergodicity from the original sequence,

the random variables {Z;K) : j > 1} may lose these properties due to the presence of
the conditional expectation.

Let aKz =E[¢(Z; )21 By the dominated convergence theorem, aKz
oZask 1 00. Moreover, Zi'{) converges to Z; in Lz(]P’), as k 1 0o, since

converges to

E[(Z1 — 2)’] <E[Z}1{] 2] > «}].

To derive this inequality we expanded the square and used the identity E[Z|.%(] =
0 which follows from the fact that {Z;} are martingale differences.

Let {Mj(.'() : j > 0} be the martingale associated to the sequence {Z;K) cj=> 1)
M(gk) =0, M}(\'f) = ZlijN Z;K), N > 1. We show below that

lim lim [E[exp{(i0/vN)M®}] —e %2 =0. (1.13)

K—>00 N—00

This claim does not follow from the first part of the proof because the sequence
{Z;.K) : j > 1} may be neither stationary nor ergodic.
On the other hand, we have seen above that exp{—é’za,(2 /2} converges, as k 1 00,

to exp{—0202/2}. Therefore, to conclude the proof of the theorem we need to show
that the difference

E[exp{(i0/v/N)My }] — E[exp{i6/vN)M©}]

vanishes as N 1 0o and then « 1 0.
Since |¢'* — e"Y| < |x — y| for x,y € R, by Schwarz inequality, the previous
expression is absolutely bounded by

o welony )]

Since the random variables {Z; — Z;K) : j > 1} are orthogonal, the expression inside
braces is equal to the average of ]E[(Z;K) —-Z j)2]. We estimated above a similar term

showing that it is less than or equal to E[Z%1{|Zl| > k}]. Analogous arguments
apply here. This expectation vanishes as x 1 0o, concluding the proof.
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We now turn to the claim (1.13). Recall the proof of the central limit theorem
for bounded martingale differences and observe that up to (1.11) we did not use the
stationarity or the ergodicity of the sequence. The term we need to estimate is the

exponential of
f/K}

g2 =1 [ UK ,
wE > @)
02 -1 G+DK )
JE[ > {0e(Z0* — E[$e(Z0|Fi ] }\ﬂm},

j=0 Lik=jk+1
2N -
j=0 Lk=jKk+1

where the identity follows from the definition of the variables Z . Notice that
the positive term E[¢, (Zr)|-Zx—1]> has a negative sign in front. In particular, its
exponential is bounded by one. On the other hand, since for each fixed «, {¢, (Zx) :
j > 1} is a stationary ergodic sequence, by (1.11) we may replace ¢, (Z;)? by 0’,{2 in
the exponential.

It remains to estimate
g2 =1 [UEDK

[CXP{ ZE[ > E[¢e(Z0)| Fai] |</,1<“—1
Since the expression inside the exponential is negative and since 1 — e~ < x for
x > 0, the previous expression is bounded above by

=0 k=jK+1

N

E[E[¢e (Z0)|F1]].

=1

92

2N h
Since {Zj : k > 1} is a martingale difference, we may subtract Z; in the conditional
expectation without affecting it. Applying Schwarz inequality we bound the previ-

ous expression by (92/2)E[Z%1{|Zl| > k' }] which vanishes as x 1 co. This proves
(1.13) and concludes the proof of the theorem. O

In the proof of Theorem 1.2 all estimates were carried through in L'(P).
A straightforward adaptation of the arguments gives a conditional central limit the-
orem:
Theorem 1.3 Under the assumptions of Theorem 1.2, for every 6 in R,

lim E[|E[exp{i0(My/vN)}| Fo] — e~ 2)] =

where 0% = IE[Z%].
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Remark 1.4 Deeper analysis permits to prove convergence of the partial sums to a
Brownian motion with diffusion coefficient o2 = JE[ZIQ]: Forevery T > 0,

[Nt]
[Nt]
V(@) = ZZ ————ZiNni

converges to a Brownian motion in C ([0, T']), the space of continuous functions in
[0, T]. In this formula, [a] stands for the integer part of a € R: [a] = sup{n € Z :
n < a}. We refer to Theorem 2.29.

1.4 Time-Variance in Reversible Markov Chains

In this section, we examine the asymptotic behavior of the variance of

for square integrable functions V in the context of reversible Markov chains. Re-
versibility with respect to 7 means that P is a symmetric operator in L2(r):

<Pf»g)n:(fng>n

for all f, g in L2(xr). It is easy to check that a probability measure 7 is reversible
if and only if it satisfies the detailed balance condition:

T(xX)Px,y)=m(y)P(y,x)
for all x, y in E, which means that
P.[X, =x, Xnr1=yl= P.[X,= v, Xpt1 =x].

A reversible measure is necessarily invariant since

@P)(x) =) 7Py, x) =) 7xX)P(x,y)=7(x).

yeE yeE

In this section, we prove that the following limit exists:

' | Nl 2
oX(V) = ngnooEﬂ [(ﬁ ]2:(:) V(Xj)> :|,

where we admit +oco as a possible value, and we find necessary and sufficient con-
ditions for O’Z(V) to be finite. We also introduce Hilbert spaces associated to the
transition operator P which will play a central role in the following chapters.
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Fix an invariant probability measure 77 and a function V in L?(rr). An elementary
computation gives that

| Nl 2 T,
E”[(ﬁ > V(X,-)) ] =5 2 E[VixXpvixw]
j=0

j k=0
_—ZE V(X)) Z]E V(X)HV(Xp)].
/<k

Since 7 is a stationary measure, En[V(Xj)z] = (V,V); and, for j < k,
E[V(Xj))V(X)]=(V, pk=i V)x so that the second term is equal to

N-1
—Zv P*IV) =23 "[1—(i/N)](V.P'V), .
i=1

j<k

In conclusion,

[( ZV(X))] N§1—0/N>vzov>_

To estimate the second expression we rely on the spectral decomposition of the
operator P. Since P is symmetric in L2(r), all its eigenvalues are real and P admits
a spectral decomposition:

P :/ pdE,.
R
By (1.7), P is a contraction, its spectrum is contained in [—1, 1] so that
1
P= / 1 pdE,.

Notice that 1 is an eigenvalue associated to the constants because P1 =1 if 1 is the
constant function equal to 1.

The spectral decomposition of P permits to represent the scalar product
(P*V, V), in terms of the spectral measure of V:

1 1
(v, PkV)ﬂ=<V,/1<pkdE¢,V> =/l(pkd(V, E,V)r.
_ S

Denote the spectral measure d(V, E,V )z of V by uy(de) and notice that py is a
finite measure on [—1, 1] with total mass equal to (V, V). With this notation,

1 N—1

1N—1 2 ‘
E.| | — V(X; (V,V) +2/ [1—=G/N)]e' 1y (de).
[(ﬁg ( p)] i Zl (i/N)]¢' wv(de)
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The second term on the right-hand side can be rewritten as
1 .
2/ Y 1= /M) ¢ uy @),
i>1

where a™ stands for the positive part of a. For —1 < ¢ < 0, an elementary compu-
tation shows that » ,[1 — (i/N )T ¢! is absolutely bounded by a finite constant
and that it converges to ¢/(1 —¢), as N 1 co. On the other hand, for 0 < ¢ <1,
Dol — (i/N)]+g0i increases to ¢/(1 — ¢). Therefore, by the monotone and by
the dominated convergence theorem, the previous integral converges to

1
2 / IL ny (de).
-11—-9
We have thus proved the following result.

Lemma 1.5 For any function V in L* (1),

1
1
az(V)<oo if and only if f l—uv(dgo)<oo. (1.14)
-1 1=
In this case,
1 1+
oz<V>=/ =y (dg). (1.15)
-1 1=

Note that in this computation we did not use the fact that V has mean zero.
However, az(V) = oo if E;[V]# 0 since for such functions the spectral measure
gives a positive weight to 1: pwy ({1}) > 0.

The previous computation leads to the following Hilbert space. Since P is an
operator bounded by 1, I — P is non-negative so that

(fren=(f.d—-Pyg),

defines a semi-definite scalar product in L2(7). It is semi-definite because (1, 1) =
0. Denote by .7 the Hilbert space induced by L?(r) endowed with the scalar prod-
uct (-,-)1. Let || - ||; be the norm associated to this scalar product. The Hilbert space
J# is examined in detail in Sect. 1.6.

For A > 0, consider the resolvent equation

A4+ —P)fi=V. (1.16)

In contrast with the Poisson equation, the resolvent equation always has a solution
f in L2() because (1 + A)I — P is invertible for all A > 0. It is given explicitly
by fi=(+1)"" Y o0+ PIV.

The proof of the central limit theorem for N —1/2 >0 <j<N V(X ;) relies on the
following two estimates on the solution of the resolvent equation.
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Lemma 1.6 Ler f, be the solution of the resolvent equation (1.16) for some zero-
mean function V with finite time-variance o>(V). Then,

lim A(f3, =0.
Jim (fas Fudx
Proof Since f) is the solution of the resolvent equation (1.16),

_ ! A
M frs fide = MEx [{[(1+2)] — P] lV}2]=/_lmuv(ako).

Since A/(1 + A — ga)2 <({1- go)_1 and since py (do) integrates (1 — (p)_l, by the
dominated convergence theorem, the previous integral vanishes as A | 0. d

Lemma 1.7 Let f, be the solution of the resolvent equation (1.16) for some zero-
mean function V with finite time-variance o>(V). The sequence f, is a Cauchy
sequence in J: for every € > 0, there exists Ly > 0 such that for any Ay, Ay < Ag

(fir = fras (I = PY(fiy = fi2)), <&
Proof Since f; is the solution of the resolvent equation,

(for = Fror T = PY(fry — ),

! 1 1 2
= 1-— — d
/_1( (p){l-H»z—(p 1+)»1—<P} v (de)

/1 (1 —@)(h2 — 11)?
T+ =P+ 42 — ¢l

5 kv (de).

Since the integrand is bounded above by (1 — ¢)~! and since the spectral measure
of V integrates (1 — ), the integral converges to 0 as A1, A | 0. 0

A similar computation to the one presented in the previous proof shows that
2 : 2
Vy=1 I—-P . 1.17
a“(V) ;%UL( ) f), (1.17)

Indeed, since f; solves the resolvent equation, by the spectral representation of the
operator P,

1 (1 2)
p2 — ¢ d
(})\7(1 )f)“)rr —/;1 (1 2 )2 I'LV( (P)

Since the integrand is bounded above by (1 — ¢)~!, by the dominated convergence
theorem, as A | 0, the previous expression converges to

1 1+¢)
/ — uy(do),
al-9

which is equal to o2(V) in view of (1.15).
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1.5 Central Limit Theorem for Reversible Markov Chains

In this section, we prove a central limit theorem for additive functionals of re-
versible Markov chains. Fix a zero-mean function V in L%(;r). We have seen in
the beginning of this chapter that a central limit theorem for the additive functional
N~12 > 0<j<n V(X;) follows easily from a central limit theorem for martingales
if V belongs to the range of I — P, i.e., if there is a solution in L2 () of the Pois-
son equation (I — P) f = V. This assumption is too strong and should be relaxed.
A natural condition to impose on V is to require that its time-variance o>(V) is fi-
nite. In this case we may try to repeat the approach presented in the beginning of the
chapter replacing the solution of the Poisson equation (I — P)f = V, which may
not exist, by the solution f; of the resolvent equation Afy + (I — P) f, = V which
always exists.

Fix therefore a zero-mean function V and assume that its variance o 2(V) is finite.
Let f be the solution of the resolvent equation (1.16). For N > 1,

N-—1 N-—1 N-—1
PR HEVS N NCHEDIRIACHENILNC.H)
j=0 j=0 Jj=0
N—-1
=My + £.(X0) = H(XN) + 1Y (X)), (1.18)
j=0

where {M])\‘, : N > 0} is the martingale with respect to the filtration {%; : j > 0},
Fj=0(Xo,...,X;), defined by M} :=0,

N
My :=>"7},
j=1
for Z% = f.(X ;) = (Pfi)(Xj-1) for j = 1.

Lemma 1.8 Foreach N > 1,as A | 0, M ;}, converges in LZ(IP,,) to some variable
My . The limit process {M;, j > 0} is a martingale with respect to the filtration
(F;} and

N-1

> V(Xj)=My+Ry

j=0

for some process Ry in L*(Py).

Proof Since N is fixed, to prove the convergence of the martingale M, we just
need to show that each term ZJA. = fi(X;) — (Pfi)(Xj_1) converges in L*(P;). We
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will prove that this sequence is Cauchy. For 0 < A1 < A3, since P is a symmetric
operator and 7 is a stationary measure,

B [(fio (Xj11) = fu, (Xj41) — (PLi) (X)) + (P )]
= Ex[(fi, — fi)?] = Ex[(Pfo, — P))?]
= <sz — fars (I - Pz)sz - fM)n'

Since I + P <2l and I — P >0, wehave I — P2= (I — P)(I + P) <2(I — P).
Therefore, the above quantity is bounded by

2Afoy = fur, U = PY(frg = i)

which vanishes as A1, A2 | O, by virtue of Lemma 1.7. We have thus proved that
the martingale M 1)\“, is a Cauchy sequence in L2(P,) as A | 0. It converges, in par-
ticular, to some process My, which is a square-integrable martingale because the
convergence takes place in LZ(IP’”).

To conclude the proof of the lemma it remains to recall the decomposition of
205 <N V(X ;) given in (1.18). Since the left-hand side does not depend on A and
since we just proved the convergence of the first term on the right-hand side, the
second must also converge to some limit that we denote by Ry . 0

Lemma 1.9 Recall the decomposition of 205 <N V(X ) obtained in the previous
lemma. N_l/zRN converges to 0 in LZ(IP’H) as N 1 oo.

Proof 1t follows from the decomposition given in (1.18) and the one presented in
Lemma 1.8 that

N-1

Ry =M}y — My + fi(Xo) = i(Xn) +1 > fu(X))
j=0

for all A > 0. Choose A = N~!'. We claim that each term on the right-hand side
divided by +/N vanishes in L?(P;). By Schwarz inequality and by the invariance
of ,

1 Nl 71
NE”K* ,2, fx(xj)) } < NEn[ff] =A{fr> fidx

because A = N~!. We proved in Lemma 1.6 that this expression vanishes as A | 0.
By similar reasons, N ~'/2 f; (X ) and N~1/2 £, (X) vanish in L?(P,) as N 1 oco.
It remains to consider the martingale part. By orthogonality of the increments of
the martingales and by stationarity
1 N-1 5
B [(MYy — My)] = E.[(Z} - 2,)*] =E[(Z} - 1)*].
]=0



1.5 Central Limit Theorem for Reversible Markov Chains 19

We proved in Lemma 1.8 that this expression vanishes as N 1 oo, which concludes
the proof of the lemma. U

We are now in a position to state the main result of this chapter.

Theorem 1.10 Consider a Markov chain {X ;, j > 0} on a countable state space E,
ergodic and reversible with respect to some invariant state w. Let V: E — R be a
zero-mean function in L% () with finite time-variance o2(V) < oco. Then, under Py,

=
R
j=0
converges in distribution to a zero-mean Gaussian law with variance o*(V).

Proof By Lemma 1.8, each variable Z% converges in L?>(P;), as A | 0. Denote
by Z; its limit. We claim that the sequence {Z; : j > 1} satisfies the assumptions
of Theorem 1.2 with respect to the filtration ﬁj =0(Xo,...,Xj), j =0, and the
probability measure P, .

The sequence {Z} inherits the stationary from {Z;} as well as the measurability

with respect to the filtration {.%;}. Since ij. converges to Z; in L?(P,) and since

{Z ;‘} are martingale differences with respect to the filtration {.%}},
Ex[Z}] <00 and En[Z;ji|#;1=0,j>0.

To show that the sequence {Z} is ergodic, let v be the probability measure on E x E
defined by v(x, y) :(=nw(x)P(x,y). For A > 0, let ¥, : E x E — R be defined by
¥, (x,y) := fr,(y) — Pfir(x). Note that Z,)(‘ =, (Xy, Xr—1). Moreover,

1
19515 = (fo (1 = P2) i), < IS

In particular, by the proof of Lemma 1.8, ¥; is a Cauchy sequence in L?(v). Denote
by ¥ its limit. Since Z,)(‘ =, (X, Xr—1), Zx =¥ (Xy, Xr—1) for k > 1. This shows
that the sequence {Z;} is ergodic.

We just showed that all assumptions of Theorem 1.2 are in force. Thus,
N~12My converges in distribution to a zero-mean Gaussian variable with vari-
ance

0? = E[2{] = lim Ex[(2})"] = lim 2. (1 = P*) /).

By (1.17), this expression is equal to a2(V).
By Lemma 1.9, N~12Ry converges to 0 in L?(Py). Therefore, in view of the
decomposition presented in Lemma 1.8, N~/ > 0<j<n V(X;) converges in dis-

tribution to a zero-mean Gaussian variable with variance o2(V). O
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The computations performed in Sect. 1.4 show that not only does the sequence
N—1/2 Z;V:_Ol V(X ) converge in distribution to a Gaussian law, but also the vari-
ance of this sequence converges to the variance of the limiting distribution.

Remark 1.1 I Under the assumptions of Theorem 1.10, the variance of the sequence
N—1/2 Z o V(X ) converges to o2(V).

There are several concepts of convergence. In Sect. 1.2, the central limit theorem
holds with respect to all measures P,. In other words, with respect to m-almost all
starting points. In Theorem 1.3 we presented a central limit theorem for martingales
which holds in probability with respect to the initial data. This result provides the
following statement for Markov chains.

Remark 1.12 Under the assumptions of Theorem 1.10, for every bounded continu-
ous function f: R — R,

| N
I Elrl— S vy |- @, d
Nl_I)nw);n(x) |:f(ﬁ12=(:) ( j)>:| /f(u) 2y (u) du
2

where @ ; is the density of the mean zero Gaussian distribution with variance o“.

A central limit theorem, almost sure with respect to the initial state, follows from
this result in the countable case. This is a special feature of the discrete setting. In
general we will have to content ourselves with a central limit theorem in probability
as stated above. This result is weaker than the almost sure result, known in the
literature as a quenched statement, but stronger than the annealed result stated in
Theorem 1.10.

Remark 1.13 The Markov chain may have different ergodic measures 7. In this case
the central limit theorem is valid for each ergodic measure, but in general the asymp-
totic variance will depend on the particular ergodic measure: c2(V) = o2(V, 7).
This is the case of the exclusion processes which will be examined in detail in the
following chapters.

Remark 1.14 A slightly deeper analysis permits to prove convergence of the partial
sums to a Brownian motion with diffusion coefficient given by (1.15): For every
T >0,

[Nt]

—[Nt]
Z V(X)) + \/_ V(Xinr+1)

converges to a Brownian motion in C ([0, T']) (cf. Theorem 2.32).

Remark 1.15 Existence of a solution of the Poisson equation (1.2) in L2(P;) cor-
responds to the condition (I — P)~!'V e L?(xr). In terms of the spectral measure of
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V, this is equivalent to requiring that

1 1
/_ o) <

a stronger assumption than the hypothesis that V has a finite time-variance since in
this case we only require (1.14).

1.6 The Space of Finite Time-Variance Functions

In this section, we examine the subspace of Lz(n) of functions with finite time-
variance. Assume without loss of generality that the set E is connected in the sense
that for any x, y in E, there exists a path from x to y. Here and below, a path from x
to y is a finite sequence {xo, ..., x,} such that xo = x, x, =y, P(x;, xj+1) > 0 for
0 <i < n. It follows from the connectivity and the reversibility that 7 (x) > O for all
xin E.

1.6.1 The Space 1

A. An Explicit Formula for || - |; Recall from Sect. 1.4 the definition of the
semi-scalar product (-,-). Fix a function f in L3(7). A simple computation shows
that

(FUd=P)f), = 2@PxNfO[f@) —fO)]-

x,yeE

We have seen that w(x)P(x,y) = m(y)P(y, x) because the process is reversible.
‘We may therefore rewrite the previous expression as

(1/2) Y 7@ PO, ) fO[f) = fO)]

x,yeE

+(1/2) Y AP0 f@[f ) = FD].

x,yeE

Renaming x and y in the second sum and adding the two sums, we conclude that

(fLU=P)f),=01/2) Y 7P, »[fx)— f(y)]2~ (1.19)

x,yeE

B. The Space D  Denote the right-hand side of (1.19) by || £]|?, which is well

defined for any function f : E — R. Let D be the space of functions f : E — R
such that || f||; < oo:

D={f:E—R:|fl <oo}.
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It follows from (1.19) that || - ||; is a semi-norm. Its kernel corresponds to the
constant functions: Suppose that || f||; = O for some function f : E — R. By (1.19),
f() = f(x)if P(x,y) > 0. By the connectivity of E, f is constant.

Define the equivalence relation ~ in D by stating that f ~ g if | f — gll1 =0,
i.e., if f — g is constant. Denote by D the equivalence classes of D: D =D)|~.

The space D is complete. Consider a Cauchy sequence { f;, : n > 1} in D. For any
x, ysuch that P(x,y) >0, f,(y) — fn(x) is a Cauchy sequence and thus converges.
Since E is connected, f;(y) — f,(x) converges for all x, y in E. Fix a site x* in E
and consider the function f : E — R defined by f(x*) =0,

F) znll)ngofn()’) - fn(x*)-

It is not difficult to show that f belongs to D and that f, converges to f in .

Since the norm || - ||| satisfies the parallelogram identity, by Sect. 87 in Riesz
and Sz.-Nagy (1990), D is a Hilbert space with the scalar product (-,-); defined by
(f.en = /HUf +gl7 = If — gll7). From (1.19) we have that

(€. fli=(1/2) > 7@PE.N[fx) - fM][gx) —g»)] (1.20)

x,yeE

for any function f, g in D.

C.The Space #;  Since (a —b)? < 2a*>+2b?, it follows from (1.19) that || f||} <
2|| f1I* for any function f in L*(xr). Thus L?(r) is contained in ID. Denote by .7}
the subspace of I generated by the functions in L?(rr) so that

L*(7) Cc /4 CD.

D. Exact Forms Let B (for bonds) be the set of pairs (x,y) in E x E
such that w(x)P(x,y) > 0. Let v be the measure on B defined by v(x,y) =
(1/2)m (x) P(x, y) and denote by || - ||, the norm of L?(v). A function D in L?(v)
is called an exact form if for all x in E and all finite paths {xo, x1, ..., x,} from x
to x,

n—1
Y D xiv) =0. (1.21)
i=0

Let § be the subspace of exact forms in L2(v). Note that § is closed.
Fix an exact form D, a vertex x* in E and a constant ¢ in R, since we assumed
E to be connected, we may define a function fp .+ = fp: E — R by

n—1
fp(y)=c+ Z D(x;, xi41),
i=0
where {xo, ..., x,} is a path from x* to y. The value of fp at y does not depend on

the specific path because D is an exact form. It is, of course, not difficult to conceive
examples where fp does not belong to L2(rr).
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Reciprocally, given a function f in L?(xr), define D r:B—Rby

Dp(x,y)=f(y) = f(x).

It is easy to check that D fulfills (1.21) and that D s belongs to L2(v), by (1.19).
Let §o be the subspace of L?(v) generated by exact forms associated to functions
in L2(): §o = {Dye L%>(v) : f € L*>(r)}. We have just shown that Fo C F.

The space § represents the set of functions f : E — R with derivative D in
L?(v) and o the subspace of functions f in L?(rr) with derivative D fin L2(v).
The space 7] may be identified with To, the closure of Fo in L?(v), since, by (1.19),
the application which maps f to Dy is an isometry: || f|l1 = [|1Dy|ly.

E. Liouville D-property A Markov chain is said to have the Liouville D-property
if all solutions f : E — R of the Liouville problem

{(1 — /=0 (1.22)

I £l < oo,

are constant. Notice that (I — P) f is well defined because || f]|1 is finite.

A Markov chain has the Liouville D-property if and only if § coincides with F.
To prove this statement, assume that So # §. In this case, there exists a non-zero D
in § which is orthogonal to §o. Let f : E — R be such that D = D . To show that
f is a solution of the Liouville problem (1.22), fix xo in E and let §,, € L?(r) be
the indicator function of the singleton {xo}. By orthogonality, by the explicit form
of the scalar product in L?(v) and by the computations presented at the beginning
of this section,

0=(Dy, Ds, )v=m(x0) Y, Pxo, N{fx0) — fFM}.

yeE

where (-,-), stands for the inner product in L?(v). The right-hand side is equal to
7 (x0)[({ — P) f1(x0). The connectivity of the set E gives that 7 (xg) > 0. Since the
identity holds for every xo, (I — P) f = 0. Thus, f is a non-constant solution of the
Liouville problem (1.22).

The same arguments show that any non-constant solution f of the Liouville prob-
lem (1.22) provides a non-zero derivative D7 in § orthogonal to §p.

A Markov chain reversible with respect to a probability measure 7 has the Liou-
ville D-property. Assume that f is a solution of (1.22) sothat (/ — P) f =0.For A >
0 denote by ¢4 : R — [—A, A] the cut-off function ¢4 (x) = max{—A, min{x, A}}.
Since (I — P) f =0, ¢pa(f) is bounded and D s belongs to Lz(v),
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=(pa(f). (I = P)f),
=(1/2) Y 7P )[f&) = FO][da(S)X) — ¢alHM)]-

x,yeE

Each term on the right-hand side is positive. Thus for any pair (x, y) such that
P(x,y) >0, [f(x) = fFODI@a(f)x) — pa(f)(] =0 for all A > 0. Letting
A 1 oo we conclude that f(y) = f(x). The connectivity of E guarantees that f
is constant, proving the claim.

The next example shows that the Liouville D-property may hold even when 7 is
not a probability measure or when the process is transient.

F. Symmetric Random Walks on Z¢  Finite range symmetric random walks on
74 have the Liouville D-property.

Denote by 7 the counting measure on Z¢ and consider a symmetric random walk
on Z4. Denote by {e; : 1 < j < d} the canonical basis of RY and assume, without
loss of generality, that P(0, £e;) =1/2d.

Assume that f : Z¢ — R is a solution of the Liouville problem (1.22). Hence,
Zlfjfd Yozl f(x+ej)— Ff)P <ooand 0= (I — P) f = —(1/2d)Af, where
A stands for the discrete Laplacian. Let D be the exact form associated to f and
let Dj(x) =D(x,x +ej), 1 <j<d. D; belongs to 02(Z%), the space of square
summable series.

Denote by D i (=, 1% — R the Fourier transform of D i

Dj@)= > ¢ D;(x),

xeZd

where - stands for the usual scalar product in R¥. Since D is an exact form, by (1.21),
Dj(x)+ Di(x +ej) = Di(x) + Dj(x +ep). Thus, D 01 — e~ %) = Dk(G)(l —
’9/). In particular, Dj @)=(1—-e ~i%j)p(6) for some function b : (—7, 7]¢ — R.
It follows from the identity Af =0 that )", _ ;. D;(0)(1—e'%) = 0. Therefore,
0=>5b(0) Zlﬁjfd(l — cos#;). Since the latter function is strictly positive for 6 # 0,
b(#) = 0. This proves that D; vanishes and therefore the claim.

1.6.2 The Space 7€ _

For a function f in L%(7), let

If1I2 = sup {2(f.8)x —(g. g} (1.23)
geL?(m)

It is easy to check that this variational formula defines a semi-norm.
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A.#_y CcL?() Fix afunction f in L2(r). Since | g% < 2|lg||%, it follows
from the variational formula (1.23) that 2||f||2_1 > | fI? In particular, || - ||—1 is a
norm in L?(xr). Observe also that ||1]|_; = oo. Indeed, if we take g = al, a > 0,
in the definition of the norm || - ||—1, we get that ||1]|—; > a because (1,1); = 0.
Letting a 1 oo, we conclude.

B. The s#_; Space Denote by | the set of functions in L?(r) with finite
|- =1 norm: # = {h € L*>(7), ||h]l—1 < oo}. The set .| endowed with the
norm || - ||—1 is complete.

Consider a Cauchy sequence {f, :n > 1} in J#21. By A above, {f, :n>1}isa
Cauchy sequence in L2(r). Denote by f its limit in L3(7).

The function f belongs to #”1. Let Co := sup,> || fa ||31, which is finite be-
cause { f, : n > 1} is a Cauchy sequence. Assume by contradiction that || f]—; = oo.
Then, by definition of the .72 | norm, there exists g in L%(rr) such that 2(f, g)r —
||g||% > Cp + 2. Since f, converges to f in L3(), 2(f — fu. 8)x is absolutely
bounded by 1 for n large enough. Therefore, || £, 1%, > 2(fs. &)= — lIgll? = Co+ L,
contradicting the definition of Cy.

The sequence { f,,} converges to f in J#Z;. Fix € > 0. Since {f,} is a Cauchy
sequence in 7, there exists ng > 1 such that || f;, — f, ||2_1 < e forn, m > ng. Fix
n > ng. There exists g in L2(r) such that || f, — f1I>, <2(fu — f. &)= — gl + €.
Introducing f;, in the linear term, the right-hand side of the previous inequality
becomes

2fu = fonr &7 — I +2(fm — £, 8)x + €.

The first two terms are bounded by || f,, — fin ||2_1, which is smaller than € for m > ng.

Thus, || fn — f||31 <2¢+2(fn — f, g)x for m large enough. Since g depends on
fn but not on f,,,, the last term vanishes as m 1 co because f;,, converges to f in
L% (7). This concludes the proof.

C. The Parallelogram Identity The norm || - || - satisfies the parallelogram iden-
tity:

If+gll> +If —el®y =21F1% +2lgl?,

for all f, g in 72 1. This follows from the parallelogram identity for the .7/ norm.
By Sect. 87 in Riesz and Sz.-Nagy (1990), .7 is thus a Hilbert space with scalar
product (-, -)_1 given by polarization:

1
(frgra={If +el2 = If =gl )
Hence, 777 is a Hilbert space contained in L2 () which itself is contained in J4 :

S C LX) C 4.
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D. Representation of Elements of 5#_;  Any function g in ¢ can be repre-
sented as (I — P)G for some function G in 77 and |gll—-1 = ||G|.

Fix a function f in D so that (I — P) f is well defined. Schwarz inequality shows
that (I — P) f belongs to L?(r). In particular, (I — P) f belongs to L*(rr) for any
fin.J74.

Fix a function g in % | C L?(r). Since g belongs to /#_1, the linear functional
Ly L%(r) — R defined by Z¢(f) = (g, f)x is bounded in J#. By Riesz repre-
sentation theorem, there exists G in J# such that (g, f) = (G, f) for all f in
L?(7) and [|g]-1 = |G}

It follows from the explicit formula (1.20) for the scalar product in 77 and an el-
ementary computation, similar to the one performed at the beginning of this section,
that

(G.fli=— Y 7WPENFW{GGH) — G} =(f.(I - P)G),

x,yeE

for any function f in L?(7r) and any G in 7. Therefore, the last identity shows
that (f,(I — P)G)r = (f, g)r for any f in L?(7). Recall that we proved in the
beginning of section D that (I — P)G belongs to L2(7). It thus follows from the
previous identity that g = (I — P)G.

The above computation shows that the map (I — P) : 5] — 2| is an isometry:
(I — P)fll—=1 = || fll1. We showed in the first part of the proof that this map is
surjective. Thus, formally (I — P)JA = 5.

E. Schwarz Inequality ~ For every f in 1 and g in L*(),

(f.8)2 <(f fH=1(g, - (1.24)

Indeed, by (1.23), for every a in R, 2a(f, g)r — a’(g, g1 < (f, f)_1. Maximizing
over a we obtain the result.

F. Alternative Formula for the #Z_; Norm

Lemma 1.16 A function V in L?(r) belongs to 7 if and only if there exists a
finite constant C such that (V, g)72Z < Cl(g, g)1 for every g in L*(r). Moreover,

2
MfoOrallgeLz(ﬂ)§<g,g)l?50}~ (1.25)

||V||2_ =inf{C >0:
1
(8.8

Proof Assume the existence of a finite constant C such that
(V.8)z <Clg. &)

for every g in L?(rr). By (1.23), (V, V)_; is bounded above by sup,_o{2+/Ca —
a®} = C. This proves that V belongs to %1 and that (V, V)_| < A, if A stands for
the infimum on the right-hand side of (1.25). Assume now that V belongs to J# ;.
By (1.24), for any function f in L3(n), (f. V)% <|(V,V)_1{f, f)1, proving the
reverse assertion and that A < (V, V)_;. O
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G. Alternative Characterization of 5#_; Since I — P is a positive, bounded,
self-adjoint operator, we may define the operator /I — P. The next lemma provides
a characterization of the space .7 in terms of this operator.

Lemma 1.17 A function V in L?> (1) belongs to -1 if and only if there exists f in
L?(r) such that V. = /T — P f. In this case, (V,V)_1 = (f, f)x.

Proof Assume first that V = /I — P f for some f in LZ(JT) Fix g in L2(7r)
By the symmetry of P and by Schwarz inequality, ( (VI —Pf, g
(fi/I—P gn <A{f, finlg, I — P)g)x = {f, f)n 1. In particular, by
Lemma 1.16, V belongs to %71 and (V, V)_1 < (f, f

Assume now that V belongs to 1. We want to show the existence of f in
L2(n) such that V = /I — P f. The natural candidate is of course

f=U—pryi2y,

but /7 — P is not invertible and {I — P}~'/2V is not defined. To circumvent this
problem, we introduce a sequence of approximating functions by setting f, = {(1 +
A)I — P}~12V for A | 0. The idea is to prove that f; converges, as A |, 0, to some
function f which solves the equation V. =+/1 — P f.

We first prove that the sequence fj, is bounded in L?(r) and admits therefore a
weakly converging subsequence. Fix g in L?(i). By definition of f3,

1/2 2

P

(g 2 =(g. {1 +01 =P} VI =({a+01 - P}

Since V belongs to 71, by (1.24), the previous expression is bounded above by

g V)

V. V)_i{{a+01 =P} e (= PY[(+ 01 = P} 2g). .

Since I — P < (1 4+ A)I — P, the last term is less than or equal to ({(1 +A)I —
P} 12g [(1 4+ 1) — PI{(1 + 1) — P}~ '2g) . = (g, g)». We have thus obtained
that for all functions g in L (),

(g, f)2 <(V,V)_1(g, &)n>

which proves that {f;,0 < A < 1} is a bounded sequence in L?(rr) such that
(f)\.a f)\.>7‘[ S (V’ V)*l

Denote by f a weak limit point and assume, without loss of generality, that f;
converges weakly to f in L2(rr). First of all, by the weak lower semi-continuity of
norms,

(s Nl =(V, V)4 (1.26)

because mass can only be lost. We claim also that V = /I — P f. To prove this
identity, we only need to show that (V, g); = (/T — P f, g)5 forall g in L?(x) or,
equivalently, that (V, g}, = (f,~/I — Pg)x. Since f is the weak limit of f;,

(fo I = Pg)r = lim( fi. VI = Pg)x
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L -2 —
= A151(10({(1 +MI— P}V, VT —Pg)
BT . —-1/2 —
= A12%(% {A+01 =P} "I Pg) .

The last scalar product is equal to

V. g)a + (V. {0 +01 =P} PVT—Pg—g)..

To conclude the proof we need to show that the second term vanishes as A | 0. By
Schwarz inequality, the square of the second term is bounded above by (V, V),
times

([{a+01 =P} AVT=P —1]g, [+ 01 - P} 2VT—P —1]g)..

By the spectral decomposition of P, this scalar product is equal to

[

The integrand is bounded and converges to 0 as A | 0. In particular, by the domi-
nated convergence theorem, the previous integral vanishes in the limit, which proves
that V=+1—-Pf.

Up to this point, we have shown that a function V in L2 (1) belongs to 77| if and
only if there exists f in L>(r) such that V = /T — P f. We have also seen at the
beginning of the proof that in the case of such a representation, (V, V)_1 < (f, f)x.
It remains to recall (1.26) to conclude the proof of the lemma. O

2
- 1) Hg(do).

It follows from the previous lemma that
(V.Vy_i=({I = Py 12V {1 — Py 2V

so that

L |
V. V) =/ (e,
-1 1—9

In particular, for the variance o2(V) defined in (1.15) to be finite it is necessary and
sufficient that V belongs to J#Z .

1.7 Comments and References

Central Limit Theorems for martingales can be found in many textbooks, Billingsley
(1995); Durrett (1996); Ethier and Kurtz (1986); Varadhan (2001), for instance. We
refer to Whitt (2007) for a recent account.
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To our knowledge, the first central limit theorem for Markov chains goes back
to Doeblin (1938) who reduced the problem to the case of independent identically
distributed random variables. We refer to Nagaev (1957) for a proof along the line
of Doeblin’s idea. Gordin (1969) and Gordin and LifSic (1978) showed that

_ Z V(X)) (1.27)

converges to a mean zero Gaussian random variable if V belongs to the range of
the operator I — P in L?(rr). Lawler (1982) proved an invariance principle for a
Markov chain in random environment.

Kozlov (1985) and Kipnis and Varadhan (1986) proposed independently a gen-
eral method to prove central limit theorems for additive functionals of Markov
chains from martingale central limit theorems. The approach presented here follows
Kipnis and Varadhan (1986). This seminal paper has been the starting point of much
research on asymptotic normality of additive functionals of ergodic Markov chains
which is reviewed in the following chapters. De Masi et al. (1989) and Goldstein
(1995) considered anti-symmetric additive functionals of reversible Markov chains.

Maxwell and Woodroofe (2000) proved that the sequence (1.27) is asymptot-
ically normal for stationary ergodic Markov chains {X; : j > O} provided V has
mean zero with respect to the stationary measure 7 and

Zn—3/2

n>1

n—

< Q.

1
PV
0

Jj=

Quenched Invariance Principles Derriennic and Lin (2001a, 2003) presented
an alternative proof of the previous result which requires slightly stronger assump-
tions but which holds for Markov chains starting from a fixed point. An almost sure
invariance principle is also proved in Rassoul-Agha and Seppilédinen (2008) based
on a bound on the moment of the resolvent.

Conditional Invariance Principles @ Wu and Woodroofe (2004) and Zhao and
Woodroofe (2008b) obtained necessary and sufficient conditions for conditional
asymptotic normality. Ouchti and Volny (2008) presented an example of a Markov
chain which satisfies central limit theorem in probability, as stated in Remark 1.12,
but which does not satisfy a quenched central limit theorem. Relying on a maximal
inequality for stationary sequences of random variables, Peligrad and Utev (2005)
proved a conditional invariance principle for (1.27). Let us mention also that the law
of the iterated logarithm is deduced in Zhao and Woodroofe (2008a).

Positively and Negatively Dependent Random Variables A function
f: RY — R is said to be increasing if f(x1,...,x7) < f(31,..., yq) whenever
xi <y, | <i <d. A random vector {X1,..., X4} is said to satisfy the FKG in-
equalities if for any increasing functions f, g such that E[f(X1, ..., X4)*] < oo,



30 1 A Warming-Up Example

Elg(Xq, ...,Xd)2] < o0, Cov(f(X1,...,Xaq), g(X1, ..., Xq)) > 0. A sequence of
random variables is said to satisfy the FKG inequalities if every finite subset satisfies
them.

Newman (1980) and Newman and Wright (1981) proved an invariance principle
for a sequence of stationary random variables with finite second moments, satisfying
the FKG inequalities, and such that Zk Cov(Xo, Xy) is finite. The central limit
theorem is generalized in Newman (1983) to sequences of functions, not necessarily
monotone, of variables satisfying the FKG inequalities. Newman (1984) presents a
review of these results as well as a survey of results which give independence as a
consequence of zero covariance for associated random variables.

We mention also Newman and Wright (1982) where some well-known martin-
gales inequalities are extended to dependent random variables satisfying FKG in-
equalities.

Time-Variance We obtained in (1.15) an explicit formula for the asymptotic vari-
ance and observed in Remark 1.11 that the time-variance converges. Higgstrom and
Rosenthal (2007) compare three different expressions for the asymptotic variance in
the central limit theorem for Markov chains in a more general context than ours.

Exact Forms Exact forms on graphs and their connection to Markov chains and
to the D-Liouville property are discussed in Soardi (1994).

Poisson Equation = We have seen in this chapter the close connexion between
solutions of the Poisson equation and the central limit theorem. We proved, in fact,
a central limit theorem under the condition that (I — P)'/2 f = V has a solution f
in L2 (7). Derriennic and Lin (2001b) examines the fractional Poisson equation

(I=P)f=V,

forO<a < 1.
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Chapter 2
Central Limit Theorems

In this chapter, we extend the ideas introduced in Chap. 1 to continuous-time
Markov processes on general state spaces with a stationary ergodic measure al-
lowed to be non-reversible. We refer to Chap. 1 of Blumenthal and Getoor (1968),
Chaps. 1 and 2 of Chung and Walsh (2005), Chap. 1 of Ethier and Kurtz (1986) and
Chap. 3 of Rogers and Williams (2000) for the terminology and the basic properties
of Markov processes appearing in this chapter.

Let E be a complete and separable metric space endowed with its Borel o-
algebra &. Denote by B(E) the set of bounded measurable functions on E and
by Co(E) the space of continuous functions on £ which vanish at infinity, regarded
as a Banach space with the norm || f|| = sup, | f(x)|.

Let D([0, 00), E) be the set of all functions X : [0, 00) — E which are right
continuous and have left limits (r.c.l.1.). Denote by I1 : D([0, 00), E) — E, s > 0,
the canonical projections defined by IT;(X) = X;. Let . be the smallest o -algebra
on D([0, 00), E) which turns the projections [T, s > 0, measurable; and let .7 be
the natural filtration, i.e. the smallest o-algebra relative to which all the mappings
IT;, 0 < s <t, are measurable.

Let {P; : t > 0} be a strictly Markovian, Feller semigroup of linear operators
on Co(E) (Rogers and Williams, 2000, Definition II1.6.5), (Liggett, 1985, Defini-
tion 1.1.4). Strictly Markovian means that P;1 =1 for all + > 0, where 1 is the
function constant equal to 1, which does not belong to Co(E) if E is not compact,
but the semigroup {P; : ¢ > 0} can clearly be extended to B(E).

Consider a normal Markov process on E associated to the semigroup {P; : ¢ > 0}.
This is a family {P, : x € E} of probability measures defined on (D([0, 00), E), F°)
such that

(1) Py[Xo=x]=1forall x € E (normality);
(2) For every A € %, the mapping x — P, [A] is measurable;
(3) Forallx € E, f € Co(E),

Ex[f (X1 F7 ] = (P (X),  Pras,
where E, stands for the expectation with respect to IP,.

T. Komorowski et al., Fluctuations in Markov Processes, 33
Grundlehren der mathematischen Wissenschaften 345,
DOI 10.1007/978-3-642-29880-6_2, © Springer-Verlag Berlin Heidelberg 2012
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The reader will find in Chap. 1 of Blumenthal and Getoor (1968) and in Sect. II1.7
of Rogers and Williams (2000) a proof of the existence and uniqueness of a normal
Markov process associated to a Feller semigroup.

For a probability measure p in (E, &), denote by P, the measure on
(D([0, 0), E), #°) given by f]P’x pu(dx). Expectation with respect to P, is de-
noted by E,,. Assume that a probability measure 7 on E is stationary for the semi-
group: (P; )z = (f)x forall f € Co(E), where (-), stands for the expectation with
respect to 7.

Denote by (D([0, ), E), %, P, {%; : t > 0}) the usual augmentation of the
filtered space (D([0, 00), E), %#°, Py, {.#/ : t > 0}) which, by definition, satisfies
the usual conditions (Rogers and Williams, 2000, Sect. I1.67). By Theorem 8.11 and
Proposition 8.12 of Chap. 1 of Blumenthal and Getoor (1968) the right continuous
Feller process {X; : t > 0} is strong Markov with respect to the augmented filtration.

The property that {X, : r > 0} is a strong Markov process with respect to a fil-
tration which satisfies the usual condition is needed to be able to define later the
predictable quadratic variation of the Dynkin martingales, which requires the use of
the Doob—Meyer decomposition theorem.

Let L?(r) be the Hilbert space of 7-square integrable functions and denote by
(-, the scalar product in L?(r) and by || - || the norm associated to this scalar
product. Denote by L?(xr), p > 1, the space of measurable functions f : E — R
such that (| f|P); < oo. The semigroup {P; : t > 0} extends then to a semigroup
of positive contractions on any L” (), p > 1. We assume that this extension is
strongly continuous for any p € [1, +-00). We suppose furthermore that the measure
7 is ergodic: any f € L'(;r) such that P; f = f for all 7 > 0 is constant 7-a.e. Let
L be the generator of the semigroup in L?(rr) with Z(L) denoting its domain. Let
% C P(L) be a core for the operator L (Liggett, 1985, Definition 1.2.11). Denote by
L* the adjoint of L in L?(;r) and assume that € C Z(L*). Since 7 is stationary, L*
is itself the generator of a Markov process. On € we can define S = (1/2)(L + L*)
and A := (1/2)(L — L*) the symmetric and anti-symmetric parts of the generator.
We shall suppose that S is essentially self-adjoint.

In this chapter, we will use repeatedly the following property. If % is a core
for an operator G, for any function f in the domain of G, there exists a sequence
{fx : k> 1} in € such that f;, Gf; converge to f, Gf, respectively.

Recall that we denote by w a trajectory of D(Ry, E). Let {6; : t > 0} be the
semigroup of shift operators, 0; : D(R4, E) - D(R4, E), (6;0)(s) = w(t + s).
Since 7 is a stationary ergodic measure, P, is invariant and ergodic under the flow
of transformations {6, : t > 0}.

Fix a function V: E — R in L2(r) such that (V) = 0. The object of this section
is to find conditions on V which guarantee a central limit theorem for

1 t
— X,)ds. 2.1
\/f/o V(Xs)ds (2.1

Assume first that there exists a solution f in Z(L) of the Poisson equation

—Lf=V. 2.2)
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In this case a central limit theorem follows from the central limit theorem for mar-
tingales stated in Lemma 2.1 below. Indeed, since f belongs to the domain of the
generator,

t
M; = f(X:) — f(Xo) —/0 (Lf)(Xs)ds

is a martingale with respect to {%; : s > 0}. With the additional assumption that also
f? belongs to Z(L), the predictable quadratic variation of M; is given by

(M, M), =/0 [(Lf?)(Xs) = 2f (X)L (X)) ds

so that E,[(M, M);] = 2t{f,(—L) f)r. If only f belongs to Z(L), then the pre-
vious formula for the quadratic variation of M may not be valid, but (M, M),
is still an increasing additive functional of the process with expectation given by
2t(f, —Lf ). This can be proven by standard approximation arguments.

Since f is the solution of the Poisson equation (2.2), we may write the additive
functional in terms of the martingale M,:

Lo M f(Xo) = F(X)
ﬁ/(; V(XS)dS—ﬁ+ 7 .

Since f belongs to L?(7r) and the measure is stationary, [ f(Xo) — f(X;)]1/+/t van-
ishes in L2(P;) as t 1 oo. It remains to check that the martingale M, satisfies the
assumptions of Lemma 2.1.

The increments of the martingale M, are stationary because X; under P, is
stationary. On the other hand, since 7 is ergodic, in view of the formula for the
quadratic variation of the martingale M;, by the ergodic theorem, r~' (M, M),
converges in L'(Py), as t 1 oo, to 2(f,(—L)f)x. Since the martingale M,
has stationary increments, by Theorem 2.1, Y 2M[, and therefore the law of
1172 fot V(X;)ds, converges in distribution to a Gaussian law with mean zero and
variance 02(V) =2(f, (—=L) ).

However, similarly to the discrete case, the existence of a solution f in Lz(n)
of the Poisson equation (2.2) is too strong a condition and can be weakened. The
purpose of this chapter is to give sufficient conditions for the validity of the central
limit theorem for an additive functional of the Markov process {X; : r > 0}.

This chapter is conceived as follows. In Sect. 2.1, we prove a central limit theo-
rem for continuous time right-continuous martingales. In Sect. 2.2, we introduce the
Hilbert spaces .77 and ¢~ 1, already encountered in the previous chapter, which are
related to the space of finite time-variance functions. In Sect. 2.3, the resolvent equa-
tion (2.13) is introduced and, in Sect. 2.5, the variance of fé V (Xy)ds is estimated
in terms of the .71 norm of V. In Sect. 2.6, a central limit theorem for the additive
function fot V (X;)ds is proved, in probability with respect to the initial condition,
provided V has mean zero and belongs to L?(rr) N .7Z_1. The proof relies solely on
a uniform estimate (2.28) of the #Z| norm of Lf;,0 < A < 1, where f; is the solu-
tion of the resolvent equation (2.13). In Sect. 2.7 we show that this condition (2.28)
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is fulfilled by Markov processes whose generator satisfy a sector, or a graded sector,
condition and by Markov processes whose generator is a perturbation of a normal
operator. In Sect. 2.8 we refine the previous arguments to the multidimensional case
and we derive invariance principles. We conclude in Sect. 2.9 with comments on the
literature.

2.1 Central Limit Theorem for Continuous Time Martingales

On a probability space (£2, P, %) consider a right continuous, square-integrable
martingale {M; : ¢ > 0} with respect to a given filtration {.%; : t > 0} satisfying the
usual conditions. We refer to Jacod and Shiryaev (1987) for the terminology adopted
and some elementary properties of martingales used without further comments. As-
sume that My = 0 and denote by (M, M), its predictable quadratic variation. Denote
by E expectation with respect to P.

Theorem 2.1 Assume that the increments of the martingale M, are stationary: for
everyt > 0,n>1and0 < sy < --- < sy, the random vectors (Mg, — My, ..., My, —
M, ), (M5 — Mty ..., Mits, — Miys, ) have the same distribution. Assume
also that the predictable quadratic variation converges in L' (P) to 6> = EM 12:

(M, M), 5
— -0
n

lim E‘ =0.

n—o0

Then, the distribution of M;//t conditioned on Fy converges in probability, as
t 1 00, to a mean zero Gaussian law with variance o2

lim E[|E[/M/VI| 7] — =02 =0

[—>0o0

forall 6 in R.

The proof of this theorem relies on the next lemma which reduces the problem
to proving the central limit theorem for integer times.

Lemma 2.2 Under the assumptions of Theorem 2.1,

llm ]EI: Sup |E[619M1/\ﬂ|y0] _ ]E[eieMn/\/ﬁ|ﬁ\0]|:| = O

=00 Ly<r<n+l

Proof The difference of conditional expectations appearing in the statement of the
lemma equals

E[(exp{i0[M: /T — My //n1} — 1) MV 7).
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Since M; is a martingale, we may subtract inside the parenthesis the expression

6(M,/\/t — M, //n). Using the elementary estimate |/ — 1 — ix| < x2/2, valid
for all x € R, we conclude that the norm of the previous expression is bounded by

2
-
i n
conditional expectation is less than or equal to
]
We may still estimate this expression replacing ¢ either by n or by n + 1.
62 no O\ [(M,M
_E[<M’M>I’l+l_<M9M>n:|+92<]_ \/_ ) EI:< )”i|.

Adding and subtracting M,, /+/t, since (a + b)% < 2(a? + b?) and since (M, M), is
the predictable quadratic variation of the martingale M;, we obtain that the previous
6> n\> (M, M
ZE[(M, M), — (M, M),|Fo] + 92< i) E[M
t N n
Up to this point we proved that the expectation appearing in the statement of the
lemma is bounded by
n n+1 n
It remains to recall that (M, M), /n converges in L' (P) to o2 asn 1 oo. O
Proof of Theorem 2.1 We want to show that the conditional expectation
]E[exp{i@MN/«/ﬁ}Loio] converges in L'(P) to exp{—9202/2}, as N 1 oo, for all 6
in R. Since M; is a martingale, the natural idea is to condition on .%; to obtain a
recursive formula for ]E[exp{iHMjH/\/NHﬁo].

Define the stationary sequence Z; := M; — M;_1, j > 1.1t is obviously adapted
to the filtration {.%; : j > 0} and Mo =0, M =}, 4 ; Zi. Recall the expansion

¢ =1+ia—a’/2 — R(a)a?,

a ap
R(a) :=a72/ dal/
0 0

Note that |[R(a)| < 1,a € R.
Denote by Eg[-] the conditional expectation E[.|.%]. Since {M; : j > 0} is
adapted and since Eo[Z;41].%;]1=0,

where

Eo [gi(Q/W)MjH]

= [ei(e/m)Mj Eo[ei(a/ﬁ)Zm 17]]

; ) ; ) i0
:Eol:el(e/\/ﬁ)Mj{l +E0|:€l(9/m)zf+l 1— ﬁzl+l’fl]}}
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It follows from the expansion of ¢/¢ that

Eo[ei(e/\/ﬁ)MjH] — EQ[@Z(Q/W)M,] _ e_zEO[el(e/\/ﬁ)M/ ZJ2.+]]
2N

6 i(0/N)M; 52
- NEo[e’( INIOM; 73 \ROZj11/vVN)).

To derive a recursive formula for exp{9202j/(2N) }Eo[exp{i (6/v/N) M }], write

60202(j+1)/(2N)E0 [ei(e/\/ﬁ)MM] _ egzazj/(zN)]Eo[ei(e/W>M,]
— PP GHD/2N) {Eo[ei(G/WWm] — K [eiw/ﬁw,-]}

4 7 UHD/@N) (1— efezaz/aN))Eo[eiw/ﬁ)Mj]'

It follows from the previous identity that this expression equals

92 . i
SR N O (25, —0?)]
2N
92 ) 2. . .
— e IO [ ONOM 23 ROZ111 /)]

2
1 POPGHD/RN) { 1= 09" e220w) }Eo [1@/YMM;]
2N

Since My = 0, adding from j =0 up to N — 1 we obtain that exp{#?c?/2}
Eo[exp{i(é/«/ﬁ)MN}] — lisequal to

2(72(j+1)/(2N)E0[ei(9/«/ﬁ)Mj(Z]2_+1 _02)]

92 N—1
6
—on D¢
j=0
62 Nl 2 2
_ N Z Pl (J+1)/(2N)E0[el(9/~/ﬁ)Mj Z]2<+1R(92j+1/\/ﬁ)]
=0
i, 2 2 (90)2 2 2
+ ZeG o (J+1)/(2N){1 Y _ e 00 /(2N)}E0[el(9/~/ﬁ)Mj].
j=0
(2.3)

Observe that to conclude the proof of the theorem, it is enough to show that this
expression vanishes in L'(P) as N 1 co. We examine each term separately. The
third one is absolutely bounded by Co/N for some finite deterministic constant Cy.
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To estimate the second term, choose an arbitrary ¢ > 0 and bound the expectation
of its absolute value by

N—-1
C
~ 2 E[Z 1 |[ROZi V1102111 2 eVN )]
j=0
C()N 1
+= OE[ZfH|R(ezj+1/dﬁ)|1{|ezj+1|<aﬁ}]
]:

for some finite constant Co which depends only on 6 and o2. From the stationarity of
{Z; : j = 1}, which follows from the stationarity of the increments of the martingale,
and the boundedness of R, we have that the first term is less than or equal to

CoE[Z31{16Z1] = ev/N}]

for some finite constant Cy. Since Z; = M| belongs to LZ(IP’) this expression van-
ishes as N 1 0o. On the other hand, the second term is bounded above by

Co sup |R(h)|E[Z]].

|hl<e

This expression vanishes as ¢ | 0 in view of the explicit formula for the remain-
der R.

It remains to estimate the first term in (2.3). Since M,2 — (M, M), is martin-
gale, taking conditional expectations, we replace Z2 i+ by Y1 = (M, M);11 —
(M, M);. Note that the random variables {Y; : j > 1} are positive and that, by as-
sumption, N~ Z —1Yj=(M,M)N/N converges in L'(P) to o2.

Fix K > 1 and divide the set Ay ={0,..., N — 1} in £ = [N /K] contiguous
subintervals of size K or K + 1:

AN = U Ly, I,NI,=2 form#n,

m=1

Ly={m,.-.sjm+K—=1} or L,={jm,....Jjm+ K}

for some integer j,,. Here [a] stands for the integer part of a € R.
We need to estimate

N-1
— Ze’ﬂ/NE [e i0/VN)M; {02 —vi)]
j=0

2
RN g7y,

k=1 jely
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for some fixed g in R. To take advantage of the law of large numbers for the vari-

ables Y;, we need to replace Y;1 by the sum ) ;, ¥;i 1. With this in mind, we
estimate the expectation of the absolute value of the previous expression by

l
CK 1 .
CK 1N isiv
N +Nkz_lek E[

for some finite constant C = C(8, o). The second term of this sum is less than or
equal to

Z{ei(e/ﬁ)M_, _ i O/NNIM, }{02 — Y1)

Jelk

i

J€lk

4
C 1
N2 |y 2o = o]

JElk

for some finite constant C = C (). To keep notation simple, assume that all intervals
I,, have the same length K. Since {Y;, j > 1} is a stationary sequence in L' (P), the
first term is equal to

K
1

which converges to 0 as K 1 oo by assumption. By the same reasons, the second
term is bounded above by

J-ees
K

x| Q

K
ZEHei(Q/\/ﬁ)MJ —1l{o? +Y;11}]
j=1

Since Y; belongs to L' (P), by the dominated convergence theorem, for any fixed
K > 1, this expression vanishes as N 1 oco. This concludes the proof of the theo-
rem. O

2.2 The Spaces 51 and ¢ _;

We assume throughout this section that € is a core for the operators L and L*.
Consider the semi-norm || - ||; defined on the common core % by

1A= (f. (=L)f), - 2.4

Let ~ be the equivalence relation in % defined by f ~; g if | f — glli =0 and
denote by ¢ the normed space (€|~,, || - |I1). It is easy to see from definition (2.4)
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that the norm || - || satisfies the parallelogram identity so that .5#], the completion of
¢, with respect to the norm || - ||1, is a Hilbert space with inner product (-,-)| given
by polarization:

1
(fogh =g {If +8lf =17 —sli}.

Notice that in this definition only the symmetric part of the generator, S =
(1/2)(L + L*), plays a role because

IAIT=(f. (L) f), =(f. (=9)f), .

It is also easy to check that for any f, g in ¢

(e =(f. (~9)g), 2.5)

and that ||c||; = O for any constant c. Note, finally, that in general neither 74 nor
L%(7r) are subspaces of each other, but in the case when L is bounded we have
L*(n) C /4.

By definition, 7] consists of sequences { f;, : n > 1} of functions in the core ¥
which are Cauchy in 7. We adopt the following convention. If such a sequence
converges in L2 (1) to some function f, we identify the sequence { f, : n > 1} with
f and say that f belongs to 4.

There is no ambiguity in this postulate. If {f,, : n > 1}, {g, : n > 1} are two
sequences of functions in the core 4" which are Cauchy in .7 and which converge
in L?(7) to some function f, f, — g, vanishes in .7} as n 1 co. Indeed, denote by
F the limit in J4 of f,, — g, and fix some function /4 in the core €. By (2.5) and
since {f, :n > 1} and {g, : n > 1} converge in L?() to f,

(F.h)y = lim (f, — gu. k)1 = lim (f, — g, (=S)h)_=0.
n—oo n—oo

Since ¥ is dense in J#, F = 0, which proves the claim.

This convention leads us to introduce the notion of approximating sequences.
Consider a Hilbert space 7 constructed, as above, as the completion of a subspace
%o of L?(r) endowed with some scalar product (-,-) 4. A sequence of functions
{fn :n > 1} in %) such that f, converges to f in L%(r) and f, is Cauchy in 57
is called a (%o, 7¢)-approximating sequence of f. When the context specifies the
space 6y, this sequence is called an .7#-approximating sequence of f.

Hence, we declared a function f in L%(rr) to belong to .7 if there exists a
(¥, 74)-approximating sequence of f.

The domain 2(S) is contained in .7#. Indeed, fix a function f in Z(S). Since, by
assumption, % is a core for Z(S), there exists a sequence { f,, : n > 1} of functions
in € such that f,, Sf,, converge in L*(m)asnt ooto f, Sf, respectively. It follows
from (2.5) that the sequence { f,, : n > 1} is Cauchy in J#{. Thus, {f, :n > 1} is a
(¢, 747)-approximating sequence of f and Z(S) C 4. The same argument applies
to Z(L), D(L*).



42 2 Central Limit Theorems

Associated to the Hilbert space 77, is the dual space 2| defined as follows.
For f in L?(), let

I£112, = sup{2(f, &)= — ligll}}- (2.6)
ge€

Denote by ¢*, the subspace of L2(rr) of all functions with finite || - ||_; norm.
Introduce in ¢*, the equivalence relation ~_; by stating that f ~_1 g if || f —
gll-1 =0 and denote by ¢ the normed space (¢ |~_,, || - [[-1). The completion
of ¢_1 with respect to the norm || - |1, denoted by 521, is again a Hilbert space
with inner product defined through polarization.

We conclude this section with some remarks concerning the spaces .71, ¢
which will be important later in the chapter.

Claim A (S can be extended as a bounded operator from .77 to 772 |) Note that Sf
belongs to .71 for any f in €. Indeed, for any g in ¥, since —S is a non-negative
operator, by Schwarz inequality,

(S£.8)2 < (=) 1. £),{(=9)g.8), = I f1}lgl3-

In particular, by the definition (2.6) of the 777 norm, ||Sf||—1 < | f 1. This proves
Claim A.

Claim B (7, is the closure of {Sf : f € €}) Fix g in L>(x) N .| and f in F.
‘We have just proved that Sf belongs to .77 1. We claim that

(8. (=8)f)_; =g - @27
Indeed, since the scalar product in 577 is defined through polarization, we have

that (g, (—5) f)—1 = (1/D{llg — SFI*, — llg + SfII* ,}. By (2.6),

lg — SFII%, = sup{2(g — Sf, h)x — 12113}
he€

Since f and h belong to %, by (2.5), ((=S) f, h)x = {(f, h)1. Thus,
2(=8)f.h), — A} =11} — Il — f11}
so that
lg = SFIZ = 1717 + sup{2(g, ) — Ih = fII}.

he®

As f belongs to €, replacing h by i’ = f — h, we obtain that the variational term
isequal to 2(g, f)» + ||g||2_1 so that

lg — SFI2, =113 +2(g, fix + gl
Replacing f by — f we get,
g+ SFIZ = £1IT —2(g. f)x + lIgl%,.

which proves (2.7).
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It follows from (2.7) that %21 N L2(x) is contained in the .7 -closure of {Sf :
f € €): Fix g in 2 N L?(;r) and assume that (g, Sf)_; =0 for all f in €. By
(2.7), (g, )= =O0forall f in %. This implies that g =0 in L2(1), because the core
% is dense in L* (), and, by (2.6), that g =0 in 7.

Claim B follows from the previous observation since % | is the .77 |-closure of
H1 N L(n).

Claim C (Extension of the scalar product (-,-), to J# x 1) Itis easy to check
from the variational formula (2.6) that for every function f in ¥ and every function
gin L2(m) N A,

[(f.)x| <N FIlIgH=1. (2.8)

Indeed, fix such functions f, g and fix a in R. Since af belongs to %, by the
variational formula (2.6),

2a(f, &) <a*IfI7+llgl?,.

Dividing by a and minimizing over a we prove (2.8).

The inner product (-,-) can be extended to J#] x 2 1: Fix g in 51 and f in
1. Consider a sequence {g, : n > 1} in L%(7) (resp. { fn : n > 1} in ¥) converging
to g in 2 | (resp. f in J#]). Define

(fs &) ::,,li{{,lo(ﬁ“ &n)x-

In view of (2.8), the definition does not depend on the sequence chosen. Moreover,
Schwarz inequality holds in this more general context: By (2.8) once again,

(/. &)x| = lim (s 8n)x| = hm ffullillgnll-r =1/ 1vllgl-1. (2.9)

The extension of the scalar product (-,-) to J7] x 72| permits to generalize
relation (2.5). For f, g in 541,

(£ (=8)g), =(f g1 (2.10)

By Claim A, Sg belongs to .77 . The left-hand side of this expression has to be un-
derstood as the extended scalar product between a function f in .74 with a function
Sg in 71, while the right-hand side is the usual scalar product of 7. To prove
(2.10), consider sequences { f,, : n > 1}, {g, : n > 1} of functions in ¥ converging to
f and g in J7], respectively. By Claim A, Sg, converges to Sg in 77 . Since Sgj,
belong to L2(rr), by definition of the extension of the scalar product and by (2.5),

(f. (=9)g), = lim (fu. (=S)ga), = lim (fu. gn)1 = (/. )1,

where the last identity follows because f;,, g, converge to f, g in .77, respectively.
Likewise, one can extend (2.7) and obtain that

(6. =9)f)_,=(f-8)x (2.11)



44 2 Central Limit Theorems

forall f € s and g € 5. Consider a sequence { f, : n > 1} (resp. {g, : n > 1})in
€ (resp. L*>(r) N 1) converging to f (resp. g) in 4 (resp. 5-1). By Claim A,
Sf, converges to Sf in 7. Therefore, by Claim C and (2.7),

(f.&)x = Tim (fu, gndr = 1im (=) fu &)y = (=) f.8)_,
proving (2.11).

Claim D (—S is an isometric equivalence between ./ and J#_| and | = S7#)
Indeed, letting g = (—S) f in (2.7) we obtain that |Sf||—; = || f|l1 for f in ¥

In Claim A we proved that S C 5. Conversely, fix & in 7. By Claim B,
there exists a sequence { f, : n > 1} in ¥ such that Sf, converges to & in 57~ |. By
the first part of this claim, {f, : n > 1} is Cauchy in .7 and therefore converges to
some f in #4. By Claim A, Sf,, converges to Sf in % ;. Thus, h = lim, Sf, = Sf,
where the limits are understood in J#_1.

Note that we just proved that for any % in 77 |, there exists f in .77 such that

Sf =h.

Claim E (Weak convergence in .771) Assume that a sequence { f;, : n > 1} converges
weakly to f in 7. Then, for all g in S|,

nlig)lo(fn,g)n =(f,8x-

Indeed, fix g in 772 ;. By Claim D, there exists % in .7/ such that g = (—S)h. Thus,
by (2.10) and by the weak convergence of f, to f in J4],

Jlim (f, )z = lim (£, (=S)h), = Hm (f,. h))
=(fih1=(f.(=Sh) = (f.&x.

Claim F (The space 57| as the dual of .5¢]) The space 77| can be identified with
the space of bounded linear functionals on 7] .
Fix a bounded linear functional ¢ : 5#{ — R. There exists g in 7| such that

L) =(f.8n

for all f in J#{. Here, the scalar product ( f, g), has to be understood in the gener-
alized sense defined in Claim C above.
Since 74 is a Hilbert space, by Riesz representation theorem, there exists % in

J# such that

L) = =(f, (=Sh),

for all f in 7. The last equality follows from (2.10). By Claim A, Sk belongs to
.1, which proves the first part of the claim. Conversely, suppose that g belongs to
JC_1. Then, £(f) = (f, g)» defines a bounded functional on .77 thanks to (2.9).
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Claim G (Sufficient conditions for belonging to #71) By (2.6), a function f in
L?(m) belongs to 77 if and only if there exists a finite constant Cg such that

(f,8)x < Collglh (2.12)

for every g in €. In this case, || f||-1 < Co.

Claim H (Replacing the core 4" by the domain Z(S)) We have seen just below
(2.5) that the domains Z(L) and Z(S) are contained in 7. For any f in Z(L), g
in 2(9),

IFIF=(f(=Df),.  lgli=(g.(=Sg),.  (f.gh=(f(=9g),.

Indeed, consider sequences { f;, : n > 1}, {g, : n > 1} in € such that f,, g,, Lf,, Sgx
converge in L?() asn 1 oo to f, g, Lg, Sg, respectively. Since, by convention, f
represents in 7] the Cauchy sequence {f, : n > 1}, by (2.5),

IFIE= tim [ fll} = Bim (fo, (=8)fu), = im (fu. (=L)fu), =(f. (=L)f),.

The third identity follows from the fact that f,, belongs to %" which is a core for both
S and L. By similar reasons, ||g||? = (g, (—S)g)» and (f, g)1 = (f, (—=S)g)x.

The arguments presented in Claim A and the statements of the previous para-
graph show that Sf belongs to 72 for any f in Z(S) and that ||Sf||-1 < || f]l1-

We may replace in the variational formula (2.6) the core % by the domain Z(L)
because for any function g in Z(L) there exists a sequence {g, : n > 1} in € such
that g,,, Lg, converge in L(r) to g, Lg, respectively. The same is true for Z(S) in
place of Z(L).

Finally, we claim that for any g in L>(r) N .Z.1 and f in 2(S),

<g» (_S)f>,1 =g, f>7'r

This claim follows from the arguments presented in the proof of Claim B, replacing
in the definition (2.6) of the 72| norm the core % by the domain Z(S).

2.3 The Resolvent Equation
Fix a function V in L2(r) N J#_1, A > 0 and consider the resolvent equation
Mu—Lf,=V. (2.13)

Note that f; = (A — L)~'V belongs to the domain of the generator L. Taking the
scalar product with respect to f; on both sides of this equation we get that

Mo fx FIAIF=(V, fidn. (2.14)
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Hence, by Schwarz inequality (2.9),
M f)z AT 1AV

so that || fo|l1 < ||V|=1. Combining the two previous bounds we easily obtain the
stronger estimate

Mbo fdr FIAIF<IVIA,. (2.15)

From the above estimate we conclude that A f; vanishes in L2(rr) as A | 0 and
that {f; : 0 < A < 1} forms a bounded sequence in J# and is therefore weakly
precompact.

Another simple consequence of (2.15) is that (A — L)~! extends to a bounded
mapping from J#_ to J4:

Lemma 2.3 The operator (» — L)™' extends from L*(rr) to a bounded mapping
from F_| to F1. Moreover, for any V € 1 we have

=)'V, <Vt

We wish to formulate sufficient conditions for the central limit theorem of
112 fot V(X;)ds in terms of the asymptotic behavior, as A | 0, of the solutions
[ of the resolvent equation (2.13). We first observe in Sect. 2.5 that the condition
V € | guarantees that the L%(P,) norm of t~!/2 fot V (Xs)ds remains bounded
for large t. Next, in Theorem 2.7, we show that a central limit theorem is valid,
provided the following two conditions are satisfied:

. 2 .
lim All fill; =0 and  lim |[f — fll1 =0

for some f in J#. In Theorem 2.14, we prove that the bound
supgs<i [ILfall-1 < oo implies the previous two conditions. Therefore, a central
limit theorem holds if supy_; <1 [ILf3]-1 < +00.

2.4 Dynkin’s Martingales

Fix a function f in the domain of the generator L. Consider the so-called Dynkin
martingale M; = f(X;) — f(Xo) — fé (Lf)(Xs)ds, t = 0. These martingales will
appear repeatedly in the following sections with the solution f; of the resolvent
equation (2.13) in place of f.

Note that M; may not be right continuous because functions in the domain of
the generator may not be continuous. We need, however, the right continuity of the
martingale for several reasons, the main one being the existence of the predictable
quadratic variation of the martingale, which relies on the Doob—Meyer decomposi-
tion (cf. Sect. 1.4 in Karatzas and Shreve, 1991) which requires the martingale to be
right continuous and the filtration to satisfy the usual conditions.
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There are two possible ways to circumvent the lack of right continuity of the
Dynkin martingales. The first one is to assume that the core 4 consists of continuous
functions and to approximate the solution of the resolvent equation by functions
in the core. Such approximation is discussed in detail in Sect. 2.7.3 after formula
(2.37), and in Sect. 2.7.4 at the end of the proof of Lemma 2.21.

We may also consider a r.c.l.l. modification of the martingale M;, which exists in
view of Theorem 1.3.13 in Karatzas and Shreve (1991).

Let M, be the Dynkin martingale associated to a function f in the domain of the
generator. We claim that

E.[(M, M),] =211 fI3. (2.16)

Indeed, since M, is a martingale vanishing at ¢ = 0, expanding the square, we get
that

2
Ex[(M)*] = H/ (L) (Xs )dS} —2f(Xt)/ (Lf)(Xs )dS}
We may rewrite the previous difference as
t t
—2/0 (Lf)(XS){f(Xt)_/ (Lf)(Xr)dr}dS-

To conclude the proof of (2.16), it remains to add and subtract f(X;) in the term
inside braces and to observe that one of them becomes M; — M.

2.5 5 _, Estimates of the Time-Variance

In this section, we estimate the limiting variance of the integral fol V(Xs)ds for a
mean zero function V in L%(rr). Assume that % is a core for the operators L and

L*. Let
2 1 ! 2
V) =limsupE, | ( — | V(X,)ds) |.
=i (7, v

Since 7 is invariant, a change of variables shows that for each fixed ¢ the expectation
on the right-hand side of the previous formula is equal to

/ds/ V(Xlg‘ r‘)V(X()) /ds/ (Ps—r|V,V)gdr

/0 [1—=(s/D](PV, V)gds.
Denote by a* the positive part of a: a™ = max{0, a}, so that

a2(V) = 21irnsup/ [1- (s/t)]ﬂPSV, Vx ds. (2.17)
0

—>00
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In general, it is not clear whether this upper limit is in fact a limit, or whether it
is finite without some restrictions on V. However, in the reversible case, the integral
is an increasing function of ¢ because (PyV, V), = (Ps2V, P52V )z is positive.
Hence, in this particular case, by the monotone convergence theorem,

a2(V) :2tlim /00[1 - (s/t)]+(PsV, Ve ds :2/OO(PSV, V. ds.
— 00 0 0

In the general case, one can show that O'Z(V) defined in (2.17) is finite provided
the function V belongs to the space 777 . Namely, there exists a universal constant
Co such that

a2(V) < CollVI?, (2.18)

for all functions V € %1 N L% (7). The main difference between o-2(V) and ||V ||* 1
is that while in the definition of the latter only the symmetric part of the generator
is involved, in the first term the full generator appears. Formally,

o2(V) = 2/OO<PS V.V =2(V,(-L)"'V)_ =2(V.[(-L)"']'V)
0

°

while ||V ||271 = (V, (—=S8)"'V),. Here and in what follows, B* represents the sym-
metric part of the operator B. Recalling that S, A stand for the respective symmetric
and anti-symmetric parts of the generator L, we can write, at least formally, that

(D) ==s+ A% =9 1A= —s,

where A* stands for the adjoint of A. We have therefore that [(—L)™']* < (=91,
from which it follows that 62(V) < 2|V ||2_1. We now present a rigorous version of
this informal argument.

Lemma 2.4 Fix T > 0 and a function V in L*(1) N 1. Then,

t 2
E,,[ sup (/ V(Xs)ds> }524T||V||21~
0<t<T 0

Proof Fix ¢ > 0. Assume first that there exists a function % in the core € such that

[Sh=Vlix <e, Iallr =V Il-1 +e. (2.19)

We shall remove this assumption at the end of the proof.

Recall that {%; : s > 0} is the augmented filtration corresponding to {X, : 0 <
r < s}. Since & belongs to the domain of the generator we can define a zero-mean
martingale M; with respect to {%; : s > 0} by

t
M; = h(X;) — h(Xo) —/ (Lh)(Xs)ds. (2.20)
0
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In the same way, denote by {.%,” : t € [0, T']} the augmented backward filtration
generated by {X7_; : t € [0, T]}. Recall that L* stands for the adjoint of the genera-
tor L with respect to the invariant measure 7. Since we assumed % to be a core for
the adjoint operator L*, i belongs to the domain of L*. It is easy to check that the
process {M; :0 <t < T} defined by

t

M;:h(XT_,)—h(XT)—/O (L*h)(X7—s)ds 2.21)

isa (P, {-#; ,t €[0, T]}) martingale, called the backward martingale.
A change of variables gives that

t
M7 — My _, =h(Xo) —h(X;) — /0 (L*h)(Xy) ds.
In particular,

t t
M+ My —M; = —2/0 (Sh)(Xy)ds = —2/0 {V(Xy) — R(Xy)} ds,

where R := V — Sh. Therefore,

t 2
En|: sup (f V(Xs)ds) i|
0<t<T 0

t 2
=(1/4)En|: sup (M,+MT -M;_, —2/ R(Xs)ds) :|
0

0<t<T

Since, according to (2.19), |R||r < &, by Schwarz’ and Doob’s inequalities, the
previous expression is bounded above by

4R, [(M7 )] + Ex [(M7)?] + T%6).

By (2.16), the variances of the forward and backward martingales are both equal
to 2T||h||? < 2T (]|V|—1 + €)?. The previous expression is thus bounded above by
24T (|V||—1 +8)2+4T22. After sending ¢ | 0 we conclude the proof of the lemma.

We now return to approximation (2.19). Fix ¢ > 0. For A > 0 denote by 4, the
solution of the resolvent equation (2.13) with S in place of L and —V instead of V.
By (2.15), there exists A sufficiently small for which ||Shy — V||, < e and ||y ]| <
[[V]l-1. Since h; belongs to the domain of S, there exists 4 in the core % such that
lh—hullx <&, ISh—Shy|lx <& Thus |[Sh—Vllz <2¢and ||hlli <[lhxl1+lh—

hy|l1 < ||VI-1+ ¢ because ||g||2 <|lgllz|ISgllx for every g in the domain of S. This
concludes the proof of (2.19) and completes the demonstration of the lemma. I

Remark 2.5 We showed that o2(V) < 24| V||2_1. We present in the last section of
Chap. 5 examples of functions V not in 71, but with finite variance.
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2.6 Central Limit Theorem for Markov Processes
It follows from (2.15) that

sup Allfill2 <oo and  sup | fill] < oo. (2.22)
0<xr<l1 0<a<l1

Our first aim in this section is to show that a central limit theorem for the additive
functional ¢~1/2 fé V(Xs)ds holds provided we can prove the following stronger
statements:

. 2 . _ _
Nim Al follz =0 and  lim [l fo = fll; =0 (2.23)

for some f in 7.

Before formulating the first main result of this chapter, we introduce some ter-
minology to be used recurrently. On a probability space (§2,.%,P), consider a o -
algebra ¢ C .% and a stochastic process {Y; : ¢ > 0}.

Definition 2.6 The laws of a stochastic process {Y; : ¢t > 0} conditioned on the o -
algebra & converge in probability to a mean zero Gaussian distribution with vari-
ance o2 if

lim E[[E[¢/" %] — e "%"/?[] =0

t—0o0

for all 6 in R.

Note that this concept is stronger than the annealed convergence and the stable
convergence, but weaker than the quenched version. It stands for the typical central
limit theorem we prove in this book. The next result is an example.

Theorem 2.7 Fix a function V in L2(7T YN | and assume that (2.23) holds. Then,
the law of t—1/2 fol V (X;) ds conditioned on F( converges in probability to a mean
zero Gaussian distribution with variance

2 ; 2
o™ (V) =2lim |l fil1-

It follows from (2.23) and (2.14) that the asymptotic variance o*(V) is given by

oX(V)y=2lim | fill] =2 im(V, fi)x. (2.24)
A—0 r—0

The idea of the proof of Theorem 2.7 is again to express fot V(X;)ds as the sum
of a martingale and a term which vanishes in the limit. This is proved in (2.26) and
Lemma 2.10 below. We start taking advantage of the resolvent equation (2.13) to
build up a martingale which approximates fot V(Xs)ds up to the order of magnitude
o(+/1). For each fixed A > 0, let M;" be the martingale defined by

t
M} = fi(X,) — fi(Xo) — /0 (L) (Xs)ds
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so that
t t
/0 V(Xs)ds = M} + f5.(Xo) —fx(Xt)+?»/0 fH.(Xs)ds. (2.25)

Denote by Rt)‘ the remainder:
t
R i= F0X0) = £iX) +2 [ (X0 ds.
0
Proposition 2.8 Fix a function V in L*(1) N A1 and assume that (2.23) holds.
Then, t_l/zR,)‘ vanishes in L*(P;) as A J 0 and then t 1 oo:

lim lim [[¢~'2R}|_=o0.

=00 A—0

Proposition 2.8 follows from Lemmas 2.9 and 2.10 below.

Lemma 2.9 The martingales {Mtk .t >0} converge in L>(Py), as » | 0, to a cer-
tain square integrable martingale {M; : t > 0}: for each T > 0,

. 2
lim E [sup MM —M ]:0.
=0 te[O,T]( ' /)

Proof Fix T > 0. For A, A’ > 0, since 7 is an invariant state, by (2.16) the expecta-
tion of the quadratic variation of the martingale M% - M% is equal to

27((fr = fi), (LYo — f)), =2T Il fr = firl5-

By assumption (2.23), fi converges in .77 . In particular, M% is a Cauchy sequence
in L?(P;) and converges to a certain M. Using a standard argument one can choose
aversion of {M; : t > 0} that is a right continuous, square integrable martingale. This
proves the lemma. 0

It follows from this result and from identity (2.25) that Rtk also converges in
L?*(P,) as A | 0. Denote this limit by {R; : r > 0} so that

t
/ V(Xs)ds = M, + R,. (2.26)
0

Lemma 2.10 =12 R, vanishes in L2(IF’n) astt oo.

Proof Putting together Eq. (2.25) with (2.26), we get that

R; 1

t
7o ﬁ{M,A — M; + f1(Xo) — fr(X1) -H»/O fA(Xs)dS}- (2.27)
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We consider separately each term on the right-hand side of the above expression.
Since M} converges to M; in L*(Py),

1 2 | "2

TEA[(M M) = T tim B [(17— M)

t t A—0
In the previous lemma, we computed the expectation of the quadratic variation of
the martingale M* — M} . This calculation shows that the previous expression is
equal to

21im || i — fulli =201 — fI}.
A =0

In the last step we used assumption (2.23) which states that fj converges in 7] to
some f.
We now estimate the term Rt)‘ appearing in (2.27). We can write that

B [(172RM)?] < 3t B [ £3.(X0)2] 4+ 31 Ber [ 2 (X0)?]

t 2
+3t1k2EnH/ f,\(Xs)ds} }
0

Since {X;, t > 0} is stationary with the initial distribution = we obtain that the first
two expressions on the right-hand side taken together yield 6~ !|| f; ||721. On the other
hand, by Schwarz inequality, the third term is bounded by 32| fx||,2,- Putting to-
gether all the previous estimates, we obtain that

1 _
TER[RF] <208 = fIF 42607 +302) 1417

for all A > 0. Setting » =t~ we conclude the proof of the lemma in view of hy-
potheses (2.23). O

Proof of Theorem 2.7 We claim that the martingale {M; : t > 0} of the decompo-
sition (2.26) satisfies the assumptions of Theorem 2.1. Obviously, the martingale
differences are stationary. Recall from the beginning of the chapter, the definition
of the shift operator {6, : t > 0}. Since r is stationary, {6; : ¢ > 0} is a measure pre-
serving semiflow on the space (D(R4, E), Z,P;), where Z is the Borel o-field of
DR4, E).

To apply Kingman’s ergodic theorem (Krengel, 1985, Theorem 1.5.6), for 0 <
s <t,let Fy; = (M, M), — (M, M)s. It is easy to check that Fs; 06, = Fsyy.r+u,
O0<s<t,u=>0,F,;=F,+F,;,0<s<u<t, Fo, >0, t>0. Hence, {F;, :
0 <s <t} is a subadditive process. It is also clear that Fj ; is separable because the
predictable quadratic variation is a monotone, right continuous function.

Since (M, M) has finite expected value and since P, is ergodic with respect
to the shifts, by Krengel (1985, Theorem 1.5.6), t~!(M, M), converges a.s. and
in Ll(]P’ﬂ) to E;[(M, M)1]. Thus, according to Theorem 2.1, the law of M/t
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conditioned on % converges in probability, as ¢ 1 oo, to a mean zero Gaussian law
with variance

Ex[(M, M)1] = Ex[M7] = lim E.[(M})’]

= lim B [(M*, M%), ] =2 lim || £,

The last identity follows from (2.16).
To finish the proof recall the decomposition (2.26) and observe that for any 6 € R

B [0 VXISV 0] — B [OMV 0| < B [|0R:| /11550
By Lemma 2.10, the right-hand side vanishes in L?(PP,;) as ¢ 1 oo. 0

Corollary 2.11 Fix a function V in L*>(r) N S-y. Under the assumptions of The-
orem 2.7, the variance of t—1/2 fé V(X;s)ds converges to the asymptotic variance

o2(V):
. L[ 7,
IILIEOEH[(E‘/O V(Xs)ds> :|=0 ).

Proof Recall the decomposition (2.26). By Lemma 2.10, by the proof of Theo-
rem 2.7 and by (2.24),

. I 71 >
tlggolEn[(\—ﬁ/O V(Xs)ds> } Jlim ?Eﬂ[Mt]

1 .
lim —Ex[(M, M), ] =2lim [ fil]} =o(V).

t—o0 t

O

Remark 2.12 In the proof of Theorem 2.7, we showed that the quadratic variation
of the martingale M of the decomposition (2.26) converges a.s. to the asymptotic
variance o2(V):

1
lim —(M, M), =c%(V) P, as.

t—o0 f

Remark 2.13 In the statement of Theorem 2.7 we did not assume the existence of a
common core for L and L*.

Our next task is to show the central limit theorem under the condition of bound-
edness of 72| norm for {Lf; :0 <A < 1}.

Theorem 2.14 Suppose that Lf, belongs to 71,0 < X <1, and that

sup [[Lfall-1 < o0. (2.28)
0<r<l1

Then, the conclusion of Theorem 2.7 holds.
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Remark 2.15 Notice that

sup ||[Lfall-1 <oo ifandonlyif sup [[Afy]l-1 <o (2.29)
0<a<l 0<A<l1

because V belongs to 7.

The conclusion of Theorem 2.14 follows directly from Theorem 2.7 and the fol-
lowing

Lemma 2.16 Fix a function V in 51 N L2(7) and denote by {fn : A > 0} the
solution of the resolvent equation (2.13). Assume that sup, .o ||Lfll-1 < Co for
some finite constant Cq. Then, there exists f in J3 such that (2.23) holds.

Proof We have already proved in (2.15) that

2 2
sup [ falli <NIVI-1 and  sup Allfillz <NVIZ;.
0<i<I 0<r<l

In particular, Af;, converges to 0in L?(1), as A |, 0. The proof is divided into several
claims.

Claim 1 (Lf; converges weakly in J#_1, as A | 0, to —V) For that purpose it
suffices to prove that limy_,oAf) = 0 weakly in J#7 . Since sup, ¢ [[Lfx]l—1 is
bounded, so is sup, . g [|Afi]l—1. As aresult, any sequence {A, f3, : n > 1} is weakly
precompact in .7#Z1 when X, | 0. We show that 0 is its only weak limiting point.
Suppose, therefore, that A, f, converges to g weakly in 5. From (2.11) and
since Af;, converges strongly to 0 in L? (), for any 4 in €,

(g, (=$)h)_ = lim (a0 fi,, (=S)h)_; = Hm (3, fy,, h)z =0.

By Claim B of Sect. 2.2, {Sf : f € ¥’} is dense in #1 so that g = 0. This concludes
the proof of the claim.

In the same way, since sup,.q || fill1 is bounded, each sequence A, | O has a
subsequence still denoted by A,, for which f;  converges weakly in J#] to some
function, denoted by W.

Claim 2 (W satisfies the relation |W||> = (W, V);) To check this identity, apply
Mazur’s theorem (Yosida, 1995, Section V.1) to the sequences f3,, Lfy, to ob-
tain sequences g, Lg, which converge strongly in .74 to W, strongly in J#; to
—V, respectively. Keep in mind that each g, is obtained as a finite convex com-
bination of functions f;, and therefore belongs to the domain Z(L). On the one
hand, since g, (resp. Lg,) converges strongly in .74 (resp. 5_1) to W (resp. —V),
(gn, Lgn)x converges to —(W, V). Here the scalar product (-,-), has to be under-
stood in the generalized sense explained in Claim C, Sect. 2.2. On the other hand,
since —(gu, Lgn)x = llgn ||%, it converges to || W||f. Therefore, |[W|% = (W, V).
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Claim 3 (limy—.o 1| /i ||% =0) Suppose by contradiction that A|| f;, ||JZT does not con-
verge to 0 as A | 0. In this case there exists ¢ > 0 and a subsequence A, |, 0 such
that A, || f3, ||2 > ¢ for all n. We have just shown the existence of a sub-subsequence
A for which f; , converges weakly in 7 to some W satisfying the relation

(W, Vi =l W||%. Since f; is the solution of the resolvent equation,

limsup || 5., I7 < limsup(Ay [l fi, IZ + Il £, IIF)

n’'—oo n’'—oo
=limsup(fy,,, V)r = (W, V)z = W] <limsup| f |7 -
n'—o00 n’'—oo

(2.30)

The second identity follows from Claim E in Sect. 2.2. These inequalities contradict
the fact that A, || 3, |12 > & for all n, so that limy .o A|| f||2 = 0.

Claim 4 (f) converges strongly in .7 as A | 0) It follows also from the previous
argument that f; , converges to W strongly in 1. In particular, all sequences A,
have subsequences A,/ for which f; , converges strongly in 77]. To show that f;
converges strongly, it remains to check uniqueness of the limit. Consider two de-
creasing sequences A,, [y, vanishing as n 1 co. Denote by Wy, W the strong limit
in 4 of fi,, fu,, respectively. Since f;, is the solution of the resolvent equation,

O fon = B Funs Fon = Fun)w + 11 oy = funlT =0 (2.31)

for all n. Since f3,,, fu, converges strongly to Wy, W in 777,
lim | fa, = fu, 1T = W1 — W2l (2.32)
n—oo
On the other hand, since A|| f3 ||% vanishes as A |, 0,
nli)rgo()\nfkn - Mnfun» fkn - fp.n>n

=— li)rrolo(()\nfxn,fﬂ,l>n + (n fiuns fkn)ﬂ)‘

n

Each of these terms vanishes as n 1 0o. Indeed,

Il fans funde = An{fans S — W2da + 2n(fa,s W2

These scalar products have to be understood as the scalar product of a function
An fi,, in S 1 with functions f,,, — W», W, in J4{. By Schwarz inequality (2.9),
the first term on the right-hand side is bounded above by |[A, f3, =1l fi,, — W2ll1,
which vanishes because A f; is bounded in 7771 and f,, converges to W, in J7].
To show that the second term of the previous formula also vanishes, fix ¢ > 0.
Since 7] is obtained as the completion of ¥, there exists g in & such that
W2 — gll1 < e. By Schwarz inequality (2.9), the second term is then absolutely
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bounded by supg_; < |Afall-1& + [{An f2,, &)= |- Since Af, vanishes in L2() as
A 0, the second term on the right-hand side of the previous displayed formula
converges to 0 as n 1 oco. This concludes the proof of the lemma. U

We conclude this section by observing that one can still prove the central limit
theorem if we replace the bound supy_; <1 [|Lfa||—1 < oo by an energy identity. We
have already shown that the family { f5 : 0 < A < 1} is weakly precompact in 4.
Assume that fj converges weakly in .74, as A |, 0, to some W and that

W3 = (W, V). (2.33)

This relation is sometimes called an energy identity.

Theorem 2.17 Fix a function V in L>(w) N - and assume that f) converges
weakly in 761, as A |, 0, to some W which satisfies the energy identity (2.33). Then,
both conditions (2.23) hold. In particular, the conditional law oft’l/2 f(; V(Xs)ds
with respect to F( converges in probability, as t 1 00, to a mean zero Gaussian
distribution with variance given by (2.24).

Proof The argument made in Claim 3 above shows that lim)_,q A|| f,\lli =0.1In
addition, by (2.30), fj converges strongly to W in J#], as A | 0. Hence, both condi-
tions (2.23) hold. As a result, by Theorem 2.7, the central limit theorem follows. [

2.7 Some Examples

Fix a function V in L?(7) N 2. In this section we present four different set of
conditions which guarantee that the solution fj of the resolvent equation (2.13)
satisfies the bound (2.28). Assume that & is a core for the operators L and L*.

2.7.1 Reversibility

Assume that the generator L is self-adjoint in L2(r7). In this case, as we have seen
in Claim H of Sect. 2.2, Lf belongs to .77 for any f in Z(L), and

ILfI-1 <11 f I

In fact the equality holds. In particular, in the reversible case (2.28) follows from
the elementary estimate (2.22).

In the reversible case the asymptotic variance o>(V) = 2|| V||2_1. Indeed, in the
resolvent equation, take the inner product in 77| with respect to V on both sides
of the equation. The right-hand side is equal to || V||2_1, while the left-hand side is
equal to

Afa, Vici+(=Lfy, V) 1.
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By Claim 1 in the Proof of Lemma 2.16, A f3 converges weakly to 0in 77 as A | 0.
In particular, the first term vanishes in the limit. On the other hand, by Claim H in
Sect. 2.2, (—Lg, h)_1 = (g, h)r if g belongs to the domain Z(L) and / to Li(m)N
F€_1. In particular, (—Lf,, V)_1 = (fa, V). Hence, by (2.24),

a?(V) =21im (f3, V)x = 2IVI3,.

2.7.2 Spectral Gap

Assume that the generator L satisfies a spectral gap condition: there exists a finite
constant y such that

IFIZ2 = ()2 < (=D f. f), (2.34)

for every function f in the domain Z(L).

Theorem 2.18 Fix V € L%(x) such that (V) = 0 and suppose that the generator
L satisfies the spectral gap condition. Then, the conclusions of Theorem 2.7 hold.

Proof Observe that (2.34) implies that L%(rr), the space of all mean zero, square
integrable functions, is embedded into .77 ;. Indeed, for any f orthogonal to the
constants in L?(r) and for any g belonging to the common core of L and L* we
have

(£ <IfIZ{Igl2 — (@2} <vIfIZlglT.

It follows from this estimate that

I£I% < vIfIZ (2.35)

forall f € L(z)(n). This of course implies that V € 771 and that limy o A|| fa || -1 =
0, in view of (2.15), which in turn yields (2.28). The conclusion of the theorem
follows directly from Theorem 2.14. 0

2.7.3 Sector Condition

Assume now that the generator L satisfies the sector condition
(f.Lg)2 < Colf. (L) f)_(g. (~L)g). (2.36)

for some finite constant Cy and every function f, g in the domain Z(L) of the
generator. In view of (2.12), for any function g in Z(L),

ILgl%, < Coligll?

and condition (2.28) follows from estimate (2.22).
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Of course, L satisfies a sector condition if and only if A, the asymmetric part of
the generator, satisfies it:

(f.Ag): < Colf. (L) f) (s.(~L)g),

for some finite constant Cy and every function f, g in the core. In this case, A can
be extended as a bounded operator from 74 to 57 :

Lemma 2.19 Fix an operator B. Assume that € is a core for B and that B satisfies
the sector condition

(f. Bg)2 < Colf. (—L) f), (3. (—L)g),

forall f, g in € and a finite constant Cy. Then, the operator B extends from € to
a bounded, linear mapping from 4 to 7.

Proof Suppose that f belongs to €. By definition of the 721 norm and the sector
condition,

IBfI%, = su§{2<Bf,g>n —llgli}} < Coll £113.
ge’

This proves the lemma. O

Formally, we just obtained that
(g. A*(=8)""Ag)_ = lAgl*| < Collgll} = Colg. (—S)g),
for all functions g in ¥. Hence, the sector condition requires that
A*(=89)TTA = Co(=9)

for some finite constant Cy. This inequality states that the asymmetric part of the
generator can be estimated by the symmetric part. Furthermore, in this case, in view
of the computations performed just after (2.18),

(—8) < (=8) + A*(=$)'A < (1 + Co)(—S)
so that
Cila?(V) < |IVII2, < Cio?(V)

for some finite constant C1. This means that under the sector condition, the limiting
variance is finite if and only if the function belongs to 72 .

This formal argument can be made rigorous. On the one hand, we have seen in
Lemma 2.4 that 62(V) < Co||V ||271 for some finite constant Cg. On the other hand,
we have seen in the previous subsection that

V|2, = lim(=Lf, V)_1,
Vi, Agl})( fas V)1

where the inner product in .77 | appears on the right-hand side.



2.7 Some Examples 59
We claim that
(~Lf. V)1 < (fio iz + Co/DI LI+ A/DIVIE, @37
where Cj is the finite constant appearing in (2.36). To prove this estimate write
(=Lfr, V)1 =(=Sfr, V)-1 + (=Afi, V)-1.

Note that Sf; and Af), may not be defined. However, we assumed % to be a core
for these two operators. We may therefore approximate fj by a function in the
core, still denoted by f; . This step is explained in detail at the end of the argument.
As before (—Sfi, V)—1 = (fi, V)x. On the other hand, by Schwarz inequality and
Lemma 2.19,

[(=Af V)a ] < HALI- VI <V Coll AV -1

Since 2ab < Aa® + A~ b2 for every A > 0, the last expression is bounded above
by (Co/D Nl £l + (1/2)| V||, proving the claim.

Since (f, V), and ||fA||% converge to (1/2)a%(V) as A |, 0, we conclude from
the previous estimates that

IVIIZ, < (1/2){1 + Co}o (V) + (1/DIVI*,,

so that [|V[|*, < {1+ Co}o?(V), as claimed.

We conclude this subsection by justifying the replacement of the solution of the
resolvent equation by a function in the core in the proof of (2.37). By definition
of a core, for each A > 0, there exists a sequence of functions {g; : k > 1} in the
core € such that gi, Lgy converge to fi, Lfy in L?(r), respectively. Therefore, gx
converges to fj in J# and, by Lemma 2.19, Lg; converge to Lf; in 5.

Rewrite (—Lf5,V)_1 as (—Lgk, V)—_1 — (L(fn — gk), V)—_1. By the proof pre-
sented above,

(—Lgk. V)-1 < (g V) + (Co/DlgkllT + A/DNV 2.

On the other hand, by Schwarz inequality, (—L(f\» — gk), V)—1 is absolutely
bounded by ||L(f). — gx)l|-1]|V||=1. Therefore,

(=L V)1 < 8k Vix + (Co/DllgellT + A/DIVIE + [ LA — g0 1V

for all k > 1. To deduce (2.37), it remains to let k 1 co and to recall the properties
of the sequence {gj : k > 1}.

2.7.4 Graded Sector Condition

Instead of assuming that the generator satisfies a sector condition on the whole
space, we decompose L(r) as a direct sum of orthogonal spaces .7, and assume
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that on each subspace o7, the generator satisfies a sector condition with a constant
which may be different on each <7,.

Assume that L>(7r) can be decomposed as a direct sum P,,~0 “n of orthogonal
spaces. Let 4, = @4 ~, . Functions in 4, \%,—1,9 = |,~ o ¥, are said to have
degree n, finite degree, respectively, while functions in .27, are said to be monomials
of degree n. For n > 0, denote by IT, the orthogonal projection on <, so that

f=Y_M.f Myfedn=0, and [fIZ=) IT.fI%2 (238

n>0 n>0

for all f in L2(;r). We assume that the core % is closed under {IT,, : n > 0} and that
all functions in the core 4 have finite degree:

IT, f belongs to € forall finé, n>0, and 4 C¥. (2.39)

Supposethat the generator L keeps the degree of a monomial or changes it by
one: L: €Ny — o1 ® A ® yy. Denote by L_ (resp. Ly and Lg) the
piece of the generator L which decreases (resp. increases and keeps) the degree of a
monomial. Since all functions in the core have finite degree, the operators Ly, L_
and Lo which in principle are only defined on |, ({4 N¥,} =€ N¥Y, are in fact
defined on &. Hence, we may take % as the common domain of the operators L,
L_ and Ly.

Recall that we denote by L* the adjoint of L in L2 () and that we assumed € to
be a core for L*. Since (Lf, g}y =0forall f € €N, g€b Ny, Im—n|>1,
L* also keeps the degree of a monomial or changes it by one: L*: ¢ N ., —
Dy ® o, O pqq. Denote by (L*)_, (L*)4, (L*) the piece of the generator
L* which decreases, increases, keeps, respectively, the degree of a monomial. As
above, we take ¢ as the common domain of the operators (L*)_, (L*), (L*)o.

An elementary computation shows that for any f, g € €,

(Lyf.g)x=({f (L") _g) -

Therefore, % is contained in the domain of (L4)*, the adjoint of L, and (L4)*g =
(L*)_g, g € €. For the same reasons, (L_)*g = (L*)1g, (Lo)*g = (L*)og, g €.

Assume that the operator L( can be decomposed as a sum Sy + By, where —Sy
is a non-negative symmetric operator which preserve the degrees of functions and
which is bounded by —Cy L for some positive constant Cp:

0<(f, (=S0)f), < Colf. (L) ), (2.40)

for all functions f in %.

Since —Sp is a positive operator, repeating the steps of Sect. 2.2 with Sy in place
of L, we define the Sobolev spaces 74 1, ##),—1 and the norms || - [lo.1, || - llo,—1
associated to Sp. As So keeps the degree of a monomial, for every f in %,

LF15,1 = (f. (=So) f), = <Z 1, £, (—So) Znnf> > (M f, (=S T £),

n=0 n>0 T n>0
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so that
A6, =D T 15, (2.41)

n>0

for all functions f in the core 4’. Moreover, in terms of the new norm || - |1, (2.40)
translates to

I £llo.1 < /Coll fll1 (2.42)

for all functions f in % and some finite constant Cy.
In the definition of the space .7#], recall the convention adopted just after (2.5).
We claim that

Lemma 2.20 The domain Z(L) is contained in 7| and I1; f belongs to 7, for
every f € Y(L), j > 0. Moreover, for every f in Z(L), (2.41) holds.

Proof We have already seen that (L) is contained in 7. On the other hand,
by (2.42), every (¥, 7#1)-approximating sequence {f, : n > 1} of a function f in
P (L) is also a (€, 74, 1)-approximating sequence. This proves the first assertion of
the lemma.

To prove the second one, fix f € Z(L) and j > 0. Since Z(L) C J#, there
exists a (%, J71)-approximating sequence {f, : n > 1} of f, which, by (2.42), is
also a (¥, 74 o0)-approximating sequence. Since % is closed under the projection
IT;, {I1; f, : n > 1} is a sequence of functions in ¢ which converges to I1; f in
L (7). By (2.41), {11} f,, : n = 1} is a Cauchy sequence in J7] o, proving that I1; f
belongs to .74 o. This proves the second claim.

To prove the third statement, fix a function f in Z(L) and consider a (¢, 74.1)-
approximating sequence { f, : n > 1} of f. On the one hand, by (2.41),

2 : 2 : 2
1AIG = Yim 1 fallgy = Tim > T fullf -
Jj=z0

For every K > 1, the previous expression is bounded below by

K K
: 2 2
lim Y T fallg = D 1T 15,

j=0 j=0
because {11 f, :n > 1} is a (¢, p,1)-approximating sequence of I1; f for every
J = 0. Therefore || 115 = >0 T, FIIG ;-

On the other hand, since {f,, : n > 1} is a Cauchy sequence in .74 1, for every

& > 0, there exists ng = np(e) > 1 such that || f,, — fm||%’1 < ¢ for n, m > ng. For

this ng fixed, there exists k = k(&) such that ijk 11} fu, ”%,1 < g. Thus, for all
n = no,

Sl <2 1= fa) oy +2 D 1T fug I3 < 4e.

jzk j=0 =k
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Therefore, in view of (2.41),

2 : 2 : 2
IAIG.0 = Jim 1 fullgy < lim > T fullgy +4e.
Jj<k

Since {I1; f, : n > 1} is a (¥, 7%,1)-approximating sequence of I1; f for every
j Z 09
A6, < DT f1G, + 4.
j=0

which proves the lemma. O
By (2.41), for a function f in L?(r) N T0.-1,

2
||f||()’71 =S

up {20, 80 —llgllg i} =D T f1IG - (2.43)
g€

n>0

Furthermore, it follows from the last inequality and from the variational formula for
the ¢, 74).—1 norms that

£ =1 </Coll fllo,1 (2.44)

for all functions f in L2(7r) and the same finite constant Cj.

Suppose now that a sector condition holds on each subspace <7, with a constant
which depends on n. More precisely, assume that there exist § < 1 and a finite
constant Cy such that for all n > 0,

(£, (~L)g)2 < Coln+ D*(f. (=S0) ), (. (~S0)g)...
(g, (~LO) ) < Coln+ (£, (=So) f), 8. (—S0)s),,

forall gin €N, and fin € N 1.
The first estimate extends to functions f in the domain Z(L). More precisely,
fix a function f in Z(L) and g in € N «7,. We claim that

(2.45)

2
(f. (=Lp)g). < Coln+ VP MTup1 £1I5 11115 -

Consider a (¢, 74),1)-approximating sequence { fx : k > 1} of f. By assumption
(2.39) and by (2.45), the previous inequality holds with IT,,1 fi in place of f. It re-
mains to let k 1 oo and to observe that (11,41 fx, (—L+)&)x, [ {Tn+1 fkll0,1 converge
0 (My+1f, (=L1)g)x = (f, (=L4+)&)x» IMTn+1fl0,1, respectively. Similarly, we
can show that the second estimate in (2.45) holds for functions g in Z(L) if we
replace on the right-hand side (g, (—Sp)g)» by ||17,,g||(2),1.

Furthermore, since (L)*h = (L*)_h, (L_)*h = (L*)+h, h € €, it follows from
(2.45) and the previous argument that there exists a finite constant Co, which may
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by different from the previous one, such that for all n > 0,

2
(f. (=L*)  g), < Cotr + DX | Mupr £1I5, 111G -

5 (2.46)
(G, (-L*)_F), < Con+ D*P||FI§ 1T, GIIg
forall f,Gin (L), gin¥ N, Fin € Natyy.
Finally, it follows from (2.45) and from the variational formula for the || - ||—1,0
norm that
IL+gllo.—1 <+/Coln+ DPligllo,1, IL= fllo.—1 </Coln+ Pl fllo1.
1(L*), 8l < VCon+DPlglor,  [(L*)_Flo_y <V Con+ DI fllos
(2.47)

forall n >0 and all g in ¥ N, and f in € N <,11. The proof of Lemma 2.21
below shows that the restriction 8 < 1 is crucial.
Fix k > 0 and define the triple norms || - I,z I - lx,1 and || - [lx,—1 by

WA =Y e+ DXULfIZ WA =D+ DT 15

n=0 n>0

WANE —y =Y v+ DX T f Gy (2.48)

n>0

On several occasions we omit the dependence of the norms on k.

Lemma 2.21 Assume that the generator L satisfies conditions (2.39), (2.40), (2.45),
and that B < 1. Let V be a function in L* (1) such that

IV llk,—1 < oo

for some k > 1. Denote by f, the solution of the resolvent equation (2.13). There
exists a finite constant C| depending only on B, k and Cy such that

MIAIE 2 AN < CUllVIE -

Proof Consider an increasing sequence {t, : n > 0} eventually constant, to be fixed
later, and denote by T : L2(71) — Lz(n) the operator which is a multiple of the
identity on each subspace .7

Tf:Zt,,H,,f.
n>0

Assume that f; belongs to the core. We show at the end of the proof how to proceed
if this is not the case. Apply T to both sides of the resolvent equation, and take the
inner product with respect to T f, on both sides of the identity to obtain that

MT fos Thida = (Tfos LT i) =T, TV)z —(Tfo, [L, T1f3) .
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In this formula, [L, T'] stands for the commutator of L and 7 and is given by
LT — TL. Since the sequence {t; : k > 0} is eventually constant, T'f; = t, fi +
Zo<j<n (tj — ty)11; f;. for some n > 0, so that Tf; belongs to 6 by hypothesis
(2.39).

By assumption (2.40), the second term on the left-hand side is bounded below by

Co M Th (=SOTh), =Co  IT MG =Co ' D tal T fll§ -

n>0

Let § > 0. We now estimate the scalar product (T f;,[L, T]f,)» in terms of
T fx||(%,1- Since T commutes with any operator which keeps the degree, [L, T] =
[L+ + L_,T]. To fix ideas, consider the operator [L4, T'], the other expression
being estimated in a similar way. Since L increases the degree by one, by definition
of the commutator,

MWLy, T1f =LyTHyrf =TLyIly1f = (tn—1 — tp) L4 TTy—1 f

for all functions f in %', n > 1. Note that ITo[L ., T]f = O for all functions f in the
core. Therefore,

(ThH Ly TIA), =Y (T Tf. MLy, T1f),

n>1

= (a1 — t)ta (T fir, Ly Tyt fi)z-

n>1

By (2.45) and since the sequence #, is increasing, the previous expression is bounded
above by

VCo Y (tn = ta- )t | T, fll0,1 1 TTa—1 fillo.

n>1

VCo

<= 2=t )t I fil5
n>1
v Co
+ = Dt =t )t Tt f15 -

n>1

Since B < 1, there exists n; =n1(Co, B, 8, k) such that

— 1k
Conﬁ{l—(”nk) }55, Conﬂ{

k

nk _1} n <
(n— 1)k (n— 1)k~

foralln >n;.Fixny > nj and set ¢, = n’fl{n < n1}+nk1{n1 <n <ny} +n’2‘1{n >
no}. With this definition, we obtain that the previous expression is bounded by

8 Ty fillg .y = SIT A5,

n>0
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It remains to estimate (T f,, TV ). By (2.9), and since 2ab < A~1a? + Ab? for
every A > 0,

(T TV)a =Y 2Ty fo T V)x < Y 21T flloa 1T, Vllo.—1

n>0 n>0
2 2 —1 2 2
<8 T fllg, +87" Y 2TV IG
n=0 n>0

=3ITfllg, + 8 NTVIG s
Putting together the previous three estimates, we obtain that
MTAHIG+Co T/ <381TFullg, +8 " ITVIG -

There is a factor 3, instead of 2, multiplying § due to the estimate of the commutator
[L_, T]f, which we omitted. Therefore,

MTEHIG +SITAIG, <8 HNTVIG (2.49)

if we choose § = 1/4Cy.

Recall the definition of the sequence #, and the identities (2.38), (2.41), (2.43).
Since, the previous estimate holds uniformly in n3, let ny 4 0o and define T’ as the
operator associated to the sequence #;,, where 7, = nk 1{n >n1} + n'fl{n <ni}, to
deduce that

2 2 -2 2 -2 2k 2
WAz < [T fllg, <872V IG _y <872 IVIIE —y-
A similar argument shows that
2 -1, 2k 2
MM 7 <87 n MV I, -y -

To conclude the proof of the lemma recall that we fixed § = 1/4Cy and that n; =
ni(Co, k, B, 9).

It remains to justify the replacement in the resolvent equation of its solution f3
by a function g in the core. Rewrite the resolvent equation as

Ag—Lg=V +rg— fi) —Lg— f),

where g is a function in the core. Apply the operator 7 and take the inner product
on both sides of the identity with respect to Tg. At this point we follow the proof
presented above with g replacing f; . Instead of (2.49), we obtain the estimate

MITgls +81Tglg, <8~ NTVIG -y +MTe, T(e — ), —(Te. TLg - /),

for any function g in the core. Choose a sequence {gy : k > 1} in ¥ such that g,
Lgi converge in L?(r), as k 1 oo, to fi, Lf;, respectively. Clearly, in view of
(2.42), IT gkl x> 1T gkllo,1 converge to ||T fillx, |7 fallo.1- On the other hand, since
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IThllx <n§lhllx, b € L*(T), (T gk, T (g — f1))x and (T g, T L(gk — f3))x vanish

as k 1 oo because gx and Lgg converge in L2(x) to fi, Lfy, respectively. This
proves (2.49). Il

Assume now that Ly = Sy + By satisfies a sector condition on each subset .7,
n=>0:

(g, (~Lo) f)2 < Con + D (£, (=S0) f) (g, (=S0)g)., (2.50)

for some y > 0 and all functions f, g in ¥ N «,. Notice that we do not impose
any condition on y. As before, we may extend this estimate to all functions g in the
domain Z(L) and to the adjoint (—L*)q:

2
(8. (=Lo) £}, < Con+ DX £1I5  I1Tg 3.1
(2.51)

(g, (L) f)2 < Cotn+ DX | £I3 1 Tugl3

for all n > 0 and all functions g in Z(L), f in € N 47,. Moreover, by (2.50) and by
the variational formula for the norm || - [lo,—1,

1Zofllo.~1 <V/Cotn+ 1Y [ £ll0.1 (2.52)

for all n > 0 and all functions f in ¢ N <7,.
Assumptions (2.45), (2.50) permit to estimate the .7/ norm of a function in terms
of a triple norm:

Lemma 2.22 Let « = B8 Vv y := max{g, y}. There exists a finite constant Cy such
that for every function f in L* (1),

I£IT < Co ) n+ DXy £113 -

n>0

Proof We first prove the estimate for functions in the core %. Fix such a function g.
Since L may be decomposedas Lo+ L4+ +L_, ||g > = (g, (—L)g)x can be written
as

> (Mg (—Lo)Tug) + > (Mut1g. (—L)Mng) + > (My_1g. (—L_),g), .

n>0 n>0 n>1

Note that all sums are finite since we assumed g to belong to %’. By assumptions
(2.45), (2.50) the previous sum is bounded above by

Co Y (n+ 1> | Mgl

n>0

for some finite constant Cy. This proves the lemma for functions in the core % .
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Fix now a function f in L?(rr) and assume that D om0+ 1)2"‘||17,,f||(%’1 is
finite. Since [T, f belongs to .79 1 there is a sequence {g, « : k > 1} of functions in
% N o7, which converges to IT, f in L?(r) and in %).1. By adding these functions,
one obtains a sequence {gy : k > 1} of functions in the core ¥ which converges to
f in L?(7r) and such that

kl_i)n;ox(:)(n + 2|0 f - |2, =0.

It follows from this fact and from the statement of the lemma applied to functions in
% that {gi : k > 1} is a Cauchy sequence in J#]. Since g converges to f in L2(),
the sequence {gy : k > 1} is a (¥, 74 )-approximating sequence of f. Therefore, f
belongs to .7 and

2 . 2 . 2u 2
= lim < Cp lim 1 17,
117 = tim llgllf < Co lim 3 (n -+ 1) Mgl

n>0

=Co ) (n+D* T, fI5,

n>0

which proves the lemma. g

Theorem 2.23 Suppose that the generator L satisfies hypotheses (2.39), (2.40),
(2.45) and (2.50). Fix a function V such that

NV lle,—1 < o0
for some k> (B V y). Let f, be the solution of the resolvent equation (2.13). Then,

sup [|Lfillo,—1 < o0.
0<A<l1

Proof 1t follows from (2.43) that
ILANG =D T LAG - (2.53)
n>0

Fix n > 0 and recall the variational formula for the %) _1 norm of a function in
L?(r). Since IT,L /o belongs to @7,, by (2.41) we may restrict the supremum to
functions & in € N <7, so that

T Lfollg 1= sup {2(fi, L*h), —IR15,}-
he€ Ny,

Since L* = (L*)4 + (L*)_ + (L*)g, by (2.46) and (2.51), {f5., L*h) is absolutely
bounded by

Co{(n+ DI, fillo.s + (n 4+ DY 1Ty fillos + (4 DP (g fulloa Hillo.s
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for some finite constant Cy. By Lemma 2.21 and since k > (8 V y), the right-hand
side of (2.53) is bounded above by

C1 Y+ D*ITfillg, <C1 Y+ DH TV

n>0 n>0

for some finite constant C| depending only on Cp, B and y. g
In fact, we have proved the result below.

Corollary 2.24 Fix f € D(L). Then, for every k > 0 there exists a finite constant
Cy. such that

WLf Mk, —1 < Crll f Mtm, 1

where m = max{g, y}. In particular, the function Lf belongs to F_1 0, and there-
Jore to AZ 1, if I fllm,1 < o0

2.7.5 Perturbations of Normal Operators

In this section, we suppose that L can be decomposed on the core € as a normal
operator plus a perturbation which satisfies a sector condition with respect to the
normal operator. More specifically, assume that the operator L can be written as
L = Lo+ B and that %" is a common core for each of the operators Lo, L, B and
B*. We impose three conditions on the operators Lo, B.

Assume that Lo : € — L2(r) is normal, i.e. the operators So := (1/2)(Lo+ L)
and iAg := (i/2)(Lo — Lg) are essentially self-adjoint and their spectral resolu-
tions commute. Observe that the latter condition follows e.g. for some A > 0 the
resolvents R; (Sp), R; (iA) corresponding to Sp and i Ap commute. Indeed, these
operators are bounded and normal and since they commute this also holds for their
respective spectral resolutions, say E;(-) and E5(-). Since the spectral resolutions
of the operators in question can be obtained by appropriate change of variables in
E1(-) and E>(-) this proves that they also have to commute.

Suppose that the Dirichlet form associated to Lg is equivalent to the Dirichlet
form associated to L: there exist constants 0 < ¢y < Cyx < +00 such that

el f. (=LY f), <(f. (=Lo) f), < C«(f. (L) f),. (2.54)

for every function f in the core %". Denote by || - |lo.+1 the respective ##%1 norms
for Lg. It follows from this condition that there exist constants 0 < ¢; < C1 < +00
such that

cill fllo,£1 = 1 fll£1 < Cull fllo,+1 (2.55)
forall fin %.



2.7 Some Examples 69

Assume that B satisfies a sector condition relative to Lg:

(f. Bg)2 < Colf, (—Lo) f), (8. (—Lo)g), (2.56)

for some finite constant C and every function f, g € €. In view of (2.55), a sector
condition for B relative to Lo holds if and only if it holds relative to L. It follows
from this sector condition that B is a bounded mapping from 7 to 577 |: There
exists a finite constant Cg > 0 such that

I1Bfl-1 =Cgsllfl (2.57)
for all f in €. Indeed, by definition of the .77 | norm, the sector condition (2.56)
and the bound (2.55),

Co
IBfll-1= sup (Bf,¢)x <Collfllo.1 < —Iflh-
lelhi=1 €1

Proposition 2.25 Assume that L is normal and hypotheses (2.54), (2.56). Fix a
function V in -1 0 L?(x) and denote by f;, the solution of the resolvent equation
(2.13). Then,

sup [|Lfall-1 < +o00.
0<A<l1

Proof Fix a function V in s# 1 N L? (). For A > 0, denote by _ )\(O) the solution of
the resolvent equation

0 0
WO — Lo = .

By the spectral decomposition of the normal operator Lo,

0 +00 400 1
) g R
0 —0 Ato+tit

where E(dg,dt) is the spectral resolution of identity which corresponds to the
normal operator L¢. Since V belongs to 21 N Lz(n),

) +0oo +m>1
1Vilp -1 =/ / —py(dy,dt) < oo,
0 —00 ¥

where wy(de,dt) stands for the spectral measure of V: puy(de,dt) =
(E(dp,dT)V, V);.Hence,

+00 400 ;
o2 p+it
e A e e

In particular, by (2.55),

>y (g, dr)

2
=1Vlg,-1-

c
Lo, < C_IIHV”—I- (2.58)
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Denote by f; the solution of the full resolvent equation (A — L) f, = V. Since
L = Lo + B, we may rewrite the resolvent equation as

A —=Lo)fa=V + Bf.
Since L = Lo + B, by (2.58) with V + Bf) in place of V,

sup [[Lfill-1 = sup |[Lofrll-1+ sup [IBfill-1
0<A<l 0<A<l1 0<i<l

Ci
<— sup |V +Bfill-1+ sup [IBfill-1.
C1 0<xr<l 0<A<l

By (2.57), the previous expression is bounded above by

Cy Cy
—|IVIci+ 1+ — ] sup IBfall-1
c €1/ o<a<i

Cq C
<—IVI-1+Cp|1+—) sup [lfrl1-
C1 €1/ 0<a<l

By (2.15), this sum is less than or equal to C3|| V||~ for some finite constant C,.
Therefore, supg_; <1 ILfxll-1 < C2||V|-1 < 0o, which concludes the proof of the
proposition. g

2.8 Invariance Principles in the Multidimensional Case

Suppose that {X, : # > 0} is an R?-valued stochastic processes whose realizations
are a.s. right continuous and possess left limits. Sometimes it is useful to know not
only that the random variables X,/+/¢ satisfy the central limit theorem but also that
the laws of the scaled processes {¢X,,— : t > 0}, considered over D(R, Rd), con-
verge weakly, as probability measures, as ¢ | 0, to a Wiener measure. This kind
of statement is called an invariance principle. It can be verified by establishing
tightness of the laws of the scaled processes, say for € € (0, 1], in D(R,, RY) and
proving for arbitrary 0 < #; < .-- <ty the weak convergence of the finite dimen-
sional distributions (EXHS_Z’ e eX,NS_z), as ¢ | 0, to the law of (Wy, ..., Wy,),
where {W; : t > 0} is a Wiener process. In fact, the proofs of all the central limit the-
orems shown in this chapter, namely Theorem 2.1 for martingales and Theorem 2.7
for Markov processes, can be easily modified to demonstrate also the convergence
of finite dimensional distributions. The only remaining question is tightness of the
laws of the respective scaled processes.

2.8.1 Martingales with Stationary Increments

Before proving an invariance principle for martingales, we extend Theorem 2.1 to
the multidimensional case. Let {M; = (M;1,...,M;4) : t > 0} be a r.c.ll, R4-
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valued, square integrable martingale with respect to a filtration {.%; : t > 0} satis-
fying the usual conditions and such that My = 0. Denote by {{M;, M;), : t > 0},
i,j=1,...,d,its predictable quadratic covariation processes.

Denote by (-,-)ge the scalar product of R?. Using Theorem 2.1 for the scalar
valued martingales {(M;,0)ga : t >0}, 6 € RY, one can establish the following
multidimensional generalization of the central limit theorem for martingales with
stationary increments.

Theorem 2.26 Let {M; = (M;1,...,M;4):t >0} bearcll, RY _yvalued, square
integrable martingale with respect to a filtration {; : t > 0} satisfying the usual
conditions. Assume that the increments are stationary, as defined in Theorem 2.1,
and that My = 0. Suppose also that

M4 s M
lim |\ Ml - %l =0,
n—o00 n .
where Xi; =E[My ;M ;),i, j=1,...,d. Then, the conditional laws of M; //t on
F( converge in probability, as t 1 00, to a mean zero Gaussian law with covariance
matrix ¥ ={X;; :1<i, j <d}:

lim E[|E[exp{i(0.1"2M,)p, }|.%0] — exp{—(1/2)(26.0)ga}]|] =0

t—00

forall 0 in RY.

To prove an invariance principle for multidimensional martingales, we rely on
Theorem 6.4.13 of Jacod and Shiryaev (1987), to examine the tightness issue.
Theorem 2.27 Suppose that {Mt(") = (Mt(ﬁ), ey Mt(’nd)) 1t >0} is afamily of r.c.ll.,
square integrable, R -valued martingales with respect to a filtration {F%; : t > 0}
satisfying the usual conditions, indexed by n > 1. Let also (M™), be the sum of
the predictable quadratic variations: (M™), := Z?:l (Mi(n), Mi(n))t. Then, for the
Sfamily to be tight it suffices that:

(1) The sequence {Mé") :n > 1} is tight in RY;
(ii) The laws of {{(M™); 1t >0}, n > 1 are tight in D(R, R?) and any of its weak
limiting points is supported in C (R4, R?).

Remark 2.28 1If in addition we know that the martingales of the family {Mt(n) =

(n)
(Mt’1 , -

laws can be claimed in C (R, RY).

"’Mr(}ZI)) :t >0}, n > 1, have continuous trajectories, tightness of their

The invariance principle for martingales with stationary increments follows from
the above theorem.
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Theorem 2.29 Suppose that the martingale {M; : t > 0} satisfies the assumptions
of Theorem 2.26. In addition to the L' convergence of the predictable quadratic
covariations assumed there, we suppose also that

lim (Mia Mj)n

=2X;; almost surely.
n—00 n

Then, the laws of {eM,,— :t > 0} converge weakly in D(R, RY),asel0,10a
Wiener measure with mean zero and covariance matrix X'.

Proof Since My = 0, according to Theorem 2.27 it suffices to prove that for an
arbitrary sequence &, | 0, as n 1 oo, the family {55(M)m_z :t > 0} is tight in
D(R4,R?) and that any of its weak limiting points is supported in the space of
continuous functions. We show that for an arbitrary 7 > 0 we have

lim B[ sup [e2(M),> — || =0, (2.59)
=00 Lefo,1] "

where o2 is the trace of X.
Let 6 > 0 be arbitrarily fixed. Then, |8’%(M>t€72 — 0%t] is less than or equal to
(M) 2

2 2,2
E{ (M) 2y — (M) ooy} + £ [16,7] re:2] o
n

+02{t —sﬁ[tsn_z]}.

The last term is bounded by (g,0)? forall r > 0. Denote the suprema on [§, T'] of the
remaining first and second term by Ay and By, respectively. Let also m,, := [d¢,; 2]
and M,, .= [Tsn_z] + 1.

On the one hand, Ay is bounded by 8,21 max{X,, : m < M,}, where X :=
(M)g+1 — (M)r. The sequence {Xy : kK > 1} is stationary and EXo = E[(M)] is
finite. By Lemma 2.30 below, limy_,oc Ay = 0 a.s. and in LI(P). On the other
hand, by assumption,

M
By <T sup (M) —o?
me[my,M,] m

— 0, as.

as n — oo. In fact, the above convergence also takes place in L!(P) since we can
bound the expression under the supremum by m,; LM M, + o2, which converges in
L(P), as assumed in Theorem 2.26.

Therefore,

lim E[ sup |£,%(M)t8_2 —02t|] < lim E[ sup |8,21(M)t8—2 —02t|].
=00 Liefo,1] " =00 Liglo,8] "

The expectation on the right-hand side is bounded above by 85 [(M)s 2]+ 028,

which converges to 2028 by the L' convergence of the predictable quadratic covari-
ation. Since § > 0 was arbitrarily chosen the theorem is proved. 0
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Note that the a.s. convergence assumed in the previous theorem can be replaced
by the weaker assumption (2.59).

Lemma 2.30 Suppose that a stationary sequence {Xy : k > 0} is such that Xo > 0
a.s. and E[Xg] < +00. Then,

1
— max{Xg,..., Xy} — 0,
N {Xo N}

as N 1 oo, both a.s. and in L' (P).
Proof Let Sy := Xpand Sy := Zfl\’:o X,,. By virtue of the ergodic theorem we know
that N_ISN — Y, as N 1 o0, both a.s. and in LI(IP’). Choosing an arbitrary ¢ > 0,

for P-a.s. w we can find No(w) so that [N~ Sy (w) — Y (w)| < ¢ for all N > Ny(w).
We can estimate therefore

1 1
~ max{Xo(w), ..., Xy(®)} < ~ max{Xo(®), ..., Xnyw)—1(®)}
1
+ ~ max{ X Ny(w) (@), . ... Xy (@)}].

The first term on the right-hand side clearly tends to 0 as N 1 oo while any of the
terms under the second maximum can be written as

Spr1(@yn+1  Sy(w) n n—+1 n
— — < (Y — — (Y — —
i+l N p oy =@ te) = (Y@ —e) 5
Y(w)
2 e
< 2e+ N
for all No(w) <n < N.From here we obtain the a.s. statement of the lemma. To con-
clude the convergence in Ll(]P’), it suffices to observe that N~! max{Xo,..., Xy}
is bounded by the L' (P) convergent sequence N ' Sy. g

2.8.2 Additive Functionals of Markov Processes

In this section, we prove an invariance principle for additive functionals of Markov
processes. We start with a multidimensional version of the central limit theorem and
then examine the tightness issue.

LetV=,...,Vg): E—> R? be a vector valued function whose components
belong to L%() N, Let fk.» be the solution of the resolvent equation (2.13)
with Vi on the right-hand side instead of V. Define fi := (f1,5,..., f4.2). One
can easily adapt to the multidimensional case the argument made in Sect. 2.6 and
prove multidimensional versions of Theorems 2.7, 2.14 and 2.17. For example, the
multidimensional correspondent of the first of these results can be stated as follows.
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Theorem 2.31 Suppose that the components of V = (Vi,...,Vy) belong to
L*(7) N A and

lim A 20 and i - =0
Jim Il fe.allz an Alg})llfk,x Jrll

for some fy in J4,k=1,...,d. Then, the conditional laws oft_l/2 fot V(Xs)ds
on Fo converge in probability, as t 1 00, to a mean zero, d-dimensional Gaussian
law whose covariance matrix o2(V) = {a,il(V) 11 <k,l <d}is given by

ot (V) =21im(fi.n. fiad1 =2{fk, fid1
A—0
forl <k,l <d.

In the statement of the invariance principle, we first assume V to be a real func-
tion. In the proof we need the following simple fact. For 8, n > 0, let As ;, be the
subset of D([0, T'], R) defined by

Asy= Ha): sup |a)(t) — a)(s)| > n].
0<s,t<T
lt—s]<8

One can check that As ; is not closed for the Skorohod topology. However, if we
denote by Cr = C([0, T], R) the (closed) subspace of continuous trajectories of

D([0, T, R) and if As , represents the closure of As ; with respect to the Skorohod
topology,

AsyNCr =As5,NCr.

In particular, if a sequence of probability measures {Qy : N > 1} on D([0, T'], R)
converges to a measure (Q concentrated on continuous trajectories, Q[Cr] = 1, then

limsup Qu[As,;] < limsupQuy[As ;] < Q[As ;]
N—o0 N—oo

=QICr N A5, =QICr N As ] = QlAs5].

Letting 8 | 0, since Q is concentrated on continuous paths, we obtain that for all
n >0,

Slim limsupQu[As, ;1 =0. (2.60)

-0 N>oo

Theorem 2.32 Besides the hypotheses of Theorem 2.7, assume that w is ergodic
under the backwards dynamics given by the adjoint semigroup { P} :t > 0}. Then,

-2
the laws of the processes {¢ fotg V(X5)ds : t > 0} converge weakly in C(Ry, R),
as ¢ |, 0, to the Wiener measure with zero mean and the variance given by (2.24).
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Proof The proof of Theorem 2.7 can be easily modified to demonstrate the conver-

-2
gence of the finite dimensional distributions of the process {e fotg V(Xs)ds .t >
0}. The only remaining question is tightness.
Fix T > 0 and & belonging to ¥—the common core of L and L*. Let

-2
Yo (t):=¢ fée V(Xs)ds. Using the backward-forward martingale decomposition,
presented in the proof of Lemma 2.4, one can write

-2

te
Ye(t) = (1/2)6Myen + (1/DeMy_, = (1/2)eM 5+ f R(X,)ds
0

for 0 <t <T, where R:=V — Sh, {M; :t > 0} is the square integrable martin-
gale given by (2.20) and {M, :t > 0} is the backward martingales given by (2.21),
with T replaced there by Te 2. Observe that the forward and backward martingales
depend on the function /. One can show, see Karatzas and Shreve (1991, Theo-
rem 1.3.13), that both martingales have equivalent r.c.L.l. versions.

By Theorem 2.29 and Remark 2.12, the laws of {M[ (1) :==eM,, > :t € [0, T]}
converge to the Wiener measure with mean zero and variance crhz :=2(h, (=L)h).

Consider the backward martingales {8M;_2 1t €[0, T]}. We claim that

. 2= ag— 2] _
nlllroloEl:t:[g’pT]}g"(M , M )ts;z—ohtﬂ—o

for any arbitrary sequence ¢, | 0. Indeed, since 7 is ergodic under the backwards
dynamics, we show exactly as in the proof of Theorem 2.7 and Remark 2.12 that

N T 2
(M7 M), =0
both a.s. and in L'(P). To strengthen the result for the supremum, we repeat the

argument made in the proof of Theorem 2.29. In particular, by the same theorem, the
laws of {M_ (1) := 8(M;€_2 — M(_T—z)s—2) :t €10, T} also converge to the Wiener

measure with mean zero and variance a,% :=2(h, (=L)h).
Since the laws of Mj , M converge over D([0,T],R) to a Wiener measure

concentrated on continuous paths, by (2.60), for all n > 0,

limlimsupIPn[ sup |M§(z)—M§(s)|zn]=o. 2.61)
=0 o0 0<s,t<T
li—s5|<8

On the other hand, according to Lemma 2.4,

te
]E,,|: sup (5/
1e[0,T1] 0

-2

2
R(Xs)ds) } <24T||V — Sh|?,. (2.62)
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We have now all elements to prove the theorem. Fix o > 0. From the decompo-
sition of Y, (t), we obtain that

Pe| sup [Ye) = Ye()| = 30] <Pa| sup |[MF() - M ()] = 2n]
0<s,t<T 0<s,t<T
lt—s]<8 [t—s]<8

+Pr| sup M7 = M ()| = 20

0<s,t<T
-

[t—s]|<é
-2
In view of (2.62), the third term on the right-hand side is bounded above by

te
e f R(X,)dr
N

g2

+ P |: sup
0<s,t<T
[t—s]|<d

-2

te
]P’,,|: sup 8/ R(X,)dr
0

0<t<T

> (n/Z)} < CoTn 2ISh — V%,

for some finite constant Cg. Note that this estimate is uniform in & > 0. Choose % in
% so that the right-hand side is bounded by «. Hence, in view of (2.61),

lim limsupIE”ﬂ[ sup |V, (1) — Ye(s)| = 77] <a.
§—0 £—0 Olis’llsg
t—s|=<

Since this holds for all & > 0, the sequence {Y,(¢) : 0 <t < T} is tight, which proves
the theorem. O

As in the martingale context, this theorem can be easily generalized to the case
where V : E — R is a vector valued function.

Theorem 2.33 Under the hypotheses of Theorem 2.32 the laws of the processes
-2

{e Ots V(Xs)ds : t = 0} converge weakly in C(R,, R, as ¢ {0, to the Wiener

measure with zero mean and covariance matrix (V) defined in Theorem 2.31.

2.9 Comments and References

Central limit theorems for continuous-time martingales have been proven in many
versions with different conditions (Ethier and Kurtz, 1986; Helland, 1982; Jacod and
Shiryaev, 1987; Rebolledo, 1980). We refer to Whitt (2007) for a recent account. As
for the discrete time case, we present here a version that is tailored for our use, and
that is a direct consequence of the discrete version. A simple direct proof of the
central limit theorem for martingales with continuous paths can be found in Olla
(1994a).
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In this chapter, we presented the ideas developed in Kipnis and Varadhan (1986)
to prove an invariance principle for reversible Markov processes. This method was
extended to non-reversible processes satisfying a sector condition in Osada (1998a);
Osada and Saitoh (1995); Varadhan (1995); and to non-reversible Markov processes
satisfying a graded sector condition in Komorowski and Olla (2003b); Landim and
Yau (1997); Sethuraman et al. (2000). Horvéth et al. (2010) introduced a weaker
version of the graded sector condition. The extension to normal operator is due to
Derriennic and Lin (1996, 2001a).

T6th (1986) proved that in the non-reversible case a central limit theorem for
additive functionals follows from equations similar to the ones presented in (2.23),
with resolvent estimates in place of spectral estimates. He deduced from this result
a central limit theorem for a non-reversible random walk in random environment.
De Masi et al. (1989) and Goldstein (1995) proved an invariance principle for ad-
ditive functionals of reversible Markov processes anti-symmetric by time reversal.
Note that the additive functionals (2.1) is symmetric by time reversal.

The central limit theorem for Markov processes holds in probability, with respect
to the initial configuration. It should be distinguished from the weaker statement
where averaging of the initial state is also performed. Sometimes these last type of
results are called annealed or averaged. One can have situations where the averaged
central limit theorem has a different limit variance than the central limit theorem in
probability. This is due to the fluctuations of the initial distribution, contained in the
averaged central limit theorem, but not in the central limit theorem in probability. An
example is given by the tagged particle in the asymmetric one-dimensional nearest
neighbor exclusion process, studied by Kipnis (1986) (cf. Chap. 6).

Lemma 2.4 is taken from Wu (1999) and Sethuraman et al. (2000). This general
estimate for additive functionals of Markov processes in the stationary state is very
useful for proving tightness in invariance principles.

Edgeworth Expansions Bolthausen (1980, 1982) obtained a Berry—Esseen
bound for additive functionals of strongly mixing Harris recurrent Markov chains.
This result is extended in Lezaud (2001) to ergodic, reversible Markov processes
admitting a spectral gap and in Kontoyiannis and Meyn (2003) to geometrically
ergodic Markov chains.

Stein’s Method  Stein’s method has been recently adapted to the context of
Markov chains to obtain rates of convergence to the stationary state. We refer to the
book (Diaconis and Holmes, 2004) and the recent review (Chatterjee et al., 2005)
for references on the subject.

Spectral Gap  We have seen in this chapter that estimates on the spectral gap plays
an important role in the proof of the central limit theorem. Cheeger (1970) proved
a lower bound on the smallest strictly positive eigenvalue of the Laplacian on a
compact Riemannian manifold in terms of an isoperimetric constant for the mani-
fold. Lawler and Sokal (1988) proved a general version of Cheeger’s inequality for
positive recurrent discrete-time Markov chains and continuous-time jump Markov
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processes, both reversible and non-reversible, with general state spaces. The upper
and lower bounds are expressed in terms of the probability flow, the rate at which
the Markov chain jumps in the stationary state from a set A to its complement nor-
malized by the invariant probabilities of A and A“. We refer to Kipnis and Landim
(1999) and Levin et al. (2009) for results on spectral gaps of Markov processes and
interacting particle systems.
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Chapter 3
Random Walks in Random Environment

To illustrate the theory presented in the two previous chapters, we prove here central
limit theorems for random walks in random environment which hold in L' with
respect to the environment.

We start in Sect. 3.1 with an elementary example, random walks with random
conductances, whose dynamics can be informally described as follows. Consider a
sequence of strictly positive i.i.d. random variables {£(x, y)} indexed by the bonds
of Z?. For each fixed environment &, let {Xf .t > 0} be the random walk on Z¢
which jumps from x (resp. y) to y (resp. x) at rate £(x, y). We show in Lemma 3.1
below that the random environment as seen from the random walk evolves accord-
ing to a Markov process, ergodic and reversible with respect to the distribution Q
of the random variables {£(x, y)}. The position of the random walk X f can be ex-
pressed as the sum of a martingale 9t(¢) with an additive functional fé V(n(s))ds
of the environment process 7(¢). Elementary computations show that the local drift
V belongs to 7#7_|. Hence, by the theory developed in the previous chapter, the ad-
ditive functional fot V(n(s))ds can be represented as the sum of a martingale m(t)
and a remainder R(¢) such that =1/ 2R(t) vanishes in L2 as ¢ 1 00. In particular,
Xf = M(t) + m(r) + o(t'/?) and a central limit theorem for Xf follows from the
central limit theorem for martingales.

In Sect. 3.2, we introduce a class of random walks in random environment, the
so-called doubly stochastic random walks. We are given a family of random vari-
ables p(x,y): 2 >Ry, x,y¢€ 74 defined on some probability space (£2, %, Q),
which represent the rate at which a random walk X{ jumps from x to y in the
environment . The main assumption requires the rate at which the random walk
leaves a site x to be equal to the rate at which it jumps to x: Zyezd px,y;w) =
Zyezd p(y, x; w) for all x in 74 and Q-a.a. w’s. As in the previous section, the
evolution of the environment process 7 (¢) is Markovian and Q is seen to be an er-
godic, stationary state for the dynamics. Moreover, the position of the random walk
X’ can be represented as the sum of a martingale 91(z) and an additive functional
fé V (n(s)) ds of the environment process 7(¢). The main result of this section states
that a central limit theorem for the random walk holds, in L! with respect to the

T. Komorowski et al., Fluctuations in Markov Processes, 81
Grundlehren der mathematischen Wissenschaften 345,
DOI 10.1007/978-3-642-29880-6_3, © Springer-Verlag Berlin Heidelberg 2012
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environment, if the generator L of the environment process 7(¢) satisfies a sector
condition and if the local drift V has @Q-mean zero and belongs to .77 1.

We examine in Sect. 3.3 a special class of doubly stochastic random walks, the
cyclic random walks, in which one can prove a sector condition. The dynamics can
be described as follows. Fix a finite sequence C = (0 = yg, ¥1, ..., Yu—1,0) such
that y; #y;,0<i# j <n— 1. We may define a random walk on C which jumps
from y; to y;y; at rate 1. Translating this sequence by z, we obtain a new cycle
C+z=(z,2+y1,---,24 Yn—1,2) in which we may define a similar random walk
which jumps from z + y; to z + y;41 at rate 1. Superposing all these dynamics
we derive a random walk on Z? which jumps from x to y at a rate equal to the
number of sites z such that (x,y) = (z +yj,z+ yj+1) forsome 0 < j <n — 1.
This picture can be slightly generalized if we speed up the jump rates by a function
of z. This means that we allow the jump rates over the cycle z + C to be equal to
W (z) instead of 1. To conclude, we choose the rates W (z) according to a stationary
ergodic random field W (z) = W (z, w). It turns out that these random walks satisfy
a strong sector condition.

In Sect. 3.4, we demonstrate that a sector condition for the generator of the en-
vironment process is not needed to prove the central limit theorem for the random
walk provided the assumptions on the local drift are strengthened. In this section,
we derive a central limit theorem assuming that the rates satisfy the ellipticity con-
dition (3.20) and that the local drift is the divergence of a matrix in L4, where d >3
is the dimension.

In Sect. 3.5 we show that the local drift satisfies the hypotheses of the previous
section if the random field obtained by translating the jump rates of the random walk
is sufficiently strongly mixing.

In Sect. 3.6, we restrict our investigation to one-dimensional doubly stochastic
random walks under an ellipticity condition. The main result of that section states
that the generator of the environment process satisfy a sector condition provided
the local drift V has zero mean with respect to the measure Q and the random
rates satisfy the ellipticity condition (3.20). This statement follows from the fact,
presented in Theorem 3.17, that in dimension 1 the generator of the environment
process associated to a doubly stochastic random walk can be written as the sum of
its symmetric part with an operator in divergence form with bounded coefficients if
the expectation of the local drift vanishes. Using the theory of bounded perturbations
of normal operators, the central limit theorem is extended to the case where the local
drift does not have mean zero. Finally, in Sect. 3.7, we prove some estimates on the
transition probability of a simple random walk that we use in this chapter.

3.1 Random Walks with Random Conductances

Denote by {e; : 1 < j < d} the canonical basis of R4 and denote by & = {£(x,x +
ej):x € 74,1 < j < d} acollection of strictly positive conductances indexed by the
bonds of Z¢. For each &, let {X,s :¢ > 0} be the random walk on Z¢ which jumps
from x (resp. x +e;) to x +e; (resp. x) at rate £ (x, x +¢;). In this section, we prove
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a central limit theorem for X f in the case where the conductances {£(x, x +e¢e;)} are
picked from a set of i.i.d. random variables bounded below by a strictly positive
constant and bounded above by a finite constant.

To state the result we need to introduce some notation. We first define the set of
conductances. Fix 0 < a < b < 0o and denote by v a probability measure defined on
the Borel sets of [a, b]. Let §2 be the product space [a, b]IBd, where B, stands for the
set of bonds of Z9: By ={(x,x+ej):xe 74,1 < J <d}. Denote by .% the Borel
o-algebra of 2 generated by the cylinder, or finite dimensional, Borel sets of 2.
Finally, let Q be the product probability measure on % whose one-dimensional
marginals are equal to v.

Let B(Z%) be the set of bounded functions on Z¢ endowed with the sup norm
| - lloo. For each random conductance & in £2, let L¢ : B(Z%) — B(Z%) be the oper-
ator defined by

2d
(Lgf)(X)ZZS()C,XvLeJ'){f(ere,‘)—f(X)}- (3.1

j=1
Here, to keep notation simple, ey j = —ej, 1 < j <d,and (x +e;,x) =&(x, x +

ej), x € 74,1 < J <d.Itis easy to check that L¢ is the generator of a Markov pro-
cess on Z¢ which jumps from x (resp. x +ej)tox+ej (resp. x) atrate £(x, x +e;).
Denote by {Xf :t > 0} this random walk, defined on a probability space (X, <7, P).

For each £ in £2, let ]P’i be the probability measure on (X, /) under which {X f :
t > 0} is a Markov process with generator Lg starting from x: ]P’i[Xg =x]=1.
Expectation with respect to ]P’i is denoted by Ei The superscript & of Xf is often
omitted and we sometimes denote X ,g by X £(1).

The counting measure on Z¢ is reversible. Indeed, if f, g : Z¢ — R are finitely
supported functions,

D LefHx)gx) =Y (Leg)(x) f(x).

xeZd xeZd

Denote by pf 174 x 74 — [0, 1], t > 0, the transition probability functions of
the Markov process {X f :t > 0}. Thus, pf (x, y) represents the probability to be at
y at time ¢ if the initial position is x.

Denote by {t, : x € Zd} the group of translations on £2: (t,:&)(y, y+e;) =&(x +
v, x+y+ej),x,yin 74,1 < Jj <d. Of course, if we translate the environment,
the transition probability functions are translated by the same amount:

) =p (c+2,y+2) (3.2)

for x, y,zin Z4, 1t > 0.
The environment process, next defined, plays a central role in the book. Let
{n(z) : t = 0} be the state of the environment as seen from the position of the random
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walk:

n() = Tysb.
Denote by B(£2) the space of bounded measurable functions f : £2 — R endowed
with the sup norm.
Lemma 3.1 {n(¢) : t > 0} is a Markov process with values on 2. Its generator L
acts on B($2) as

2d
(LHE) =) _£0.e){f(r;6) — &)},
j=1
The measure Q is reversible and ergodic under the transition probability semigroup

associated to the generator L.

Proof Fix an environment&,n>1,0<t <..--<t, <t, h >0 and bounded mea-
surable functions g1, ..., g, f : £ — R. From the definition of 7(¢) we obtain

Ef [ [Teimap)fne+ h))] =E; [ [1e (Tx<z_,-)$)f(fx<:+h)§)],
j=1

j=1

where we omitted the superscript £ of X f By the Markov property of the random
walk, for a fixed environment £ we can rewrite the right-hand side of the previous
identity as

Ef [1’[ 8 (Tx(i))) (Z pr (X5, y)f(fy$)>:|
j=1

yezd

— B [1‘[ gj(fx(:,—)f)( 3 0.y - x¢ (t))f(ryé)ﬂ,
j=1

yeZd

where we have used (3.2) in the last step. Substituting y :=y — X §(¢) in the sum-
mation above and using again the definition of the environment process we obtain
that the right-hand side equals

E; |: l_[ gj(fxé(tj)g)th(ﬂ(f)):|,

j=1

where {P; : t > 0} is the transition probability semigroup of {n(¢) : + > 0} defined
on B(£2) by

Pf&) =Y pi(0.y)f(1y8).

yezd
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This proves the Markov property for the environment process and also identifies
the transition probability semigroup. The formula for the generator presented in the
statement of the lemma is obtained by differentiating the previous expression with
respectto h at h = 0.

It remains to prove that the measure Q is reversible and ergodic for {P; : t > 0}.
Denote by (-,-)q the inner product of L?(Q). On the one hand, by the definition of
L and since the measure Q is a product, the change of variables £’ = T; & gives that

2d

(8. Lflo= ZEQ[E(O, e8| f(ze;6) — f®)}] =(Lg, flo

j=1

for any two functions f, g in B(£2). Since the generator L is bounded in L?(Q), it
can be extended to the entire space L>(Q) and the previous identity shows that it is
self-adjoint.

To show ergodicity we calculate the Dirichlet form of the process. The same
change of variables performed in the previous paragraph and our convention that
eq+j = —ej, gives that

d
(~Lf. flg =Y Eq[£(0. ep){f(ze;6) — £©)}].

j=1

Fix f € L*>(Q) such that Lf = 0. Thus f(te;8) = f(§) Q-a.s. Since Q is a product
measure, Q is ergodic for the shift and f is Q-a.s. constant. O

Recall from Sect. 2.2 the definition of the spaces 7, 7. Note that all func-
tions f in L?(Q) belong to .74 because the generator is a bounded operator. We
already computed in the proof of the previous lemma the .7 norm of a function f

in L2(Q):

d
1£13 =" Eg[60.en{ f(e,6) — F®}].

j=1

Our goal is to prove a central limit theorem for X f The position of the random
walk can be recovered from the process 7(¢) by counting its number of jumps. More
precisely, denote by N;(¢), 1 < j < 2d, the number of times that the process 7(t)
Jjumped from a state 7 to the state 7,7 in the time interval [0, ¢]. Clearly,

d
Xf = Zej{Nj(t) —Nd+j(f)}-
=1

This identity permits to express X f as the sum of a martingale with an additive
functional of the process 1(¢).
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Denote by m;(r), 1 < j < 2d, the elementary martingales defined by m (@) =
Nj(t) — f(; 1n5(0, e;)ds, where n, stands for n(s). Since these martingales are as-
sociated to counting processes and since they do not have common jumps, by The-
orem 6.2.17 in Dacunha-Castelle and Duflo (1986) they are orthogonal in L*(Q).
Moreover, their predictable quadratic variations are given by fot ns(0,¢e;)ds.

With this notation we have that

t
:Em(t)+/ V(n(s))ds
0
where
d d
M(7) :Z {mj(t) —mgy; ()} and V(n) =Z n(0,e) —n(—e;, 0)}

is the local drift of the random walk Xf Denote by 9 ;(¢), V; the j-th compo-
nent of M (), V, respectively: M; (1) =m; () — myy;(t) and V;(n) =n(0,¢;) —
n(—e;,0),1<j=<d.

Each function V; has mean zero with respect to Q and belongs to L*(Q). We
claim that V; also belongs to J# 1. In view of (2.12), to prove this statement it is
enough to show that there exists a finite constant Cq such that (V;, g)g is absolutely
bounded by Cy||g||; for all functions g in L(Q). Fix such a functions g. A change
of variables &' = 7_, ;& shows that

(Vj. 8 =/{$(0,€j) —5(—ej,0)}g(§)d<@=/§(0, e){g®) —g(z;)}dQ.
Thus, by Schwarz inequality and the explicit form for the 74 norm of g,
(V. 8)g < Egl£(0.e))]lgl.

which proves that V; belongs to 7| and that || V; ||2_l < Egl£(0,¢j)].

Following the strategy presented in the previous chapter, to prove a central limit
theorem for Xf, we express the additive functional f(; Vi(n(s))ds as the sum of a
martingale with a negligible remainder through the resolvent equation.

For A > 0,1 < j <d, let f} be the solution of the resolvent equation

AMijar—Lfja=V; (3.3)
and let m 5 (1), t > 0, be the martingale given by
t
mj(0) = fia(n@®) = f(€) —/0 Lfja(n(s))ds

so that

d d
Z {90 +mjn)} + ) ejRjat), (3.4)

j=1
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where the remainder term R; ;. (¢) is given by

Rjst) = i (€) — fio(n(0) +2 /0 Fi(n(5)) ds.

We analyze separately the martingale terms and the remainder terms. We start
with the latter ones. It follows from Proposition 2.8 that the remainders ~12R ()
vanish in L>(Q) as A | 0 and then ¢ 1 oo if

i 2 = 1 . j— . —_—
lim A£G =0, Jimlf;5 = £l =0 3.5)
for some f; in J7. By Lemma 2.16, conditions (3.5) are in force as soon as

sup [[Lfjall-1 < oo. (3.6)
0<A<l1

Since the generator L is self-adjoint, by Sect. 2.7.1, (3.6) follows from the fact that
V; belongs to J7 .

We turn now to the martingales 91, (¢) + m ; (¢). To compute their predictable
quadratic covariations, we first express the martingales m ; ; (¢) in terms of the ele-
mentary martingales my (¢).

Fix a function f in L?(Q) and denote by m/ (1) the Dynkin martingale associated

to f:
m! (&)= £ (1)) — £ (n(®)) - /0 (Lf)(n(s)) ds.

Recall the definition of the counting processes Ni(t), 1 < k < 2d, defined above.
We may express the difference f(n(t)) — f(n(0)) as

fn®) = f(n©0) = %/()t{f(n(S)) — f(n(s=))}dNi(s)

2d .
= Z/ {£(zeen(s=)) = £ (n(s=)) } dNi(s).
k=10

Since my () = Ni(t) — fé ns(0, ex) ds is a martingale, the previous sum can be
rewritten as

2d
Z/ {f(zan(s—) — f(n(s—))} doy (s)
k=170

Y / 150, e { £ (7o) — £ (n(s))} ds.
k=170

Here, we replaced n(s—) by n(s) in the second integral because n(s—) = n(s) for
Lebesgue almost all 0 < s < ¢. Note that the second sum is exactly fot (Lf)Y(n(s))ds.
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Hence, the martingale m/ (f) can be expressed in terms of the elementary martin-
gales my(¢), 1 <k <2d, as

24
0 =3 [{F (rans=) = £(166-)  dmis)
k=1 0

It is now easy to compute the predictable quadratic covariations of the martin-
gales 9 ;(¢) 4+ m ;(t) because the elementary martingales my () are orthogonal
and have quadratic variations equal to fé ns (0, ex) ds. For two martingales M;, N;,
t > 0, denote by (M, N), their predictable quadratic covariations. A straightforward
calculation gives that

(O +my 5, M +mja)
2
=3 [ n.eofer e+ P fin (o) Hes e+ Do 0 ()} s
k=1

where (D, f)(n) = f(tg,n) — f(n) and u - v stands for the inner product in u,
veR?,
We may now state the main result of this section.

Theorem 3.2 As t 1 oo, under Q, the random walk t_l/zXf converges in distribu-
tion to a mean zero Gaussian random variable with covariance matrix o> = {Gi2 it
1 <i,j <d} given by

2d
o7y = lim >~ Eq[n(0. e fei - ek + (Do fia) )} fe; - e + (Do £1.0 (D))
k=1

where f; ; are the solutions of the resolvent equation (3.3). The convergence takes
place in LY (Q) with respect to the environment:

. £ 0 —1/2v817 _ _ * 2 —
lim Eq[|Eg[expf{i6 -1~ X }] —exp{—(1/2)6"c*0}|] =0
for all 0 in RY, where 0* represents the transposition of the vector 6.

Proof Recall the decomposition (3.4). We have already shown that the remainders
t_l/sz’;L(t) vanish in L2(Q) as A | 0 and then 7 1 co. By Lemma 2.9, the martin-
gales m ; (t) converge in L%(Q), as A | 0, to certain martingales denoted by m ; (¢).

We claim that the vector-valued martingale m (¢) + 91(¢), whose j-th component
is mj(t) +9M;(¢), satisfy the assumptions of Theorem 2.26. Since Q is a stationary
state for the Markov process 7(t), the increments of m(z) + 91(¢) are stationary.
By the ergodic theorem for the process 7(¢), the predictable quadratic covariations
divided by ¢ converge in L' (Q) to o2. Theorem 3.2 follows therefore from Theo-
rem 2.26. O
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In dimension 1, the asymptotic variance o2 is proportional to the harmonic mean
of the rates £(j, j + 1):

2 2
cf=—.
Eql£(0, D71]

The proof is similar to the one presented in Theorem 9.22 for one-dimensional dif-
fusions.

3.2 Doubly Stochastic Random Walks

In the previous section we proved a central limit theorem, in L' with respect to
the environment, for random walks with random conductances. The approach, de-
rived from the theory developed in Chap. 2, applies to a large class of processes. In
this section, we present a general framework, which may appear abstract at a first
reading, in which similar arguments can be used. The reader is invited to keep in
mind the example of the first section as a particular case of the class of processes
introduced below.

On a probability space (§2,.%#, Q) we are given a group of transformations t :
2 — 2, x 7% which preserves the measure Q: 1o is the identity, 7, o T, = T,y
and Q[z,A] = Q[A] for all x,y € 74, A € . We assume that the action of the
group is ergodic: if A is such that Q[(zyA) A A]=0 for all x € Z4 then Q[A] is
either O or 1. Here A stands for the symmetric difference: A A B = (A\ B)U(B\ A).

Suppose that we are given a family of non-negative functions py : 2 — [0, 00),
x € 7%, which represent the rate at which a random walk in random environment
jumps from the origin to x if the environment is w. In the example of the previous
section, 2 = [a, b]Bd and px(§) =£(0,e;)if x =¢; forsome 1 < j <2d, p,(§) =
0 otherwise. We shall assume that the functions {p, : x € Z¢} satisfy the following
conditions.

(H1) Boundedness: p, belongs to B(£2) for all z € Z;

(H2) Finite range: There exists a deterministic R > 0 such that p, =0 if ||z|| > R,
where | - || stands for the Euclidean norm of R?;

(H3) Irreducibility: For Q-a.e. w there exists a random set A (w) generating Z¢ such
that p,(w) > 0, z € A(w);

(H4) Double stochasticity: Y _7a p—-(T;0) = ) __za p.(w) for Q-ae. .

As before, B(£2) stands for the space of bounded measurable functions f : £2 —
R endowed with the sup norm. Moreover, a subset A of 74 is said to generate 74 if
for any x in 74 one can find n > 1 and 21y ..., 2n € A for which x = ZLI zi. One
can easily check that the random walks with random conductances examined in the
previous section satisfy all the above conditions.

For each fixed w, we define a random walk {X{" : ¢ > 0} over a probability space
(¥, o, P) whose random jump rate from y to z, denoted by p(y, z; @), is given by

(3.2 0) 1= pey (y0) 37
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for y, z in Z@. This means that the rate at which the random walk jumps from y to z
if the environment is w is equal to the rate at which it jumps from the originto z — y
if the environment is 7. We sometimes omit the superscript w of X7 and denote
X by X“(1).

Formally, the random walk in random environment is defined as a stochastic
process on the product probability space (2 x X, % x o/, Q ® P) by the formula
Xt w,0)=XP(0).

The generator %, of this random walk acts on functions f in B(Z4) as

(ZoH0) =Y prx+z o) fx+2)— F).

z€Z4

Denote by PY, x € 74, a probability measure on (X, &/) under which {X{” : > 0} is
a Markov process with generator .%,, starting from x: P{[X{ = x] = 1. Expectation

with respect to ]P’i is denoted by E¢.
Condition (H4) implies that Q-a.s.,

Yo pixe)=) p,y;)

yezd yezd

for all x in Z¢, which means that the random walk is doubly stochastic. In particular,
the counting measure in Z¢ is invariant for the random walk: For every finitely
supported function f : Z¢ — R,

Y (LhH@ =Y Y pryio) fO) = Y. > plxyiw)f(x)=0.

xezZd xeZd yezd xeZd yezd

Denote by p® : Z¢ x 74 — [0, 1], ¢ > 0, the transition probability functions of
the Markov process {X” : t > 0}. Thus, p{°(x, y) represents the probability to be at
y at time ¢ if the initial position is x. As a consequence of (3.7),

px+z.y+zi0)=px, y ;o) (3-8)
for all x, y, z in Z, so the transition probability functions of the process satisfy
P +z,y+2)=p(x, )

forall x,y,z € Zd, t >0and Q-a.a. w € 2.
As in the previous section, the environment process {n(t) : t > 0} is defined by

n(t) = txenw.

Lemma 3.3 {n(t) : t > 0} is a Markov process whose generator L acts on functions
fin B($2) as

(LH@) =Y p(@)f(r:0) - (@)}

ze74
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The measure Q is invariant and ergodic under the transition probability semigroup
corresponding to the process.

Proof The proof that the process {n(¢) : t > 0} is Markovian and has generator L is
similar to the one of Lemma 3.1. It relies on the identity stated just after (3.8). Due
to condition (H2), the sum appearing in the definition of the generator is carried over
a finite set. In particular, by (H1), the generator L is a bounded operator in L%(Q).

We now prove that the measure Q is stationary for the semigroup {P; : t > 0}. De-
note by (-)q the expectation with respect to the measure Q. Performing the change
of variables @’ = t,w, since the transformations {z,} preserve the measure Q, by
assumption (H4), for any function f in B(£2),

(Lf)g= Y (p:(@) f(mm)g— D (r:fla

ze74 ze74
=D (o) f(@)y— Y (peflo=0.
ze7Z4 ze7Z4

This proves the stationarity of Q.

To check ergodicity we calculate the Dirichlet form of the process. We first com-
pute the adjoint L* of L. Fix two functions f, g in L?(Q). By the same arguments
used above to show the stationarity of Q,

(& Lfo= Y (p(@) f(mo)g@)g = D (p.(0) f (@3 @),

774 ze74
= D (P (t-0) f(@)g (1)) g = Y (po(@) f(@)g(@))g-
z€7Z4 z€Z4

Changing z to —z in the first sum and recalling the double stochasticity condition
(H4), we obtain that the previous sum is equal to

Y P (mo) f(@)fe(r0) - g@)})q,
ze74

so that

(L*f)@) =) p_i(ro){f(:0) — f(@)}.

ze74

The Dirichlet form is now easy to compute: for any function f in L?(Q),

(f. (L) f)g = W/D(f. =(L+ L) f)g
=1/4 Y ({p:@ + p- o) }{ f (m0) - f@))g.

z€74
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Performing the change of variables o’ = T,w, 7’ = —z in the term which is multi-
plied by p_.(t,w), the previous expression becomes

(1/2) Y (p-@){ f () — f@)})g.

z€Z4

Therefore, if some f in L2(Q) is such that L (w) = 0, then, by the previous formula
for the Dirichlet form, p,(w){f(t,w) — f (w)}?* vanishes Q-a.s. for all z. By the
irreducibility assumption (H3), f is invariant under the action of the group {z,}:
f(tyw) = f(w) for all x in Z¢, Q-a.s. Since the action of the group is ergodic, it
follows that f is constant Q-a.s. O

The formulas for the generator L and its adjoint L* permit to compute the sym-
metric part S and the anti-symmetric part A of the generator L. Denote by D,
Dy} : L*(Q) — L*(Q), z € Z4, the operators defined by

(D f)(w) = f(rw) = f(w), (D; f)(@) = f(t—:0) — f (o) (3.9)

and note that D} is the adjoint of D,. With this notation and in view of the formu-
las obtained for L and L* in the proof of the previous lemma, we may write the
generator and its adjoint as

Lf=Y p.D.f. L*f=) (p:otw)D.f.

ze74 zeZ4

where o stands for the composition of two functions so that (p_; o 7;)(w) =
p—(t,w). Expanding the formula for L*, performing change of variables 7’ = —z in
the term p_(t;w) f(r;w) and applying the double stochasticity assumption (H4),
we may rewrite the adjoint L* as

L*f =Y Di(p.f)
zeZ4
which is the formula one obtains by computing the scalar product (Lf, g)q, express-
ing the generator L in terms of the operators D, and using the fact that D} is the
adjoint of D,.
Changing variables 7 = —z in the first formula for the adjoint L*, we have that

2Sf =(L+L*)f=> {p:D:f — (p:ot-)D:[f o1}
ze74

because D_, f = —D.[ f o t_.]. From these considerations we finally obtain a nice
divergence-type formula for the symmetric part S of the generator:

Sf=-01/2) Y Di[p:D.f1. (3.10)

ze74
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Similar arguments show that the anti-symmetric part A of the generator L is
given by

Af=(1/2) Y q:D.f =—(1/2) Y Di(q. ). (3.11)
zezZ4 774
where g, () := pz (@) — p—;(T;0).
Recall from Sect. 2.2 the definition of the spaces 7, 7. Note that all func-
tions f in L?(Q) belong to .7 because the generator L is a bounded operator. We
already computed in the proof of the previous lemma the .77 norm of a function f

in L2(Q):
I£13 = /2 Y (pe@){ f (m0) — f@)))g. (3.12)

ze74

Our goal is to prove a central limit theorem for X{*. The position of the random
walk can be recovered from the process 7(¢) by counting its number of jumps. More
precisely, denote by N, (z), z € Z¢, the number of times that the process 7(t) jumped
from a state 7 to the state t,7 in the time interval [0, ¢]. Clearly,

XP =Y zN:(0).

z€Z4

This identity permits to express X;” as the sum of a martingale with an additive
functional of the process 7(¢).

Denote by m, (1), z € Z¢, the elementary martingales defined by m_ (1) = N, (¢) —
fot p.(n(s))ds. Since these martingales are associated to counting processes and
since they do not have common jumps, by Theorem 6.2.17 in Dacunha-Castelle and
Duflo (1986) they are orthogonal in L?(Q). Moreover, their predictable quadratic
variations are given by fot p-(n(s))ds.

With this notation we have that

t
X9 =M(r) +/ V(n(s))ds, (3.13)
0

where 91(¢r) is the vector-valued martingale ZzeZd zm;(t) and V(w) =
Y .czd 2P (w) is the local drift of the random walk X;”. We denote by 91;(¢) the
components of J(¢)

Denote by V;, 1 < j <d, the components of the vector-valued function V:

Vi=V.e;j= Z(Z~6j)pz.
z€74

In contrast with the previous section, there is no reason for V; to have mean zero,
which we need to assume: for 1 < j <d

EQ[Z(z~ej)pz:|=0. (3.14)

ze74
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We shall also assume that each
V; belongs to 7. (3.15)

To verify the previous two assumptions, we shall impose further conditions on the
rate functions {p,}.

Assuming (3.14) and (3.15), we may express the functional fot Vi(n(s))ds as the
sum of a martingale with a negligible remainder through the resolvent equation. For
A>0,1<j<d,let f; be the solution of the resolvent equation

Mir—=Lfjr=V; (3.16)

and let m ; 5 (¢) be the martingale given by

t
mj; ()= fir(n®) — fir(®) — /0 Lfjx(n(s))ds

so that
XP =M() +my(t) + Ry (1),

where m; (¢) is the vector-valued martingale with components m ; ; () and R (¢) is
the vector-valued remainder with components R; ; (¢) given by

t
Rjst) = fin(@) — fia(n(0) +4 /O Fi(n(s) ds.

It follows from Proposition 2.8 that the remainders ¢ ~1/2 R} ; (¢) vanish in L?(Q)
as A | 0 and then ¢ 1 oo if

lim All 505 =0,  lim|[lfj,— fli=0
Jim Il Jim I fjx = fllt
for some f in 4. By Lemma 2.16, these statements hold as soon as

sup [Lfjall—1 <oo.
0<Ai<1

By Sect. 2.7, the latter condition follows from the fact that V; belongs to #” and
from a sector condition which we shall assume:

The generator L satisfies a sector condition. (3.17)

We turn now to the vector-valued martingales 9t(#) 4 m, (¢). The computations
presented at the end of the previous section show that the martingales m 5 (¢) can
be written as

t
mjs ()= /0 {fin(zn(s=) = fia(n(s—))}dm(s).

ze74
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The predictable quadratic covariations of 21(¢) 4 m, (¢) are therefore given by
(O +mjs, M+ my 3 )

=Y /0 {z-ej + (D fi M) Hz - e + (D fi ) (0()) } p2(n(9)) ds.

z€Z4

Theorem 3.4 Assume conditions (H1)-(H4), (3.14), (3.15), (3.17). As t 1 o0, un-
der Q, the random walk ~2x ¢ converges in distribution to a mean zero Gaussian
random variable with covariance matrix % = {(Ti2 IR 1 <i,j<d} given by

o7 = Jim > Eqlf{z-ej + (Do fi)H{z - ex + (D fin)}p:).
7724
where f;  are solutions of the resolvent equation (3.16). The convergence takes
place in L' (Q) with respect to the environment:
lim Eq[|Eg[exp{i6 -1~ "/2X?}] — exp{—(1/2)0*0?0}|] =0

t—00

for all 0 in RY, where 6* represents the transposition of the vector 6.

The proof of this theorem is similar to the one of Theorem 3.2 and therefore
omitted. In the next section we present an example where we can prove conditions
(H1)-(H4), (3.14), (3.15), (3.17).

3.3 Cyclic Random Walks

In this section we give an example of a non-reversible random walk satisfying hy-
potheses (H1)-(H4), (3.14), (3.15), (3.17). We start with the definition of a cycle.

A cycle C of length n is a sequence of n sites of Z¢ starting and ending at the
same point: (Y0, ¥1,---, Yn—1, Yn = Y0), ¥i # Yi+1, 0<i <n — 1. To acycle C of
length 1, we associate a zero-mean probability measure pc on Z¢ which does not
charge the origin defined by

n—1

1
pex)=- Zol{x =yj+1—Vjh (3.18)
J=

pc has mean zero since

n—1
Z xpc(x) = % Z Zﬂ{x =Yj+1 — Yj}

xezd xezd j=0
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1 Yn = Y0
:—Z{)’j+l_yj}: ! =0.
n —0 n

A probability measure associated to a cycle C is called a cyclic probability measure.

The measure associated to a cycle C = (yo, y1, -- ., Yu—1, Yo) translated by x co-
incides with the one associated to C: If C+x = (yo+x, y1 +X, ..., Yu—1 + X, Yo+
x), pc+x(-) = pc(:). The same observation holds for the probability measure asso-
ciated to the cycle C' = (y1, y2, ..., Yn—1, Yo, ¥1) obtained by shifting the cycle C.
‘We may, in particular, assume that yp = 0.

A cycle C = (y0, y1,---» Yn—1, Yo) is said to be irreducible if y; # y; for 0 <
i # j <n — 1. Clearly, a cycle C can always be decomposed in a finite number of
irreducible cycles. Moreover, if C is decomposed in irreducible cycles Cy, ..., C,
pc is a rational convex combination of pc,,..., pc,: pc(-) = Zlfjsk wjpcj(o)
for some strictly positive rationals w; such that )", <jkWj = 1.

The cyclic probability measures are the finite-range zero-mean probability mea-
sures on Z¢ taking rational values which do not charge the origin. Indeed, fix such
a probability measure p and denote its support by S = {x1, ..., x,}. There exists
a sufficiently large positive integer M for which p(x) = m(x)/M, where m(x)
are positive integers. Consider the cycle C = (0, x1, 2xy, ..., m(x1)x1, m(x1)x] +
X2, o, m(xp)xr +m(x2)x2, ..., mx)x1 - +m(xp—1)xp—1+ (M) — 1)x,, 0).
It is easy to check that the probability measure associated to this cycle is p.

For a positive integer m, finite cycles C = {Cy, ..., Cy;} and a probability mea-
sure W = {wy, ..., Wp}, let pc w(-) be the probability measure on 74 defined by

pew() =Y wipc, ().

k=1

We prove in Lemma 5.6 that all finite-range, zero-mean probability measures on
74 which do not charge the origin may be written as a convex combination of cyclic
probability measures.

We introduce in the next lines the random walk on Z¢ associated to an ir-
reducible cycle C = (0, y1,...,yu—1,0). For z € 74, define a random walk on
C+z=(zy1+2,...,Yu1+2,z) which jumps from y; +z to y; 41 + z at rate
1. Superposing the dynamics associated to each cycle C + z we obtain a random
walk on Z¢ which jumps from x to y at a rate equal to the number of sites z such
that (x, y) = (z+yj,z+yj+1) for some 0 < j < n — 1. This picture can be slightly
generalized if we speed up the jump rates by a function of z. This means that we
associate a parameter W(z) > 0 to each z which represents the rate at which the
random walk jumps on the cycle C + z. The random walk now jumps from x to y
atarate r(x, y) equal to

re,y) =Y W@, y) €z +C},
ze74

where we understand that a pair (x, y) belongs to a cycle C = (3o, ..., Yn—1, Y0)
if (x,y) = (yj,yj+1) for some 0 < j <n — 1. To complete the definition of the
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model, it remains to choose the rates according to a stationary ergodic random field
W(z) =W(z,w).

To include this model in the frame of the previous section, fix a strictly positive
function W : 2 — R in B(£2) and an irreducible cycle C = {0, y1, ..., yn—1, 0}
For z in Z9, let

pa(w) = Z W (ryw)1{(0,2) € y + C}.
yeZd

Note that p, vanishes unless z belongs to the support of the probability measure pc,
which is equal to {y1, y2 = y1, -+, Yu—1 = Yn—2, =Yu—1}-

Of course, for the sake of generality, one could consider a finite number of cycles
Ci,...,Cy, rooted at the origin and a finite number of strictly positive functions
W;: 2 — Rin B(£2) and define the jump rates p, by

m

pe@)=>">" Wi(ry»)1{(0.2) € y + Ci}.

k=1 yeZd

We assume below that m = 1, but all arguments apply to this more general situation.

A simple argument gives an alternative formula for the rates {p,} which simpli-
fies the computations. To require the pair (0, z) to belong to the cycle y + C is the
same as to require the origin to be equal to y + y; and z to be equal to y + y;41 for
some 0 < j <n — 1. In other words,

n—1

HO,9ey+Cl=) o=y +y}lz=y+yjr1).
j=0

Thus, changing the order of summations, a legal operation because all terms are
positive, we obtain that

n—1
p@) =Y Wrol0=y+yj}liz=y+y)}
J=0yezd

n—1

=Y W(y,o)l{z=yj41 — ;). (3.19)
j=0

It is now easy to see that the rates {p, : z € Z¢} satisfy the conditions (H1) and
(H2). Since we assumed W to be strictly positive, the irreducibility assumption (H3)
follows from the irreducibility of the cyclic probability pc, which we suppose from
now on. Finally, to show that condition (H4) holds, observe that

n—1
Z pz(w) = Z W(t_y, o).
j=0

ze74
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On the other hand, the sum ) __74 p—.(t;®) is equal to

n—1 n—1
YN Wy o)l{—z=yj —yil=Y Wy, 0),
zez4 j=0 j=0

which proves the double stochasticity assumption (H4) because C is a cycle.
Recall the definition of the local drift V given just after (3.13). In the present
context, by (3.19), V takes the form

n—1
Vi)=Y @)=Y (yjt1—y)DW(E_y,0).
zeZ4 j=0
Hypothesis (3.14), which requires V' to have mean zero, is straightforward. Since
the measure Q is shift invariant,

n—1

EqlV1=EgIW1) (yjt1—y,)=0.
Jj=0
To prove condition (3.15), we first derive a formula for the generator L of the en-

vironment process 7 (¢) introduced in Lemma 3.3 and one for the associated Dirich-
let form. By (3.19), the generator L acts on functions f in L*(Q) as

n—1

(L) =Y W yo){f(ty,—y,0) — f(@)],

j=0
while, by (3.12), the Dirichlet form of a function f in LZ(Q) is given by

n—1
2
1£13 = (1/2) D" Eg[W -y, 0){ £ (1y,,1—y,0) — f(@)}].
j=0
Performing the change of variables o’ = 7_, @, we can rewrite the Dirichlet form
as

n—1
2
LFIT=(1/2) ) Eo[W(@){f(1y,,,0) — f(zy,0)}7].
Jj=0
We claim that each component of V belongs to .77 1. In view of (2.12), to prove
this statement it is enough to show that there exists a finite constant Cp such that
IV, £)all < Coll flI1 for all function f in L?(Q), where || - || stands for the Eu-

clidean norm of R¥. Fix a function f in L2(Q) and notice that V can be rewritten
as

n—1

Viw) = Z)’j-H {W(t—y_/w) - W(T—y‘j+1w)}'
j=0
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Therefore, a change of variables shows that

n—1

EolVf1=} yin1 Eo[{W(r-y;0) = W(ry;, )} f(@)]
j=0

n—1

=Y yinEg[W@){f(ty,0) - f(xy;,,0)}].

J=0

In particular, by Schwarz inequality,

N

n—1
|EoIVA|” <21 £17EQIW1)_ lIy; 7,
j=0

proving that V belongs to 57 ;.

It remains to check the sector condition (3.17). Fix two functions f, g in L2(Q).
Here we use strongly the cyclic property. By definition of the generator L and the
change of variables 0’ =7_y @,

n—1

(8. Lf)g= Y Eg[W(@g(ty,o){f(xy;,,0) — f(t,0)}]

j=0
Since C is a cycle, we may rewrite the right-hand side as

n—1

> Eo[W@){s(ty,0) — g@)}{ £ (ry,,,0) = f(zy,0)]}].

j=0

Since 2ab < Aa® + A~ b2, A > 0, the previous expression is less than or equal to

1 n—1
1 2 Ea[W@){s(r,0) — g@)’]
Jj=0
A n—1 )
+5 2 Ee[W@){f (1,0 — f(y;m)}]
j=0

for every A > 0. The second term is just Al f I|%. Interpolating the difference

g(ty;w) — g(w) as Zosksjfl g(ty @) — g(1y,w), applying Schwarz inequality
and inverting the order of summations, we may bound the first term by

p2 -l 0y n2 )
o ;OE@[W@){g(rymw) — gy} =Nl
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Hence, minimizing over A we get that

(g, L)g| <2nlfliligl,

where n is the length of the cycle C. Therefore, the sector conditions holds with a
constant proportional to the length of the cycle.

We have just checked all conditions of the previous section. Theorem 3.4 is there-
fore in force for the cyclic random walks in random environment presented in this
section.

3.4 Random Walks with Drift in 7 _;

Consider a doubly stochastic random walk {X“(¢) : + > 0} as defined in Sect. 3.2.
In this section, we show that the sector condition (3.17) is not needed to prove the
central limit theorem provided the assumptions on the drift are strengthen.

We shall suppose that the random rates satisfy an ellipticity condition, i.e., that
there exists a deterministic constant ¥ > 0 and a finite deterministic subset A C Z4,
generating the lattice, such that Q almost surely

min p; () > k. (3.20)
z€A

To simplify the exposition, although not needed, we shall also assume that p,(w) =
0 for z ¢ A. Denote by R a positive integer such that p, = 0 for ||z||c > R, where
|Ix |loo stands for the max norm, ||(x1, ..., Xq)|lco = max{|xi],..., |x4|}.

To present the extra assumptions needed on the local drift, we first show in
Lemma 3.5 below that any function in the space L>(Q) N .# | can be represented
as ) .., D} (p.W;) for some ¥; € L*(Q), z € A.

Let 77 be the Hilbert space consisting of all random vectors F := {F, : z € A},
F, : 2 — R, that satisfy

1
IF I3 =5 3 (p=Fz Fo)g < 0.

zeA

Denote by || - || s» the respective norm.

Recall from (3.9) the definition of the operator D, : L%(Q) — L*(Q), z € Z¢. Let
L%(Q) represent the subspace of L2(Q) consisting of all zero mean elements and let
D L%(@) — ¢ be given by Pg :={D,g, z € A}. The closure of @(L%(Q)) shall
be denoted by &% C 7. It represents the space of gradients.

It follows from the explicit expression of the Dirichlet form that J#; is isomor-
phic to 7, where the isomorphism & : J4 — J; is given by the continuous
extension of the operator Z.

Lemma 3.5 Suppose that {p;,z € 74} satisfy conditions (H1), (H2), (H4) and
(3.20). A function f in L*>(Q) belongs to 71 if and only if there exist {¥, : z € A}
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in J€ such that
=) Dip.w.).

zeA

Proof Assume there exist {¥; : z € A} in .7 for which the identity holds. Since D}
is the adjoint of D, in L?(Q), for every function g in L%(Q), by Schwarz inequality,

(f.8)8 <4113, 1813-

This proves that f belongs to .77 | in view of (2.12).

To prove the converse statement, fix a function f which belongs to L2(Q) N
1. Since f belongs to 771, (f)g =0.Let Ly : @(L%(Q)) — R be the linear
functional defined as L ¢(Zg) = (f, g)g- This functional is bounded because f
belongs to 77 1. In particular, it can be extended to a bounded linear functional on
#¢5. By Riesz representation theorem, there exists a unique ¥ := {¥; : z € A} in
A5 such that Ly (2g) = (1/2) ). 4 (p: ¥z, D g)q for all g in L2 0(Q). Therefore,

(f. 8)a <ZD (P}, g>

zeA

for all g in L2 5(Q). Hence, f = (1/2)) .., Di{p.¥;} + C for some finite con-
stant C. Smce fand (1/2) 3" . , D}{p; ¥} have mean zero, C = 0 which proves
the lemma. O

Informally, this lemma states that any function in L2(Q) N.#; is the divergence
of a matrix in L2(Q). We shall require the local drift to be the divergence of a matrix
in L (Q). More precisely, Lemma 3.5 states that if the local drift V belongs to J#_;
there exist Hy ; € L*(Q), 1 <k <d, z € A, such that

V=) Di(p:Hy.). (3.21)

ZEA

We shall assume furthermore that there exists such a decomposition with the extra
property that

- . (3.22)
Hy ; belongs to L213(Q) for some & > 0 in dimension d = 2.

:Hk,Z belongs to Ld((@) in dimension d > 3,
Theorem 3.6 Suppose that {p, : z € 74} satisfy conditions (H1), (H2), (H4),
(3.20), (3.21) and (3.22). Then, the random walk {X“ (t) : t > 0} satisfies the central
limit theorem as stated in Theorem 3.4.

In Sect. 3.5 we show that assumptions (3.21) and (3.22) hold if the random
rates {p, : z € Z¢} satisfy some mixing conditions. In Sect. 3.6 we examine dou-
bly stochastic random walks in dimension 1.
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The central limit theorem for the random walk {X{” : # > 0} stated above is a con-
sequence of Theorem 2.17 and Proposition 3.7 below, which establishes an energy
identity for weak limiting points in 7] of the solutions of the resolvent equation.

3.4.1 The Corrector Field

In this subsection, we introduce the corrector field and establish an energy identity.
Recall the resolvent equation (3.16) for the local drift V. Multiplying both sides
of the resolvent equation by f;; and integrating over £2, in view of the explicit
formula (3.12) for the 74 norm and of relation (3.21),

1
MFjalg+ 5 2 (p=Dzfis D=fix)a =Y (p:Hjz Dz fis)g
zeA zeA

for 1 < j <d. Since H; , belongs to L?(Q) and since p; is strictly elliptic,

2 2
sup Allfjallg<oo and  sup [IDfjally <oo
0<r=<l 0<i<l

forallzin A, 1 <j <d.

Proposition 3.7 Suppose that the hypotheses of Theorem 3.6 hold and that F is the
weak limit in 74 of { f ., :n > 1}, where A, |, 0, as n 1 oo. Then, for 1 < j <d,

1
5 2_\p:D:Fj, D:Fjlg = (p:H; . D:Fj)g.
zeA zeA

This proposition is proved in three steps. In this subsection, we define the cor-
rector field and we obtain two estimates on its asymptotic behavior. In the next
subsection, we derive an elliptic difference equation satisfied by the corrector field
from which we deduce, in the last subsection, the energy estimate stated above.

Fix a sequence {A, : n > 1} which vanishes as n 1 oo and such that f;;, con-
verges weakly to F; in J7{ for 1 < j <d. Since {D, f;; : 0 < A < 1} is a bounded
sequence in L2(Q), taking a further subsequence if necessary, we may assume that
D, fj,, converges weakly in L2(Q) forall zin A, 1 < j <d. Let

fi@= lim D, fj,,.
n—oo

Clearly, ZF; = {fj(z) : z € A} in L*(Q).
We claim that

D fj,», converges weakly in Lz(@) for all x in Z2. (3.23)



3.4 Random Walks with Drift in 77| 103

To prove this statement, call a sequence x = xq, x1, ..., X, = y of vertices in 74
such that x, —x,_1 € A, 1 < p <n, a proper path connecting x to y. Fix x € 74, a
proper path 0 = xg, x1, ..., x, = x connecting the origin to x and observe that

n n
Dyg=got,—g= Z{g 0Tx, —809Tx, )= Z(Dxp—xp_|g) 0 Txpy
p=l1 p=1

for all g € L?(Q). This identity together with the weak convergence in L*(Q) of
D, fj », proves claim (3.23). Denote by f;(x) the weak limit of Dy fj ;,, x € 74,
fi(x)= lim Dy fj,, (3.24)
n—o0

and observe that f;(0) =0 and that

£ =" filep—xp-1) 0Ty, . (3.25)

p=1

The field {f;j(x): x € 7%} is called a corrector field. More precisely,

Definition 3.8 A random field {f;(x; @) : x € Zd}, 1 < j <d, is a corrector field
if there exists a sequence {A, : n > 1}, vanishing as n 1 oo, for which (3.24) holds
weakly in L2(Q) forall x e Z4, 1 < j <d.

A corrector field {fj(x) : x € 743, though not stationary since f;(0) = 0, has
stationary increments. Indeed, for z € Z¢ and a random field {h(x;w) : x € Z%},
h(x) e LZ(Q), let (0;h)(x; w) =h(x + z; w) — h(x, w). It follows from (3.24) that

0. fix)=fj(@) oty =D;Fjory (3.26)

for all x in Z¢, z € A. By (3.24), the first equality also holds for z € Z¢. To extend
the second one, note that it follows from (3.25) and from the identities f;(z) =
D.Fj,z € A, that fj(x) = Dy F; in L>(Q), x € Z°.

We conclude this subsection presenting two estimates of the corrector field.

Lemma 3.9 Let {f;(x):x € 74}, 1 < j <d, be a corrector field. For any K > 0
and1 < j <d,

lim sup ¢|fi(x)||,=0.
=0 xl o0 =K /e 175l
Proof Fix 1 < j <d. For a given x = (x1, ..., xg4) let I'(x) be the path connecting

0 to x given by the vertices: zo, 21, ..., 24, Where zo := 0, z), := Zlgksp Xk €k,
1 < p <d. Recall that we denote by s(x), x € Z, the sign of x. In view of (3.24),

d ‘xp‘_l

[ =>"3" filsteplep) o oy tkstrpe,- (3.27)

p=1 k=0
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By convention we omit the summation if its upper limit is smaller than the lower
one.

Let {Uy : x € Z4}, U, : L3(Q) — L%(Q), be the unitary maps associated to the
group {1, : x € Z%} of Q-measure preserving transformations (U, f := f o ;). By
the spectral resolution of unitary maps (Yosida, 1995, Sect. XI1.4), there exists a
system of orthogonal projection operators {Ey : @ € T¢} such that

Ux :f eZm’x-é‘ dE@,
Td

where the integral is understood as a spectral integral. .
Let F,(df) be the spectral projection of fj(s(xplep): Fp(df) =
dEg fj(s(xp)ep). In view of the spectral resolution of the operators Uy,

e2mixptp _

d
) _ 27i6-zp—1 — F
fix) = ;/;rd eFi0%p (eZTris(x,,)Gp — l)Fp(a’Q).

Hence, by Schwarz inequality,

||f,<x>||@<c02 1,

for some finite constant Cy which may change from line to line. In this for-
mula, w; ,(d0) stands for the spectral measure of f;(s(xp)ep): wuj p(d0) =
(dEg fi(s(xplep), fij(s(xp)ep))o- Fix n > 0and 1 < p < d. The expression inside
the integral is bounded by Coxlz, on T¢ and by C(n) on the set {0 € T 0] > n}.
Therefore, for every n > 0,

2
wj,p(do),

2mxp -1

27[!5(Xp)9 1

sup el ;)] < eC<n>ZuJ p (1412
Ixllco=K fe ot
d 1/2
+CoK Y njp({0 €T 116, <n})">.
p=1

Since M./,,,(']I‘d) =|fi(s(xplep) ||ﬁ2Q is finite, letting ¢ |, 0 and then | 0 we conclude
that

sli_l)%” ”SUP 8||f](x)“Q COKZVMJ pUp);

where I, = {0 € T 10, =0}.
It remains to show that u; ,(/,) = 0. Recall that we represented by F »(d9) the
spectral projection of f;(s(xp)e,). Let hj , € L*(Q), 1 < p <d, be the function



3.4 Random Walks with Drift in 72| 105
defined by
hjp =/ 1{0 € I,) F,,(d6).
Td

With this notation, w; ,(Ip) = (hj p, fi(s(xp)ep))q- Since f;(s(xp)ep) has mean
zero with respect to Q, to conclude the proof it is enough to show that 4 , is con-
stant.

Since Ds(xq)eq fils(xplep) = Dﬁ(xp)epfj(5(xq)eq)7 l<p,qg=d,

Ds(x,e, fT 8O)Fy(d0) = Dy e, /T 80)Fy(d0)

for every bounded function g. Applying this identity to the indicator function of
the set I, and since {Ey : 0 € T?} is the spectral resolution of the unitary operators
{U,}, we obtain that

Dsxyye,jp = Dsixye, /T Moe I,}Fy(d0) = Ds(x,e, /T Moe 1,}F,(d6)
= f 16 € I,) (e *00)% — 1) F,(d6) = 0.
Td

The previous identity shows that £ , is invariant under the group of spatial shifts
{tr:x € Zd}. Thus, by the ergodic theorem, 4 , is constant, which concludes the
proof of the lemma. O

Fix € > 0 and denote by fj. : ¢Z¢ — R the function given by fie(x) =
efj(xe~"). Forany g:eZ% — R, let

dogy=et YT ),
&, K

xeeZ4;|xlloo<K

where VEg(x) := (97 g(x), ..., d5g(x)), and 8;?g(x) = Hgx + gej) — g(x)].
Let @ =2d/(d — 2) in dimension d > 3 and let « be arbitrary in the set [1, co)
in dimension d = 2. The Sobolev inequality (Leoni, 2009, Corollary 11.9, The-
orem 11.23, Exercise 11.26 and Theorem 12.15) establishes that for every K > 0,
there exists a constant C depending only on K and d such that for any g : eZ¢ — R

1/2

1/a
{Z|g(x>|"‘} scl{Zlg<x>|2+2||Vfg<x)H2} : (3.28)
e, K e, K e, K

In dimension 2, the result is proved in Leoni (2009) for & > 2 and follows for 1 <
o < 2 from the elementary estimate

{Z !g(x)k’}w <C {Z |g<x)|2}

e, K e, K

1/2
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which holds for some finite constant C; depending on «. In dimension d = 1 one
can replace the left-hand side of the previous estimate by the maximum over the
range:

12
max_|g(x)| < Cy {Z g *+ > !Wg(x)!z} :

xeeZ;|x|<K
e, K e, K

Lemma 3.10 Let {fj(x):x € Zd}, 1 <j <d, be a corrector field. Fix K > 0 and
a as in (3.28). Then, Q-a.s.

1/
L.(w) :=limsup{2‘fj’s(x)|“} < oo0.
e—0 e K

Proof By the Sobolev inequality (3.28), the expression appearing in the statement
of the lemma is less than or equal to

172
1P+ D19 100}
g, K &K

for some finite constant C; depending only on K and d. We examine these two
terms separately.

On the one hand, since V®f;.(x) = Dfj o t,-1,, where Df; = (fj(e1),...,
fitea)),

S IVifie@|P=¢ > IDfIPor,.
e, K

yeZd;||ylloo<e~1K

By the ergodic theorem, this expression converges Q-a.s. to C1 (|| Df; ||2)Q for some
deterministic constant C| depending only on K and d.
On the other hand, by the definition of f; . and a change of variables,

Slfe@f=e* Y |mmf
e, K

yeZd, |lyllo<e~'K

For each y = (y1,...,y4) in 74, consider the path I'(y) = 0=2z0,...,2n. = y)
from the origin to y such that ||z;4+1 — z;]| = 1, 0 <i < n, and which first moves
on the e direction, than on the e, direction and so on. Note that its length n is
equal to ), _;_, |vi| and that zjy,| = y1e1, Z)y|+]y,| = Y1€1 + y2e2. By (3.27) and
by Schwarz inequality, the previous expression is bounded above by

n—1

2

etlowky ) DS —w| oty (3.29)
yezd k=0
Iylo<e™' K
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for some finite constant C; (K) depending only on K. Note that z; | — zx = %e, for

some 1 < p <d. Changing the order of summation, we may rewrite this expression
as

2d
M) Y. Y fewlorn Y. Heztew eI M),
m=1

zez4 yezd
lzlloo<e™' K Iyloo<e 1K
where we used the convention that e, = —ey,, | <m <d. In this formula, a pair

(z, Z’) belongs to the path I'(y) = (0 =zq, ..., 2, = y) if z = z¢, 2 = z¢+1 for some
0</{ <n.
Fix a function g in L' (Q). It is well known that

1
80T71;
e 2
( N+ ) lzlloo<N
Z20415--.2d=0

converges Q-a.s., as N 1 0o, to a random variable g, equal to the conditional ex-
pectation of g with respect to the o -algebra of events which are invariant under the
shifts in the directions eq, ..., eg.

It follows from this observation that (3.29) converges Q-a.s., as ¢ | 0, to

2d
> Cim, K)Yjm.

m=1

In this formula, C1(m, K), 1 <m < d, are finite constants depending only on K and
Yjm, Yj.a+ms 1 <m <d, are the conditional expectations of | f;(en)|?, | f;(—em)|?
with respect to the o-algebra of events which are invariant under the shifts in the
directions ey, ..., ey. This proves the lemma. O

3.4.2 An Elliptic Equation for the Corrector Field

In this subsection we demonstrate that the corrector field satisfies in a weak sense a
linear elliptic difference equation Q-a.s. Let Co(Z?) be the space of all compactly
supported functions on Z?. Recall the definition of the random variables { H iz 2Z€
A}, 1 < j <d, introduced in (3.21) and recall that g, = p, — p_; o 7;.

Proposition 3.11 Let {f;(x) : x € Zd}, 1 < j <d, be a corrector field. For each
1 < j <d and for every x in 74, Q-a.s.,

1 1
5 Do {p.x+2)0. £ (0} - 5 > gl x + 20 £ (x)
z€A ZEAS

= Za;{p(x,x +Z)Hj,z(x)}7

zeA
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where q(x,x +2) :=q; 0Ty, A ={z € 74 :z0or—z¢€ A} and 8;‘ represents the
adjoint of 9;: (07 g)(x) = [g(x — z) — g(x)].

Proof Fix a corrector field {f;j(x) : x € Z‘l}, 1 < j <d, and consider a se-
quence {A, : n > 1}, vanishing as n 1 oo, for which (3.24) holds weakly in
L?*(Q) for all x € Z%. Multiply both sides of the resolvent equation (3.3) by
g € L*(Q) and integrate with respect to Q. By (3.21), the right-hand side is equal to
Y cealp:Hj ;. D;g)q. On the left-hand side, (A, f3,. ;. &)@ vanishes as n 1 0o be-
cause A, f3,,j vanishes in L?(Q). Rewriting the generator L as S + A, and recalling
the explicit formulas (3.10), (3.11) for S and A as well as the definition of f;(z),
we obtain that

1 1
5 2_APfi @, Deglg = 5 D la:112). gl =Y (p=Hiz D=gl.

zeA zeAS zeA

Recall from (3.26) that f;(z) o Ty = 9, f;(x). For g in LZ(Q), define the random
field {g, : x € Z4)}, by g = g o 7, so that H; ;(x) = Hj ; o Ty, x € Z¢. Since Q is
shift invariant, for every x in Z9, we may rewrite the previous identity as

1 1
5 Z<[1’z 0 7 ]9; fj (x), ngx>(@ ) Z <[51z 0 7 ]9; fj (x), gx>Q

zeA zeAS

= {[p: o TlHjo(¥), Dsgalgy
zeA

Fix a function @ in Co(Z%), multiply both sides of the equation by @ (x) and
sum over x € Z to get that

1 1
) Z <[Pz o 7 ]0; fj (%), ngx)Qé(x) ) Z ([CIZ o 7 ]09; fj (%), gxq§(x)>(@

zeA zeA®

xezd xezd

=D > (P o wlH; (%), Dega) @ (x).
€A xe7d

(3.30)

In the first term on the left-hand side, rewrite D, g, as g o x4+, — g o T,. Consider
the expressions associated to each of these terms separately. In the first one, use the
shift invariance of Q to translate all terms by —z. With this change of variables this
sum becomes

1
3 2 2P0 Tl fi (v = 2, &) @ (0)
z€A xezd

because, by (3.26), 9, f; (x) o T_; = f;(2) o Ty, = 9, fj (x — 2). Hence, the change
of variables x” = x — z permits to rewrite the first term on the left-hand side of (3.30)
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as

1
22 Yo {px + 20, £10, e 0]

€A xe7d

because, by (3.7), p; o T, = p(x, x + z). By similar reasons, the term on the right-
hand side of (3.30) can be written as

DD (Pl x + D H; L (6), 0[P (0)])

€A xeZd

Up to this point we proved that for every g in L?(Q) and for every @ in Co(Z%),

1

5 2 PG x +20: £, B[22 ()]
zeA
xezd

1
=5 2 laGx+ 281, g @)y
zeA’®
xezd

=YD (P x+ D H; (), 0:[2:@(0)])g

z€A xeZd

To conclude the proof of the lemma, sum by parts and choose @ to be the indicator
function of a site xg in Z¢. Since the identity thus obtained holds for all 8xo =80Ty,
in L2(Q), the proposition is proved U

Consider a random field {A, : x € Z¢}, h, € L*(Q), and a function @ in Co(Z?).
Multiply both sides of the equation appearing in the statement of Proposition 3.11
by h,®(x), sum over x and sum by parts the first term on the left-hand side and the
term on the right-hand side to get that Q-a.s.,

1 1
5 2 PO+ 0[] = 5 3 g0 x + 20 £ (0h P ()

zeA zeAS

xezd xez4

=Y pa.x+2)Hj (0)d:[h®()]. (3.31)
€A xeZd

We shall deduce the energy identity from this equation in the next subsection.

3.4.3 The Energy Identity

In this subsection, we prove the energy identity stated in Proposition 3.7. Let ¢ :
R? — [0, 00) be any smooth, non-negative function, supported in the unit cube
(=1, D? and satisfying [ps @(x)dx = 1. For & > 0, let ¢ (x) = 9¢(ex).
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Replace in (3.31) h, @ by f;, ¢., respectively. We claim that the first term on the
left-hand side of (3.31) converges in probability, as ¢ | 0, to

1
5 > (p:D.Fj. D.Fj)q. (3.32)
zeA

In this subsection, convergence in probability refers to the measure Q.
To prove (3.32), note that the first term on the left-hand side of (3.31), with f;,
@, in place of h, @, is equal to

1
522 D P x + 28 f1(08:[ £ ()],

€A xeZd

In view of the formula for the discrete gradient of a product

9:[fgl(x) = f(x +2)(3:8)(x) + g(x) (3. f)(x),

the previous expression is equal to

1
52 2 e+ plrx +2)2: ()’

z€A xe7d

1
52 D %P x + 20 () £ ().

€A xezd

Denote the first, second expression by E1(¢), E2(¢), correspondingly, and recall
identity (3.26). Since p(x,x +2) = p; 0 Ty, 3 fj(x) = fj(z) o Tx = D, Fj o 7, and
p:[D.F j]2 belongs to LY (Q), by the ergodic theorem, as ¢ | 0, E1(¢) converges
Q-a.s. to (3.32).

We claim that E»(¢) vanishes in L'(Q) as ¢ | 0. To estimate E,(¢), recall that
the set A is finite and observe that

(0:00)(x) = e (V) (ex) - 2 + e 2 ro(z, )1 |x |00 < e 7'], (3.33)

where the term r.(z, x) is absolutely bounded by a finite constant C; uniformly
in z, x and ¢ € (0, 1). In this formula, V¢ stands for the gradient of ¢ : Vg =
(0x,9, ..., 0x,¢). Note that we use the same symbol 0 to represent the discrete
derivative 9; and the continuous one d,,. We may rewrite E;(¢) as the sum
E1(¢) + E22(¢), where

d+1
Ey(e) = 87 D0 (V)(ex) - zp(x, x + 20 £ (x) £ (x).

€A xe7d

Since 9, fj(x) = fj(z) o T, and Q is shift invariant, by Schwarz inequality

IE2i@lg = max forycolgmax |62l
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for some finite constant C; which depends only on ¢ and p, through its support A
and the bound max;c 4 || p;lloo- By Lemma 3.9, this expression vanishes as ¢ |, 0.
By similar reasons, E; >(¢) vanishes in L (Q) as e | 0. This proves claim (3.32).

The same type of arguments shows that the right-hand side of (3.31) with
fi(x)@e(x) in place of h, @ (x) converges in probability, as ¢ |, 0, to

Y ApHj £i@)g = _(peHjz D:Fj)g (3.34)

zeA zeA

because H; ; belongs to L?(Q) by assumption. The last identity follows from (3.26).
In view of (3.32) and (3.34), to conclude the proof of the energy identity stated
in Proposition 3.7 it remains to show that

Y ee@)q(xx +2)d: £(x) £ (x) (3.39)

€A’ xe7d

converges in probability to O as ¢ | 0.
We first claim that

2 ) pe(x)g(x. x + 20 £7(x) £ (x)

€A’
xez4

== Y (0:0)(xX)q(x,x +2) f; (x)°

ze A
xez4

— D D (00 (X)q(x, x + )3 f(x) f(x). (3.36)

€A% xeZd

Indeed, since g; = p; — p—; o 7;, by assumption (H4), > °_ ¢, = 0. In particular,
since g (x, x 4+ z) = g, o Ty, one half of the left-hand side of (3.36) is equal to

DY pe)lgz 0 Tl fi(x +2) £ (x).

€A’ xe7d

Changing variable x’ := x + z and using the identity g; 0 Ty_, = —g_; o T, We obtain
that the previous sum equals

=0 pelx — Dlg_z o Tl £ () fi (x — 2).

z€A* xe7d

Change variables 7/ = —z once more, replace ¢.(x + z), fi(x +2) by @e(x) +
0;¢¢ (x), fj(x)+ 9, fj(x), respectively, and recall that ) __ g, vanishes to rewrite the
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previous expression as

=Y @)@z o T fHE) @ fNE) = Y Y (B0 (0)gz 0 T fj (x)

Z€AS xe74d €A’ xezd

=Y ee(@)lgz 0 Tl £ () (D ) (x).

€A’ xe7d

Since the last sum is equal to one half of the left-hand side of (3.36), the claim is
proved.

By (3.36), the proof of (3.35), and therefore the proof of Proposition 3.7, is re-
duced to the proof that

DD (00 (Olgz 0 T £ () (B ) (x)
€A’ xe7d

and Y Y (0:00)(0)lg: 0 T f5 (%)

€A% xe7d

(3.37)

vanish in probability as ¢ |, 0.

The arguments which permitted to estimate E;(e) show that the first sum van-
ishes in L' (Q) as & | 0. To estimate the second term we use the expansion (3.33) of
0,9 (x) and express the sum as Bj(¢) + Bz (¢), where

Bi(e) =& Y " Y " (Vo)(ex) - zlg o Tl £5(x)7,

€A’ xe7d

By(e) =62 )" 3" re(z,0lg: o Tl fj (07

€A |yl oo e~

(3.38)

Since ¢, is bounded and 7, is uniformly bounded, B;(¢) vanishes in LY(Q), as
¢ | 0, in view of Lemma 3.9. We now turn our attention to Bj(¢). An elementary
computation shows that for each g in L3(Q),

Y 20 =2)_ zps g+ ) 2(p: Dgla

zeA’ zeA zeA

Since this identity holds for all g in L?(Q), D.29:=2) .zp; + ) .z2Dip; =
2V + ). zD p, by definition of the local drift. Hence, by assumption (3.21), for

1<k<d,
Y wg.=) DiGr.,

zeAS zeA

where Gy, = 2p,Hyi.. + zx p.. By hypothesis (3.22), G, belongs to L¢(Q) in
dimension d > 3 and belongs to L?t3(Q) in dimension d = 2 for some § > 0.
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Replacing in the first term of (3.38) D _zxq; by Y. D¥Gy, ., we obtain that

d
Bi(e)=e""' Y """ (9q9)(ex)[DIGi o T ] f5 ()

k=1zeAxe7d

Since D} Gy ; = Gy, o T_; — G ¢, performing the change of variables x’ = x — z,
the previous identity becomes Bi(¢) = A1(¢) + Az (¢), where

d
A1@) =&Y NN (0 9) (elx + 21)[Groz 0 13- £ ()| f (x + 2)

k=1z€A xe7d

+ fi(0},

d
Ar@) =&Y NN 0. (0, @) (eX0)[Gr c 0 Tl £ (1)

k=1zeAxezd

Note that 9, represents a discrete derivative, while dy, represents a continuous one.
In view of (3.38) and the observation following that equation, to conclude the proof
of the energy identity we have to show that A;(¢) and A, (¢) vanish in probability
ase | 0.

Changing variables x" := ex and remembering that the support of ¢ is contained
in (=1, )4, we obtain that

|Ai (o)

d
<Cie™ YN Grzotel|d fi(xe T £ (xe T 4 2) + fi(xe 7))

k=1z€A xee7d

for some finite constant C| depending only on ¢. The summation over x extends to
those x € £Z¢ for which ||x s < 1. Recall that Gy ; vanishes for ||z]lco > R.

We consider only the case d > 3. The argument in dimension d = 2 requires only
minor modifications. For any K > 0 we can estimate the previous sum by

d
C18d+1K ZZ Z |Gk ;0 Tyl |Ij,x

k=12z€A xece7d
d
+CieY NS Grz o el f (xe )1 [0 £ (xe )| > K
k=1z€A xeeZd

where [ , = |fj(x£_1 +2)|+ Ifj(xs_l)l. Denote the first term by A 1 (e, K) and
the second one by Aj (e, K). By Schwarz inequality,

d
(AL Ko< CiK max  [lof;)]q YD lGkllo:
oo = k=1zeA
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By Lemma 3.9 this expression vanishes as ¢ | 0. Hence, A 1(e, K) vanishes in
L'(@Q) as e | 0 forevery K > 0.

By Holder inequality, applied to Gy ;, 9, f;1{|9; f;| > K} and f; with exponents
d, 2 and 2d/(d — 2), respectively, A 2(e, K) is bounded above by the sum of two
similar terms, the first one being

d 1/d (d-2)/2d
cledzz{ )3 |Gk,zo%1|d} { ) ygfj(xg—l)|2d/(d—2>}
k=1z€A “xeezd xeeZd
1/2
| T st Pl e = k)]
xeeZd

The second term in the decomposition of Aj 2(e, K) is obtained from the previous
one by replacing in the second expression f; (xe~H by f i (xe~! + z). Since both
terms are estimated in the same way, we just present the details for the first one.
Note that assumption (3.21) on the components Hy , of the local drift V appears
now clearly.

Since Gy, belongs to L4(Q) and 8, fjto L%(Q), by Lemma 3.10 and the ergodic
theorem, QQ-a.s.,

1/d 1/2

d
lim sup [ALa(e, K)| < CiL Y > (1Ge 1) £ @1 £ )| = K )

k=1zeA

Since ([ f; (z)]21{|fj (z)| > K})q vanishes as K 1 0o, A 2(g, K) converges in prob-
ability to 0 as € | 0 and then K 1 oco. This fact together with the convergence of
Ar1(e,K) to 0 in L'(Q) as ¢ | 0 for every K > 0 shows that Aj(¢) vanishes in
probability as € |, 0.

We finally examine the term A (e). Since 9, (9dx, @) (ex) is absolutely bounded by
Crel{||lx|loo < &~} for some finite constant C; which depends only on ¢ and A,

d
|A2@)| < C1eY D" 3T Gzl £ ()7
k=1z€A ||x||oo<e~!
For every K > 0, the previous sum is bounded by A3 (¢, K) 4+ Az 2(¢, K), where

d
Ari(e, K)=CiKe™?Y " 3 0%

k=124 ||| o0 <e~!

d
Ara(e. K)=Cie®2 Y 3" 3" |Giz ot 1{|Gr 0Tl > K} f ()7

k=12€A )0 <e~!
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In view of Lemma 3.9, for every K > 0, the expectation of A, (g, K) vanishes as
¢ | 0. By Holder inequality, A (¢, K) is bounded above by

d 2/d
C]ZZ{Sd Z |Gk,ZOTx|d/21{|Gk,ZOTx|>K}}

k=124 x]po<e!

x{ed Z [efj(x)]Zd/(d_2)}(d_z)/d.

600 <&~

By Lemma 3.10 and by the ergodic theorem, Q-a.s., the limit sup of the previous
sum as ¢ | 0 is bounded by

d
1L S 16 1{|Gr ol > K P

k=1zeA

By assumption (3.22), this expression vanishes as K 1 oo. This proves that
A 2 (g, K) converges in probability to 0 as ¢ |, 0 and then K 1 0o. Since A3 (g, K)
converges to 0 in L'(Q) ase 1 0 for every K > 0, we deduce that A;(¢) converges
in probability to 0 as ¢ | 0. This concludes the proof of the energy identity.

3.5 Random Walks in Mixing Environments

In this section, we show that the local drift V satisfies the assumptions (3.21), (3.22)
if the random field {p; o , : x € Z%} is sufficiently strongly mixing for each z € A.

Denote by d the distance on Z? defined by d(x,y) = D icica lXi = il x,
y € Z¢. We extend this notion to sets in the natural way. For x € Z¢ and sub-
sets I, I, I of 74, d (x, I') stands for the distance from x to I" defined by
d(x,I") =minyer d(x,y), and d(I, I) for the distance between I and 1%, de-
fined by d(I71, I2) = mingery yer, d(x,y).

For an arbitrary finite subset I" of Z¢ and a positive integer m, denote by I the
set of sites which are a distance at least m from I': 'y, ={x € 74 . d (x, ") > m}.
For a subset A of Z¢ and z € A, denote by .7, (A) the o -algebra generated by p, o 7,
for x € A. For m > 1, a finite subset I of Z4 and z € A, let

am(I'; p2) :==sup{|Q(AN B) —Q(A)Q(B)| : A € F.(I"), B € Z.(I'})}.

The «a-mixing coefficients of the random field {p, o 7, : x € Z%} are defined as
am(pz) :=supp o (5 p;), where the supremum is carried over all finite subsets
I" of Z¢. The following result which allows to control the covariance of random
variables in terms of the mixing coefficient is Theorem 17.2.1 of Ibragimov and
Linnik (1971), p. 306 and Lemma 3 in p. 10 of Doukhan (1994).
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Lemma 3.12 Suppose that I'y, I are finite subsets of Z¢ such that d(I'y, ') >
m for some integer m > 1. Let X1, X2 be bounded random variables which are
(1), F,(In)-measurable, respectively. Then,

[(X1X2)g — (X1)(X2)g| < 4HIX1leoll X2lloo@m (p2)-

One can easily generalize this result to expectations of an arbitrary number of
random variables.

Lemma 3.13 Suppose that I;, 1 <i <n, are finite subsets of 74 such that min;
d(I;, I';) = m for some integer m > 1. Let X;, 1 <i < n, be bounded random
variables and assume that X; is %,(I;)-measurable, 1 <i < n. Then,

n

i=1

n
< 8na (po) [ [ 1 Xilloo-

i=1

Proof We prove this result by induction on n. For n =2 it is Lemma 3.12. Suppose
that we have shown it for a certain » > 2. Fix an integer m > 1 and consider a
family I, 1 <i <n + 1, of finite subsets of 74 such that min;«; d(I5;, I';) > m.
Let X;, 1 <i <n+ 1, be bounded random variables, X; being .%,(I;)-measurable,
1<i<n+1.Let )?,,.H = Xy11 — (Xu41)Q- According to Lemma 3.12,

n
<}~(n+l 1_[ Xi>
i=1 Q

The assertion now holds for n + 1 since

n+1 n+1
<H X,-> - [Txie
i=1 Q

i=1

n
<)~(n+1 HX1>
i=l 1Q

n
< 4am (P Xntilloo [ T I1Xi lco-
i=1

=< F 1 Xn+1lloo

i=1 i=1

) i

n+1

n
<4 (P Xnt1lloo [ JIXilloo + 8rtm (p2) [ | 1 Xilloo
i=1 i=1

in virtue of the previous estimate and the induction hypothesis. This proves the
lemma since || Xt1lloc < 21 Xt1lloc- O

Theorem 3.14 Assume that d > 3 and fix an integer n > 1. Assume that the random
field {p, o T, : x € Z¢} is such that

lim supmNam(pZ) <00
m——+00
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for N > [2dn/(d —2)] + 1, where [a] represents the integer part of a. Then, p, can
be represented as

d

p:—(p)o=)_ DiHj,
j=1

where H; belongs to L2 @), 1<i=<d.
This theorem will be proved at the end of this section. It is easy from this result
to rewrite p; — (p;)g as ZyeA D (pyGy) for functions Gy in L™(Q), y € A, as

required in assumption (3.22). An elementary calculation, using proper paths from
the origin to —e; and similar to the one which led to formula (3.25), shows that

p:—(pa=Y_D;(pyG,).

yeA

where

A

_ J J_ ) .
Gy=—— Z Z Wxily —xi =yHHjor, },
py o — k+1
Jj=1 k=0

where xé ey x,{j are proper paths connecting the origin to —e;, 1 < j <d. Note,

furthermore, that we need n > d/2 to fulfill assumption (3.22).

Fix a dimension d > 3 and let {X; : ¢ > 0} be a symmetric, simple random walk
on Z¢. Denote by ¢;(x, y) = q;(y — x) = q(t, y — x) its transition probability and
by G(x, y) = G(y — x) its Green function:

o0
G(x) =/ q(t,x)dt.
0
FixzeA,m>1,1<j<dandlet
G (@)= Y (3,600l
Ixllco=m
where p, = p; — (p;)q. The proof of Theorem 3.14 relies on the next lemma.

Lemma 3.15 Suppose that a random field {p; o Ty : x € 7%} satisfies the assump-
tions of Theorem 3.14. Then the sequence {G;m) :m > 1} converges in L Q.

Proof Consider a random field {p, o 7, : x € Z?} which satisfies the assumptions of
Theorem 3.14. Let p(x, x + z) = p; o Tx — {p;)@-. To prove the lemma, it suffices
to show that for any ¢ > 0 there exists M such that
(0,¢]
/ dt <eg
0 L2(Q)

Y Q)P x +2)

mi<||xlloo<ma
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forall mpo >my > M.
An elementary computation shows that

2n

Y Oyt 0P, x +2)

m1<||x [loo <m2

Z H(ae,qxr x; <1"[p(xl,xl +z>>

Xop i=1

L2(Q)

where the sum is carried over all x1, ..., xp, such that m| < ||xj|lco <m2, 1 <i <
2n.

Fix p in the interval (n/N, [d — 2]/2d). This is possible since 2dn/(d —2) < N.
To apply Lemma 3.13, we partition the elements of a sequence (xy, ..., x2,) into

subclasses which are at distance ¢” from each other. To describe such a partition
we introduce some terminology. Consider the equivalence relation which identifies
sequences which differ only by a permutation. For a given sequence (y1, ..., Y2,)
denote by {y1, ..., y2,} the corresponding equivalence class and call it a set of el-
ements with repetitions. One can easily define the union of any two sets with rep-
etitions. By a maximal tP-partition 7w{xy, ..., xp,} of a given set with repetitions
{x1,...,x2,} we understand a family of subsets with repetitions 17, ..., [} such
that

) U[fifk I ={x1,...,xom},
(i) d(I3, Ij) =P for 1 <i#j<k,
(iii) for any 1 <i <k, I cannot be decomposed as the union of two non-empty
sets which are at distances greater than or equal to ¢*. In other words, if for
some 1l <i <k, I; =AUB whered(A, B) > ", theneither A=J or B= .

With this notation, we may rewrite the right-hand side of the previous displayed
formula as

> AN Fk)l—[ [, x)<H []5c x+z)>

I,... Iy i=lxel; i=1xerl;

where the summation ) |, extends over of all maximal ¢”-partitions of 2n sites

.....

taken from the set {x € Z¢ : m; < ||x||oc < m2} and where A(I7, ..., I') stands for
the number of vectors (xi, ..., x3,) whose maximal ¢”-partition is I, ..., [x. By
Lemmas 3.13 and 3.22, the absolute value of the previous expression is less than or
equal to

2n k
(li*l)” Z A(Fl""7rk)l_[1_[4(c*t,x)

Iy I i=lxel}

1 (P (Cll pzlloo) ™" :
N 6nor (p2)(Cll pzlloc) oA o] [ atet. o

t 1 n
( + ) I',...Ig i=lxel;

ﬁ< []pG.x+ z)>Q

i=1\xel;
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for some finite constants C, ¢, > 0 whose value may change from line to line.

Denote the first and the second term by E{(¢) and E»(¢), respectively. We can
exclude from the sum appearing in E1(¢) those partitions where at least one I is a
singleton. Hence,

(C*||pz||oo)2n
El(ﬂfw Z HC](C*Z Xi)

where the summation extends over all sites xi, ..., xo, such that m| < ||x; |0 < m2,
1 <i <2n, and such that 7 {xy, ..., x2,} contains no singleton.
Suppose that the maximal ¢°-partition of {xy, ..., x2,} has k, 1 <k <n, sets. In

this case, we may bound the previous sum by

2(n—k)

Z Z Z HQ(C*I xz)l_[q(c*t i) ]_[ q(cst, z;),

,,,,, Xk Y1seees Yk 21505 22(n—k) I=1 i=1 i=1

where the first sum is carried over all sites x1, ..., x; such that m| < ||x;|lco < m2,
the second one extends over all sites yy, ..., y¢ such that d(y;, x;) < t* and the third
one is performed over all sites zy, ..., z2(—k) such that d(z;, {x1, ..., xx}) < 2nt”,
m1 < ||zilloo < m>. Recall from Lemma 3.21 that ¢ (¢, x) < Co(1 + t)~%/2 for some
finite constant Cy. Apply this estimate to all terms g (c4?, ;) and to half of the terms
q(c4t, z;) to bound the previous expression by

CpuPydn =k

(1+t)nd/2 Z Z HQ(C*I Xi) l_[ CI(C*I Zi)

Xk 21y Z(n—k) I=1

If we just keep the restrictions ||x; [lco > m1, |1z} lloc = m1, the previous expression
is bounded by

Cl (ntP)dn
(14 1)nd/2

Summing over all possible sets in the maximal #°-partition we conclude that

(1 Xe,tlloo = m1]".

(Cill p;lloon?/?¢dr/2)n

(t+ 1)n+nd/2

E@) < P[”Xc*t”oozml]n

so that for every a > 0,

o0
/ Ei ()M gy
0

an oo td,o/2
< Con ”pz”oo/a mdl
tdp/2

(r+ 1)1/2+d/4

1/2
+Con™?|Ipllec sup P[IXeuilloo =mi]" dt,

te[0,a]
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for some finite constant Coy which does not depend on ¢. Since p < (d — 2)/2d we
have that (1/2) 4 (d/4) — (dp)/2 > 1. Choosing a sufficiently large a > 0 and then
M > 0 we get

/oo Ei(0)Y® dr < (g/2)

0
forallm; > M.
On the other hand, since we assumed the random field p, o t, to satisfy the
assumptions of Theorem 3.14, o0 (p;) < Co(t + 1)~¥? for some finite constant Cj.
We can therefore estimate E>(t) by

2n k
CO”(C*”pz”OO) Z A, ..., ]"k)l_[ 1_[ q(C*l,x)

t 1)n+Np
( + ) I,..., I i=lxel;

< CO”(C*“pz”oo)zn
(t + 1)ntNp

P[IXeutlloo = mi]™

for some finite constant C¢ independent of 7, n, p and N. Therefore, for every a > 0,

o0
/ E>(H)!/ @™ gy
0

0
1
< C0||pz||w£ + 1)1/2+Np/@n) dt

1

a
+Collpelloe sup P[IXedllos =] | s

Since Np > n, (1/2) + Np/(2n) > 1. Choose a large and then M large so that

o
/ E>)Y® dr < (¢/2)
0
for all m; > M. This proves the lemma. Il
We turn now to the

Proof of Theorem 3.14 Recall the definition of Gﬁm) introduced just after the state-
ment of the theorem and let
G,:= lim G('") lim_ D (0, 6)x)px.x +2),

m—00
Hxlloo<m

which exists in L2(Q) in view of the previous lemma. A simple calculation shows
that
D.,G;= lim D, G('") = lim_ > 8e,G(x)de, plx. x +2).

m—00
I\X\Ioo<m
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The limit exists because G converges to G in L?(Q). Perform a summation
by parts and observe that the boundary terms vanish in the limit by the arguments
presented in the Proof of Lemma 3.15. Therefore,

D,Gj= lim (3} 3,G)(0)px,x +2).

X llco<m

Since Z?:] 8:}, de;8(x) = 2d5y o we obtain that

d
ZDejGj = Zd{Pz - (pz>Q}
j=1
which proves the theorem with H; := —(1/2d)(G o 7). g

Corollary 3.16 Suppose that d > 3 and that the random field {p, : z € 7%} satisfies
conditions (H1), (H2), (H4), (3.20) and the assumption of Theorem 3.14 with n >
d /2. Then, the corresponding random walk { X (t) : t > 0} satisfies the central limit
theorem as stated in Theorem 3.4.

3.6 Doubly Stochastic Random Walks in Dimension d =1

As the title suggests, in this section, we examine, doubly stochastic random walks
in dimension d = 1 satisfying assumptions (H1)—(H4). The main result states that
the generator of the environment process associated to such randoms walks satisfies
a sector condition provided the local drift has zero mean with respect to the ergodic
measure (Q and the random rates satisfy an elliptic condition (3.20). This statement
follows from the fact, presented in Theorem 3.17 below, that in dimension 1 the gen-
erator of the environment process associated to a doubly stochastic random walk can
be written as the sum of three pieces: its symmetric part; an operator in divergence
form with bounded coefficients; and an operator which vanishes if the expectation
of the local drift vanishes.
We start with the decomposition of the generator of the environment process.

Theorem 3.17 Suppose that the field {p. : z € 7%} satisfies conditions (H1)—(H4).
Then, there exist a non-random finite set Ao and a random field {ay ; : y, z € Ao},
ay,; in B(£2), such that the generator L of the process {n(t) : t > 0} satisfies

Lf=Sf+(V)gDif+ Y_ Dj(ay.:D.f)

y,2€Ap

forall f in L*(Q), where S is the symmetric part of the generator L given by (3.10)
and D,, D;‘ are the operators defined by (3.9).



122 3 Random Walks in Random Environment

Proof Since the generator L can be written as S + A, we need to show that the
anti-symmetric part A is given by the sum of the second and third terms on the
right-hand side of the identity appearing in the statement of the theorem. Recall the
explicit form (3.11) of the anti-symmetric part of the generator L. By interpolating
the differences f(t,w) — f(w), we may write Af as

lz]—1
Af=01/2)) q: Y [Dsi) f10Ts(2); (3.39)
€L j=0

where s(z) stands for the sign of z.
Fix f, g in LZ(Q). In view of the previous formula for A, since the transforma-
tions {7, } preserve the measure Q,

|z]—1
(Af.8)a=1/2)) Y ((@:8) 0 T—s(0j» Dso) fyy-

z€Z j=0

Rewriting (g:8) © T—s(z); a8 [D—s(2)j81lqz © T—s(2)j1 + [qz © T—s(2) 18, We obtain
that

lz]—1
(Af.)o=1/2) Y ([4:0Ts01Ds0) /- &) + H0(Z f. 79,

z€Z j=0

where o7 is the bilinear form of the gradients Z f = {D,f :z € Z} and 9g :=
{D.g :z €7} given by
lz]—1

(DS, 78) = (1/2) Y Y ([g: 0 T-s(2)j1Ds2) f: D521 &)y
z€Z j=0

To symmetrize the expression for (Af, g)@, we change variables in (3.39) setting
7/ = —z and obtain that
|z]—-1

(Af.)o =0/ Y {14z 0 T-s)1Ds(0) f+ &)y

z€Z j=0

lz]—1

+ (/DY D {142 0 T )1D-s( f- 8)g + S (2 £, D8),

zeZ j=0

where ¢7] is the analogous symmetrization of .2%.
Since D_g(;) = —Ds(z) © T—s(z) and since the operators {7y} preserve the measure
Q, we can rewrite the second expression on the right-hand side as

lz]-1

—(1/H Y Y {lg-2 0 T+ 1Dsio) /- &)y

zeZ j=0
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lz]-1
— (/8 )Y ([g-2 0 s+ Pso) /- Ds0r &)

zeZ j=0

We denote the second term by @A (2 f, 7g).
Recall that g, = p; — p_; o1z so that g; 0 T_s(3)j — §—7 © Ts(x)(j+1) =T+(2) —
r—(z), where

r1(2) = p; 0 T—g(z)j + Pz © T—s(2)(Izl—j—1)>

r—(2) '= p—z 0 Ts(2)(j+1) + P—z © Ts(2)(Iz|—))-
With this notation and in view of the previous formulas, we have that

lz[-1

(Af. 2= /DD I ([re@) —r-@]Dso) f. 8)g + H(2f. D),

z€Z j=0

where s = o) + .
Performing the change of variables z’ = —z, since D_g(;)f = —(Ds(z) f) ©
T_g(z), We obtain that

|z]—1 |z]—-1
>3 r-@Dsgs) f: 8o ==Y D lr- (=) 0 Tex)] Dsixr /1 8o
zeZ j=0 z€Z j=0
lz]—1
- Z Z ([r,(—z) ° Ts(z)]DS(z)fv D5(2)8>Q-
zeZ j=0

Denote the second term on the right-hand side by <% (Z f, Z¢) and remark that
r_(—z) o T5(;) = r4(2). Therefore,

lz| -1

(Af.8)a=(1/2)) Y (r+()Dso [ ) + H5(2 £, 79),

z€Z j=0

where o5 = o3 + .
It remains to replace D_; f by D; f for z < 0. Using once again that D_; f =
—[D1 f]0o 7_1, we obtain that

lz]-1 lz]—1

YD @D figlg==>" Y ([r+@omn]Dif g
z<0 j=0 z<0 j=0
|z]—1

> > {[r+@on]Dif. Digly,

z<0 j=0
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Denote the second term on the right-hand side by @%(Z f, Zg) so that

(Af.8)o=(RD1f, g+ (L], Dg).
where o = a5 + @ and

—z—1

z—1
R=(1/2)) Y r@—-1/2) Y ri@ou.

z>0 j=0 z<0 j=0
We claim that R is constant. Indeed,

—z—1

z—1
DIR=(1/2)) Y Dire@ (/) Y Di[r+@) o]

z>0 j=0 z<0 j=0

= Z{pz 0T_; — P} — Z{Pz — pzoT—z}.

z>0 z<0

By the double stochasticity hypothesis, this expression vanishes. Thus, Rot_; = R,
Q-a.s. By the ergodicity of Q, R is constant so that R = (R)q. Since (r(2))g =
2(p:)q. the expectation of R is seen to be equal to ) __ z(p;)q, which is the expected
value of the local drift V. In conclusion,

(Af.8)o = (R)q(D1f. 8o+ (2, 28).

The bilinear form o7 can be computed explicitly, but its exact expression does
not play any role. In any case, there is a finite non-random set Ay and bounded
functions {ay ; : y, z € Ao}, ay ; : 2 — R, such that

A Df. D)= {ay:D.f.Dyg)g.

y,2€A0

This proves that Af = (R)gD1 f + Zy,zEA() D;’j[ay,zsz], as claimed. 0

Suppose that the random rates satisfy the ellipticity condition (3.20). A sector
condition for the generator L follows from this ellipticity condition if the local drift
V has mean zero with respect to Q.

Corollary 3.18 Under the hypotheses of Theorem 3.17, assume the ellipticity con-
dition (3.20) and that the local drift V has mean zero with respect to Q: (V)g =0.
Then the generator satisfies a sector condition (2.36).

Proof The proof is straightforward. Use the ellipticity assumption (3.20), the bound-
edness of the coefficients {ay .} and the elementary inequality ((Dx4y f )2)Q <
2((Dx £)*) + 2((Dy £)*)q to estimate Y~ ., {ay . D; f, Dyg)q in terms of the
Dirichlet forms of f and g. O
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Up to this point we have proved that if the local drift has mean zero, conditions
(3.14) and (3.17) are in force. It remains to check that V belongs to 7#| to be in a
position to apply Theorem 3.4.

We derive an alternative formula for the local drift V to show that it belongs to
1. We claim that

V)=—(1/2)Y zDip.(@)+ Y zDiay.(). (3.40)

ZEZL y,2€ A0

Formula (3.40) follows from the proof of Theorem 3.17. Rewrite V as the convex
combination of its symmetric and anti-symmetric parts:

V=01/2) zp:+pot}+1/2)) zp.—pcor).

Z€Z Z€Z

The first piece corresponds to the first term on the right-hand side of (3.40): For a
function g in L?(Q), performing the obvious change of variables we obtain that

<<1/2> Y adpetpotl, g> =—(1/2))_z(p:. D:g)o-

z€Z Q Z€Z

To show that the sum of z{p, — p_; o T, } corresponds to the second term on the right-
hand side of (3.40), we have to proceed as in the proof of Theorem 3.17. Details are
left to the reader.

The representation of the local drift as (3.40) permits to prove without difficulty
that it belongs to .71 : For any function g in L>(Q),

(V,g)o=—(1/2)) zpe. Do+ Y zlayz, Dyglo.

Z€Z v,2€AQ

It remains to recall the ellipticity assumption (3.20) and apply Schwarz inequality
to obtain that (V, g)@ is bounded above by C||g||?, for some finite constant C. This
proves that V belongs to 7 ;.

We have just shown that all assumptions of Sect. 3.2 are in force so that

Theorem 3.19 Under the hypotheses of Theorem 3.17, assume the ellipticity con-
dition (3.20) and that the local drift V has mean zero with respect to Q: (V)g =0.
Then, a central limit theorem for the random walk X}’ holds in LY (Q) with respect
to the environment.

We conclude this chapter by showing that the assumption that the local drift V
has mean zero is not necessary if one uses the theory of bounded perturbations of
normal operators developed in Sect. 2.7.5.

Let Vo=V — (V)q. In view of (3.13), we have that

t
X(t) — (V)gt = M) +f0 Vo(n(s)) ds.



126 3 Random Walks in Random Environment
Assume that (V)@ > 0 and define the operator L¢ in L2(Q) by
Lof:=—1/2)D{D1f +(V)gD1 f

for f in L?(Q). Note that Lg is a generator because (V)g > 0. Let B be the operator
L —Lgpsothat L=Ly+ B.

One can easily check that L is a normal operator. Since (V)@ D is a generator,
(—=Lof, o= (1/2){[D; f]2)Q. Conditions (H1), (H2) and the fact that measure Q
is shift invariant yield that (—Lf, f)g = (=Sf, f)g < Co{[D1 f]2)Q for some finite
constant Cyp. Therefore, (—Lo f, f)g = (1/2Co){(—Lf, f)g. On the other hand, by
the ellipticity condition (3.20), (—Lg f, f)q is bounded above by C1{(—Lf, f)q for
some finite constant Cq. Condition (2.54) is thus in force. Theorem 3.17 provides
an explicit formula for the operator B from which condition (2.56) follows. All
hypotheses of Sect. 2.7.5 are therefore matched.

It remains to check that Vj belongs to 777 1. This follows from the representation
of Vy as

Vo(w)=—(1/2) Y zDip.(@)+ Y zDjay (o),
ZEZL y,2€A0

which can be proved in the same way as (3.40) was derived. In conclusion, by
Sect. 2.7.5.

Theorem 3.20 Under the hypotheses of Theorem 3.17, assume the ellipticity con-
dition (3.20). Then, a central limit theorem for the centered random walk {X{ —
(V)qt} holds in LY (Q) with respect to the environment.

If (V)@ <0, since D =—D_1 — D*  D_y, we may write L as L, + B’, where

Lyf :=—(1/2)DiDyf — (V)gD-1 f

and B'= B — (V)oD* D_y. In this case, L, is a generator and we may repeat the
previous arguments.

3.7 Symmetric Random Walks

In this section, we present two results on the transition probability of symmetric
random walks used in the chapter. By a symmetric, simple random walk on Z¢
starting at x we understand a random sequence {X,,n > 0}, defined over a proba-
bility space (X, #, Q), taking values on a d-dimensional integer lattice and such
that Q[ X9 =x]=1, and

Q)™ i vy = xagilloo = 1,

Q[Xn+1:xn+l|Xn=xnv---vXO:x0]: .
0 otherwise.
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In the particular case d = 1 we have

1

2n 1 2n +1

(3.41)

Q[X2, =2y]=

for y € Z, where by convention (Z) =0 whenever m > n, orm < 0.
Suppose that {a,,n > 1}, {b,, n > 1} are two sequences of positive numbers. We
write a, < b, if

0 < liminfa, /b, <limsupa,/b, < +o0.
n—>+00 n—+00

By Stirling’s formula for each n > 1 there exists 6§ € (0, 1) such that n! = +/27n
(ne= 1" /(121 Therefore for any y such that || y|lec < n

QX2 =2y]
29-1/2 2
xn_1/2|:1 - <X> :| exp{—nlog[l— <X) i|—y10g1+y/n}
n n 1—y/n
29-1/2 +00 2p
el (2 _ (2
=i ()] onl S ()

A similar asymptotic formula holds for Q[X5,+1 = 2y + 1]. As a result for any
6 € (0, 1) there exist 0 < cy < Cy, depending on §, such that

cy CUX2
—n]/2 €Xpy —

2
} <QIX, =] = Cl—’jzexp{—ﬂ}, (3.42)
n n

provided that || x||oc < (1 —&)n and x — n = 0 mod 2. In addition, we can choose
constants cy, Cy in such a way that

cy exp{—Cyn} < Q[X, =x] < Cy exp{—cyn} (3.43)

for n > ||x||eo > n(1 — ) and x — n = 0 mod 2. From the upper bounds (3.42) and
(3.43) we conclude that

c
QX =x1< =75, Vnxzl. (3.44)
n

Suppose that {N;, t > 0} is a Poisson process with intensity 1, starting at 0, in-
dependent of the random walk {X,,n > 0}. A symmetric, simple random walk in
continuous time starting at x is defined as X; := Xy,, t > 0. Let ¢ (¢, x) := Q[X; =
x| Xo=0].

Lemma 3.21 There exist Cy, cyx > 0 such that

& (t, Cyllxlloo) C.E(t, cxllxloo)

<q(t,x) =<

d
(t+ Dz = , Vi>0, xeZ, (3.45)
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where

E(t,r):= exp{—r arsinh(;) — t(m_ 1)}, t.r>0.

Proof The upper bound. When d = 1 we can write

+00 tk —t

gt =Y ; QXp=x], Vi>0, xezi (3.46)
k=|x| :

Suppose that |x| < 2¢. From (3.42) and (3.43) we obtain

2 —cukpk —t 10O k-t crrx?
UXxX
t <C C - . 3.47
q(t,x) <Cy kE|x +Cy k:Em: ‘ K172 exp{ T } (3.47)

Denote the terms on the right-hand side by 7 and II respectively. For any 6 € (0, 1)
we can estimate

2lx| _ k,—(1-8)t
I< CUe—St—cUpc\(l _ 8)|x| Z [(1 8)1‘]1‘6 < CUe—ct—cblxl (3.48)
k=|x| :

for some ¢}, > 0, provided that ¢ > 0 is sufficiently small. However, e~ < C(r +

1)_1/2, for some C > 0 and all £ > 0. Also e—<v*! < e_C/sz/l. We obtain therefore
Cy 2

< ——2 _mcuxi/t 3.49

S 1)1/26 (3.49)

for some cy, Cy > 0 and |x| < 2t. As for the second term /I we write it as II| + I,
depending on whether the summation is over k < [¢/2], or otherwise. We use the
convention that /71 = 0 in case [#/2] < 2|x]|. Sequence tk/(k!kl/z), k=1,...,[t/2]

is increasing, therefore
[t/2]+1 ,—t
11 < Ce—c/sz/t t—e
- [/2][r/2]'/?

Stirling’s form

< Cem "/ exp{lr/2llogt — [t/2]log([t/21/e) — t}
< Cew¥tee (3.50)

for some cb, c¢>0andr > 1.For k > [t/2] we have

m= G awton g Ll g
— 1/2 | 1/2 |
t+1) ol K (z+ D2 &K
C 2 t[2t]e_t
P —CcyXx /[ N t 2
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C

_ —cux?/t
aRTE L @51

as t — +oo. The last asymptotic equality follows from the central limit theorem
for t~1/2(N, — t) and the fact that t'?!1e= /[2¢]! is clearly of order o(e~¢") for any
C>0.

Summarizing, from (3.49), (3.50) and (3.51) we obtain
—cx2/t

q(t,x)fme f0r|x|§2t.

Since arsinhr ~ r for r << 1 we have also
cx?/t
VI+ /)2 +1

for some c, Cy > 0 and |x| < 2¢. We conclude therefore the upper bound in (3.45)
in this case.

When |x| > 2¢ the sequence {t*/k!, k > |x|} is majorized by a geometric pro-
gression with ratio 1/2. Therefore,

€_cx2/l‘ < exp{— —c|x| arsinh(lxl/t)} < C*g(t, c*|x|)

1Tk —t x| ,—t
the Cy t"le
t,x)<C < .
o= Uk%k’k”z_(tﬂ)”zx ]!
We obtain therefore
¢ <—C wtog( ) = ¢l for x| > 2r (3.52)
X)) < ———expy —|x|log| — ) —¢t¢, for|x| > 2t. .
1 ¢+ 112 P 8\ e

Since rlog[r/(et)] < rarsinh[r/(et)] and 1 4+ r < +/1 +r2 — 1 for r > 1 we can
estimate the expression in (3.52) by C,(r + 1)~ Y2& (cyt, |x]) also in this case.

The upper bound in the multidimensional case can be concluded from one-
dimensional estimates. Indeed, in an arbitrary spatial dimension d, the correspond-
ing transition probability function g4 (, x) satisfies Kolmogorov’s equation

d

1
0iqa(t,x) = 5= 070;qa(t,x).
j=1

Its Fourier transform gq (¢, k) =), e**g4(z, x) therefore satisfies

d
. 2K . A
0t k) =—> > sin’(k;/2)dat. k), G0, k) =1.
j=1

Hence,

d d
. 2
qalt,x) = /w P exp{—gt X;Sinz(kj/Z)} dk = ]_[ qi(t/d, xj).  (3.53)
j=

Jj=1
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An elementary calculation shows that
&, r) :exp{—m)flx[)»r —t(coshA — 1)]}, (3.54)

where the maximum is attained at A = arsinh(r/¢). For any Ao, r{,...,rq > 0 we
have therefore

d d
Z:lmf\x[krj —t(coshr — 1] > Z:l[korj — t(coshrg — 1)].
j= j=

Since the previous expression is equal to Aq Z;L] rj —dt(coshig—1), we conclude
that

d d
[[ew. = é"(dt, er>. (3.55)
j=1 j=1

The lower bound. Again, we obtain first the lower bound when d = 1. Suppose that
|x] <t andlet A := [z, 2t]. We have

—Cyx2/t k —t —Cyx2/t
cye t"e __cye —1/2
90 x) 2 =i Y= el W —ne 0,2vD)].
keA
(3.56)
This sequence is asymptotically equivalent to ¢y (r + 1)~1/2e=Cv X/ as t — +o00,

by virtue of the central limit theorem for t~Y2(N, — t). On the other hand, when
|x| > t the sequence {t5/k), k> |x|} is decreasing therefore, from (3.43)

x| ,—t x|

QX =x]=cy exp{—|x| 10g<7> - CU|x|}. (3.57)

q(t,x) >
x]!

The argument used after (3.52) can also be applied in this case. The desired esti-
mate therefore follows for d = 1. In the multidimensional case we use (3.53) and
(3.56) to conclude the lower bound when || x| <. In case ||x||oo >t we have that
qi(t,x) = ]_[‘;:1 q1(t/d, x;) is bounded below by

) )
[T fer2e 3 T (coon-twtioe( ) ~cuto})
[xjl<t/d lxj|>t/d
The desired lower bound can be obtained by replacing each |x;| by [|x|c. O
Using the above result we obtain the following.

Lemma 3.22 There exist Cy, &4 > 0 such that

[Veqa(t, x)| < Cut + )7 2qa(Cut, x), V>0, x € Z9. (3.58)
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Proof We start with the case d = 1. Recall Vg (t,x) =¢q(¢t,x +1) — q(¢, x). Only
the case |x| <t needs to be considered. Otherwise, using the upper bound in (3.45)
(slightly adjusting the constants appearing there), we can write

C*e—St
|Veq(t,x)| <q(t,x+1) +q(t, x) < m@%’ cxlx)

for some C,,cy > 0 and § > 0. This of course leads to the desired estimate for
e « (t+1)7F for any k > 0 when 1 >> 1.
On the other hand, we have

1 +0o k ,—t
Vaa(t.0 =3 Y (=D 1] (kt?@[xkﬂ —x 11— QX =x]>.
k=0

(3.59)
A simple calculation, using (3.41), shows that

|QIX k41 =x + 11— Q[Xg = x]| < min[1, (k + D)~ (Ix] + 1) JQIXx = x], (3.60)
when k, x > 0 and x — k =0 mod 2. On the other hand,
|QIXi—1 =x 4+ 11— Q[Xz =x]| <min[1, |x|(k + 1)"']|Q[X; =x],  (3.61)

when k > 0, x <0 and x — k = 0 mod 2. This estimate also holds when k and x > 0
are odd, or k and x < 0 are even. We obtain therefore for x =2y >0

1 +o00 & —t
Vet = 5 D[ 1] QX = x4 1= QX =)
k=0
1 — k+x tke*t t
+ 2 ];)[(_1) + 1] ! (m — 1)Q[Xk+1 =x+1].

(3.62)

Denote the first and the second terms on the right-hand side of this equality by /
and 71, respectively.
By virtue of (3.60) we obtain

+00 Lk g

n=y =

k>|x|

x min[(x + 1) (k + 1)~"/2, 1]Q[Xx = x].

The argument used to obtain the upper bound in Lemma 3.21 can be repeated for /
and it leads to

C
|1 < H—*lé”(t,c*x), Vt>0,xeZ (3.63)
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for some C,, cx > 0. To estimate of II we write it as Il + I, + II3, where II;,

i =1,2,3 correspond to summation over ranges k < [t/2], [2t] > k > [t/2] and
k > [2t]. Term 11| can be estimated as in (3.48) and (3.50) leading to

1| < Cae™ E(t, culx]), Vx| <t,0>0
for some Cy, cx, 6§ > 0 and we conclude eventually
Cy
|| < H_—lé‘)(t,c*|x|), Vix| <t, t>0. (3.64)

Using upper bound (3.42) we obtain

k ,—t
|| < _c 1/267“”"2/(2” Z LI L
= !
t+1 201kt /2] k+1 k!
—CUX2/(2t) N[ —t - C
x—t+1e Y A—t+l<5a(t,c*|x|), (3.65)

as t — o0, for all |x| <t and some constants c,, C > 0. Finally, since {tk/k!, k>
[2¢]} is dominated by a geometric progression with ratio 1/2 we obtain that for any
M >0

k ,—t [2¢] ,—t
t t t
31 =C Y =g = 1| = C— o = Ce M
k>[2t] + : (2]t
for some C > 0. This allows us to conclude
|3 < iéa(t c |x|) (3.66)
3 — t+1 s Lk .

for |x| <t and some Cy, cx > 0. Summarizing, from (3.63), (3.64), (3.65) and (3.66)
it follows that

|Veq(t,x)| < :L—*léa(z,c*|x|), Vi >0, (3.67)

and x > 0 even. Estimate (3.58) can be concluded using the lower bound from
(3.45). The other cases can be done similarly.
In the multidimensional case we can write (see (3.53))

d
9jqa(t.x) = qa(t.x + ;) —qa(t,x) = d;q(t/d.x)) [ [q1(t/d. xi).
i#]
and we obtain

d
C
|3jCId(f,X)| < mng(ﬁd’cﬂxﬂ)
i=1
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for some Cy, ¢, > 0. Using estimates (3.54)—(3.55) we conclude from the above that

C
yajCId(fax)’ = mé{’(nullﬂlw)

for some Cy, ¢, > 0. The desired estimate follows from the lower bound in (3.45). [J

3.8 Comments and References

Central limit theorems for random walks in random environment is a vast subject.
We refer to the monographs (Zeitouni, 2004) and (Sznitman, 2004) for a list of
references. We review here only some results whose proofs are connected to the
ideas presented in this chapter.

Random Walks with Random Conductances and Random Walks on the Infinite
Cluster of the Supercritical bond Percolation Anshelevich et al. (1982) proved
a central limit theorem for a random walk with symmetric transition probabilities
on the d-dimensional lattice and obtained an explicit expression for the diffusion
matrix. Kiinnemann (1983) proved the convergence of random walks with random
conductances to a Brownian motion with diffusion matrix given by the effective con-
ductivity. The proof is based on the convergence of the resolvents. De Masi et al.
(1989) and Goldstein (1995) examined the asymptotic behavior of a large class of
random walks in random environment which includes a random walk evolving in
the infinite cluster of the two-dimensional supercritical bond percolation and a ran-
dom walk with random conductivity. They also proved that the diffusion coefficient
of the random walk evolving in the infinite cluster is strictly positive. Sidoravicius
and Sznitman (2004) generalized these results by proving an almost sure invariance
principle for the random walk on the infinite supercritical cluster of the bond perco-
lation in dimension d > 4 and for a random walk on a network of i.i.d. strictly ellip-
tic random conductances in any dimension. Berger and Biskup (2007) and Mathieu
and Piatnitski (2007), independently, extended the previous result on the cluster of
the bond percolation to dimension d > 2. Mathieu (2008) and Biskup and Prescott
(2007), also independently, proved an a.s. invariance principle for a random walk
onZ4,d>?2, among i.i.d. random conductances. Barlow (2004) obtained Gaussian
upper and lower bounds for the transition density of the continuous time simple
random walk on a supercritical bond percolation cluster in the lattice Z¢. This re-
sult was extended by Barlow and Deuschel (2010) to random walks among random
conductances.

Random Walks Among Obstacles Tanemura (1993) considers a random walk
among random spherical obstacles in R?, d > 2. The proof of the central limit the-
orem is obtained by writing the position of the walk as an additive functional of
the environment and by applying the central limit theorem for additive functionals,
exactly as done in this chapter. One of the main difficulties is to prove the ergodicity
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of the environment process. This result was extended by Osada and Saitoh (1995)
for a class of non-symmetric diffusions evolving among random obstacles in which
the generator satisfies a sector condition.

Cyclic Random Walks Komorowski and Olla (2003a) proved that cyclic ran-
dom walks satisfy a sector condition. Mathieu (2006) proved a Carne—Varopoulos
bound for cyclic randoms walks. Deuschel and Kosters (2008) proved an almost
sure invariance principle for the cyclic random walks presented in this chapter.

Random Walks with Driftin 5#; The mixing arguments presented in Sects. 3.4
and 3.5 are taken from Komorowski and Olla (2003a). The result formulated there
claims a central limit theorem when L4(Q) is replaced by L*(Q) in assumption
(3.22) of Theorem 3.6. The proof is however incomplete. The energy identity stated
in Proposition 3.7 has been obtained by Oelschldger (1988) for diffusion processes
in divergence free random fields. The central limit theorem for a random walk in
mixing environment in dimension 2 is an open question.

Other Models Bezuidenhout and Grimmett (1999) examined random walks on
Z4 evolving among random mirrors. Rassoul-Agha and Seppiliinen (2005) proved
an invariance principle for a discrete time random walk on a space time i.i.d. random
environment by the method of the process as seen from the tagged particle presented
in this chapter. In the same spirit, (Dolgopyat et al., 2008) deduced a quenched
central limit theorem for random walks with bounded increments in an environment
evolving according to a Markovian dynamics.
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Chapter 4
Bounds and Variational Principles
for the Asymptotic Variance

In Chap. 2, we presented conditions on the generator of a Markov process {X; : t >
0} which guarantee a central limit theorem for the additive functional f(; V(Xy)ds
for functions V in L2 N 1. We proved in Theorem 2.7 and in (2.24) that the
asymptotic variance o2(V) is given by

o2(V) = 2}2%((,\ — L) fi. fi), = Z}E%W —L) v, V). 4.1)

where f; is the solution of the resolvent equation, and we showed in Corol-
lary 2.11 that the variance of 12 fot V (X;) ds converges to o2(V). In this chapter,
we present variational formulas, upper and lower bounds for the asymptotic vari-
ance az(V).

In Sect. 4.1, we provide two variational formulas for ((A — L)y~ lv, Vg, A>0.
In Sect. 4.2, we show that an upper and a lower bound for the variance o%(V)
which hold in great generality follow from these variational formulas. Assuming
further conditions on V we are also able to derive two variational formulas for the
variance o2(V). In Sect. 4.3, we prove that the conditions imposed on V' to derive a
variational formula for the variance o2(V) hold if the generator satisfies the graded
sector conditions introduced in Sect. 2.7.4. Finally, in Sect. 4.4 we present some
estimates of the variance of an additive functional of a Markov process which will
be useful in proving the superdiffusive behavior of a tracer particle in some turbulent
diffusion models.

4.1 Quadratic Functional of the Resolvent

Recall the set-up and the notation introduced in the beginning of Chap. 2 and fix a
function V in L?(r). Note that we do not assume in this section that V belongs to
1. Recall that S stands for the closure of the essentially self-adjoint symmetric
part of L and % for a core of the generator L and its adjoint L*. Assume that

= 871%) c 2(L*) 4.2)
for each A > 0.
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For A > 0, let 74 ;. be the completion of ¢ under the pre-Hilbert norm defined
by ||f||% , ' =((A = L) f, f)z. Since the operator —L is non-negative definite, it is
clear that || - |1, is @ norm. Also, since ||f||% \ = A||f||]21, each Cauchy sequence in

this norm is also Cauchy in L2 (7). This fact allows for an obvious identification of
J4 ). with a dense subset of Lz(n) since it contains %. For any f € Lz(n) define

LFIZ = sup{2(f. g)x — llglI 1}
ge€

being finite, or not. Note that the expression inside braces on the right-hand side of
the previous formula is smaller than 2|| f || || gllx — )\||g||121. In particular,

IAI2 s <A rE 4.3)
forany f € L2(7). Let F1,5 be the completion of L2 () under the norm Il ll=1.2-
Theorem 4.1 Fix V in L*(xr) and assume that (4.2) holds. Then, for every ) > 0,

(v.ao—D)7'v), = su3{2<v,g>n —lgli, —1Agl?; )
§434

inf {17, + 1V + Agl2, ;).

g€t ’

Proof Fix A > 0 and V in L?(r). Denote by G, : L2(7) — L2() the resolvent
operator (A — L)~!, by Gj the symmetric part of G, and by %, the range of G3:
. =G f:f¢€ L?(m)}. Since G4 is a bounded positive definite, symmetric op-
erator, by Theorem 3.1.2 of Kesavan (1989),

V.G =1)7V), = (V. G5 V), = sup {20V, 0)r — (5. [G3] ) )
géﬁ/;L

Claim A Denote by Z; the range of G5 (A — L*) over the core ¢": Z; = {G5 (A —
L*)g : g € €}. We claim that we can replace the set %, by %; in the previous
variational formula.

Since ¢ is a core for L*, Z; C %) so that

sup {2(V, g)x — (2. [G3] ), } = sup {2(V. @)x — (2. [G5] ), }-
8EZ; 8EX),

To prove the reverse inequality, it is enough to show that for each g in %,
there exists a sequence {g, : n > 1} of functions in %; such that (V, gy)x,
(gn, [Gf\]_lgn)ﬂ converge, as n 1 0o, to (V, g)x, (g, [Gi]_lg)n, respectively.

Fix a function g in %,. By definition, g = G3 h for some £ in L*(7r). g may be
rewritten as G5 (A — L*)(A — LY ' Ifh=0—L*"h belonged to the core %,
g would be an element of %} and there would be nothing to prove. This may not
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be the case, but since / belongs to the domain of L*, h may be approximated by
functions in the core and one just needs to check that the approximating sequence
has the required properties. The rigorous argument is as follows.

Since (A — L*)~! is a bounded operator in L2(rr), h=O0—L%"his well
defined and belongs to Z(L*), the domain of L*. Since % is a core of L*, there
exists a sequence {A, : n > 1} in € such that h,, (A — L*)h,, converge in L*(x),
asn 1 oo, to i, (o L*)ﬁ = h, respectively. Since G is a bounded operator, g, =
G5 (L — L*)h, converges in L*(7) to G3ih = g. For each n > 1, g, belongs to
3 because each h,, is in the core €. Since g, converges to g in L), (V,gn)r
converges to (V, g)r. On the other hand, by definition of g,, h,, h, and since g,
(A — L*)h, converge to g, h, respectively,

lim (g, [G5] ™ gu), = 1im {gu. (A = L*)hn), = (8. h)x = g. [G5]7"s). .

n—oo

which proves Claim A.
ClaimB %} ={(A—L)"'(x —Sh:h e E}.
To prove this claim, it is enough to show that
GS(A—L*Yh=0—L)"'(r—$)h 4.4)

for every h in €. Since 2§ = L + L* and 2G} = (A — L)~V [(r—L)"1*, we
only have to show that

[Go=D)'T"(A=L*)h=h

for every h € €. Fix a function g in L?>(7r) and let f = Gyg € L?() so that (A —
L) f = g. By definition,

(@ =D~ = L)h.g), ={(A = L)h. = L)7'g), = {(A = L*). f),
=(h, A= L)f), = (h,8)x,

which proves Claim B. It follows from (4.4) that Z; C Z(L).
Claim C For any V in L2(7),

(v,oo—1D)7'v), = sup 2(v.g)r = | = L)g|?,, }-
8EX]

Indeed, fix g in %] and keep in mind that %; C Z(L). By definition, g =
G35 (L — L*)h for some h in €. Hence,

(s.[G3] "¢), = (g ( = L*)h), =G — L)g. h),
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since g belongs to Z(L). In view of (4.4), g = (A — L)~'(x — S)h so that h =
(A —8)"!'(A — L)g. The expression on the right-hand side in the previous displayed
formula is thus equal to ((A—L)g, (A — 71— L)g)r =||(,—L)g ||2_1 ,-Claim C
follows from this identity and Claim A. ’

Claim D We may replace the set %} in the variational formula of Claim C by €.

Fix a function g in %} . By (4.4), g belongs to the domain of L. Since ¢ is a core
for L, there exists a sequence {h, : n > 1} of functions in & such that h,, (A — L)h,
converge in L2(rr) asn 1 0o to g, (A — L)g, respectively. By (4.3), the convergence
takes place also in .77 ;. In particular

lim [y —gllx =0, lim | = L], , =[G —Lig|_, ;.
so that

sup {20V, g)x — (= L)g|?, ,} < sup{2(V. g)x — [ 0. — L)g|?, , }-
X} geé

To prove the reverse inequality, fix a function g in the core . (A —S)~'(A — L)g
belongs to the domain of S. Since % is a core for S, there exists a sequence {4, : n >
1} in € such that h,,, (A — S)h,, converge in L%(7) asn T ooto (A — $H~ o — L)g,
(A — L)g, respectively.

Let g, = (A — L)~ '(A — S)h,. By Claim B, g, belongs to Z5 . On the other hand,
(A — L)g, = (A — S)h,, converges to (A — L)g in L*(;r) and therefore in T -
Moreover, since (A — L)~ ! is a bounded operator and since (A — S)k, converges to
(A—L)g, gn =M —L)" (A= S)h, convergesto (A — L)~ ' (A — L)g = g in L?(x).

Hence, for a function g in ¥, we obtained a sequence {g, : n > 1} in %’I such
that g, converges to g in L?(r) and (A — L)gy converges to (A — L)g in J1 ;.
This shows that

sup{2(V. g)x — |G — Lyg|, ,} < sup {2(V.g)x — | 0.~ g, )
gt 8EX;

and concludes the proof of the claim.

Claim E Proof of the first statement of the theorem. Since A is an anti-symmetric
operator, for g € €,

| —Lyg|?,, =(( = 9z, ), +(0-— 97" 4, 4g),
= llgllf; + I AgllZ ;.

In view of Claim D, this concludes the proof the first variational formula.

Claim F Lower bound for the second variational formula.
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To prove the second statement of the theorem, note that for each g € €,

1AgI2, , = sup{2(Ag. h)x — A1}, }-
he®

In particular, by the first part of the theorem and since A is anti-symmetric,

(V.(a—L)"'V)_ = sup inf {2(V + Ah, &)= — lIglI7 5 + 12117, }
ge¢ he?

< inf sup{2(V + Ah, g)z — llgl}, + kI3,
he€ ge

inf {|V + Ah|%, , + k)3, ).
it | 121+ IR0 5}

Claim G Upper bound for the second variational formula.

To prove the reverse inequality, for any ¢ > 0, it is enough to exhibit a function
h in € such that

(V. =D)7'V)_ > IV + AR|2, +IIAlT, — e (4.5)
Assume first that there exist functions %, go in € such that
A—L)hg=V,
(= Lho (4.6)
(A —L*go=V.

We present below the modifications needed in the case where (4.6) has no solution
in 4.
Let

g = (1/2){ho + 8o}, h = (1/2){ho — go}-
It follows from the identities relating hg, go to V that
A—S)g—Ah=V,
A—S)h—Ag=0.

Since (A — L)hg =V, since ((A — L)hg, ho)x = (A — S)ho, ho)» and since hg =
g+h,

(V.(a=L)"'V)_ =t — S)ho, ho), = (A — S)(g +h), (g + 1)),
=(x—9g.g), + (= Sh,h)_+2((L—S)h,g) .

Since (A — S)h = Ag, the last term vanishes. On the other hand, the first term can
be rewritten as

|G- = )8, = A+ V]2, ;.
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Hence, the penultimate formula becomes
-1 _ 2 2
(V.= L)7'V)_ =1k}, + 1AL+ V]2, .

which proves the claim.

We now adapt the previous arguments to the case in which solutions to (4.6) do
not exist in . Fix &€ > 0. Since ¥ is a common core for both L and L* and since
(A —L)"'V, (x — L*)~'V belongs to Z(L), Z(L*), respectively, there exists A,
g in € such that

[.—Dhe = V], e, [(—L7)ge =V, =e.

Letu, = —L)h, —V,w, = (A — L*)g, — V and keep in mind that ||u.| <&,
lwellx < e. Taking the scalar product with respect to &, on both sides of the
identity u, = (A — L)h, — V and applying Schwarz inequality we obtain that
lhelle <A~Y(|V Iz + €). A similar inequality holds for g, so that

ez <A (IVIE +€),  llgellz <A (IVIz + ). (4.7)
In the same way,
='W <2 Wiz, [a=""W|_ <A Wl 4.8)

for any function W in L?(m).
Let G = (1/2){he + g¢}, He = (1/2){h, — g} and remark that the bounds (4.7)
extend to G, H. From the equations for 4, g., we obtain that

rx-=98G,—AH, =V + U,
A—=S)H, — AG, =W,

where U, = (1/2){u, + we}, W, = (1/2){us — w}. Of course, Ul < ¢,
[Wellr <e.

Since V= — L)hg — ue and (hy, (A — L)he)y = (he, (A — S)he ), we have
that

(V.a=L)'V)_=(he, A = he), — (he,ue)r — (0 — L) ue, V).

By (4.7) and since ||u¢||; < ¢, the second term on the right-hand side is absolutely
bounded by A~ 'e{||V || x + £}. On the other hand, by (4.8), the third term is less than
or equal to A~ Le||V||x. Therefore,

(V.a=L)7'V)_ > (he, 0 = ko) — 207 e{|IVIx + £}

Recall that 7, = G, + H, and that (A — S)H, = W, 4+ AG.. In particular, by the
anti-symmetry of A,

(hsa (- S)h.s)n = <H£s (r— S)Hs)ﬂ +2(Ge, We)r + (G&‘a (*— S)Gé‘)ﬂ'
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In view of (4.7), the second term on the right-hand side is absolutely bounded by
21Gellz | Wellx < 2627V ||lx + €}. The third one can be rewritten as

(Ge, V+AH;)r +(Ge, Ug)x

because (A — S)G, =V + AH; 4+ U,. By (4.7), the second term is less than or equal
to eA"{|| V|l + ¢}, while the first one is equal to

(A=9""(V+AH), V + AH)_+ {0 — 87U, V + AH,)

.
By Schwarz inequality and by (4.8), the second term is absolutely bounded by

A2V + AHg||-1.3 < A le4el|lV+ AH8||2_M. Hence, the previous displayed
formula is bounded below by

(1—o)|V+AH.|I?, ; —er™".
Putting all previous estimates together, we obtain that

(V.oo=D)7'V) = A =l Hel, + IV + AH 112 )

T =

— 62" {1+ |VIx +e).

This concludes the proof of a slightly weaker version of (4.5), but strong enough for
our needs. 0

4.2 Bounds and Variational Formulas for the Variance

In this section, we present upper and lower bounds for the variance o2(V) and we
derive in Theorem 4.4 two variational formulas for 62(V) under the assumptions
(4.9), (4.10). Recall that f; stands for the solution of the resolvent equation (2.13).

Theorem 4.2 Assume that V belongs to L*(v) N 1. Then,

sup{2(V. &)= — llgll} — 1 AglI*,} < (1/2)0*(V) < inf {|2]I7 + |V + AR|*, }.
g€€ he¥

This result is a straightforward consequence of (4.1), Theorem 4.1 and the next
lemma.

Lemma 4.3 For any g in € and h in L* (1),

lim 1A= 1, lim ||A 1A= h —1-
Jlim g ]2 = llgl Jim [A] 10 = |IA]
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Proof The proof of the first identity is obvious and follows directly from the def-
inition of the norm | - |1 . To show the second one, fix & in L?(r). For each f

in €,
li){ll)i(l)lf||h||2,1,x > li){ll)i(r)lf{z(h» e — ||f||%,x} =2, fz — ||f||%-

Taking the supremum over all f in ¥, we conclude that liminfy_,o ||A||—1, >
All-1.
On the other hand, we claim that

IAll-1 < lIhll-1

for all 4 in L2(r) and all A > 0. Indeed, since ||h||27],A <! ||h||% < 00, for any
& > 0 there exists f, in % such that

R1Zy, <2k, foda — (0= S) fer fo), +&
<2, fodn = ((=S) fer o), +E <RI +e.

Letting € |, 0, we conclude the proof of the claim and that of the lemma. 0

To strengthen the conclusion of Theorem 4.2, we need further assumptions on V.
Denote by f;* the solution of the resolvent equation (2.13) with L* in place of L.
Assume that as A |, 0 the sequences

fo, [ converge in 7 to limits denoted by fo, f;, respectively. 4.9)

Theorem 4.4 Assume that V belongs to L2() N, that (4.9) holds and that for
any & > 0 there exist hg, h; in € such that

ILhe + V-1 <e and |he— foll1 <e,
(4.10)
HL*hj—FVH_I <& and ”h:—fé*”] <e.

Then,

o2(V) = 2}32;{”11”% + IV + Ah|%, )}

=2sup{2(V, g)x — llgl} — I Agl%,}.
ge¥C

Proof We start with the first identity, whose proof is similar to the one of Claim G
in Theorem 4.1. In view of Theorem 4.2, we just need to prove the lower bound for
a2(V).

Fix & > 0. According to assumption (4.10), there exists i, g, in € such that
ILhe + V-1 <&, IL*g + V-1 =&, lhe — folli ¢, lge — fy'lli <e. Letue =
—Lhy —V,w, =—L*g, — V and keep in mind that

luel-i<e.  lwell-i<e.  lheli<lfoli+e Nl <[ f5], +e
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Let G, = (1/2){hs + g¢}, H: = (1/2){h, — g¢}. From the equations for &, g,
we obtain that

—SG, —AH, =V + U,
—SH, — AG, =W,

where Uy = (1/2){ue +we}, We = (1/2){us —w,}. Of course, || Uel| -1, |Wel|- are
bounded by ¢, and ||G¢/|l1, [| He |1 are less than or equal to (1/2){[| foll1 + Il f5ll1 +
2¢e}.

Recall from Claim C in Sect. 2.2 that the scalar product (-, -),; has been extended
to s x 1. Since f) converges in .7 to fy, by the estimates on ||u¢| —1, ||2¢ |1
and since —Lh, =V + u,,

(1/2)0%(V) = Hm (V. fida 2 (V. he)n — £V
> (V +ue, he)r —e{IVI-1 + 1l folli + ¢}
= llhellf = e{IVI-1 + 1 foll1 + &}

Recall that 4, = G, + H; and that —SH, = W, 4+ AG;. In particular, by the
anti-symmetry of A,

e} = (he, —She)r = (He, —=SHe)y +2(Ge, Wedn + (Ge, —SGe)r.  (4.11)

The second term on the right-hand side of this identity is absolutely bounded by
210Gl IWell—1 < &{ll folli + Il f§ 11 + 2¢}. The third one can be rewritten as

1Ge T = SGell2y = |V + AH, + U||%,.
Since ||V 4+ AH,||— is equal to
1Us + SGel—1 <&+ 1Gelli <&+ A/2{l foll + | ], +2¢).
and since [|u +v]|% | > llul]2; = 2ful -1 v]l-1.
IV + AH: + UsllZy 2 IV + AH N2, = 2¢{ll folli + || £, + 2¢}-

Assembling all previous estimates, we obtain that for every ¢, there exists a func-
tion H, in % such that

(1/2)0%(V) > | Hell3 + |V 4 AH: % — £Co,

where Co =4{||V|-1 + Il foll1 + Il f§Il1 + 2¢}. This concludes the proof of the first
statement of the theorem.

We now turn to the second identity. In view of Theorem 4.2, we just need to
prove an upper bound for o2(V). By definition of .,

(1/2)0%(V) ZAIiEBIIfAII% < Ihe 113 + e{3e + 2l foll1 ).
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By (4.11),
Ihellf = IHe T+ 1GellT +2(Ge, W)
The last term is absolutely bounded by &{|| foll1 + || f; [l1 +2&}. On the one hand, in
view of the equation relating H, and G, to V,
Gl + 1 Hell} = (AHy + V + Ue, Gedn + (AGe + We, Hed
=(V,Ge)x + (Ue, Ge)r + (We, He)r

because A is anti-symmetric. By Schwarz inequality, the last two terms are abso-
lutely bounded by e{|| foll1 + || £ Il1 +2¢}. On the other hand, by the same relations,

Gl + 1 Hell? = 1Gell? + IISHe |12 = |Gl + | AGe + We |2 ,.

Since AGe = —SH, — We, |AGell—1 < [Helli + [ Well-1 < {ll folli + £ 11 +2¢}.
In particular, the last term of the previous identity is bounded below by | AG, ||271 -
2e{ll follt + I1fg' Il + 2¢}.

Therefore, writing A = ||H,||? + |G||? as 2A — A, we obtain that || H, ||} +
|G ||% is bounded above by

2V, Ge)x — IGellf = IAGEI2, +4e{ll folli + | £ ]|, +2¢}-

We have thus proved that for any & > 0 there exists a function G in the core % such
that

(1/2)03(V) <2(V, Ger — [Gell} — 1AGL |12, + Cie,

where Cy = T7e{|| foll1 + || /5 ll1 + 2&}. This concludes the proof of the second iden-
tity of the theorem. g

The assumptions of Theorem 4.4 hold if the generator satisfies a sector condition.

Theorem 4.5 Assume that the generators L, L* satisfy a sector condition and that
V belongs to L*>(w) N 1. Then, (4.9) and (4.10) are in force.

Proof Fix a function V in L?() N 1. We only prove the claim for L. Recall
that we denote by f; the solution of the resolvent equation. By the sector condition,
supg.y <1 ILfrll-1 < oc. Hence, by Lemma 2.16 the sequence fj converges to some
fo in J4. This proves (4.9). Moreover, by Claim 2 in Lemma 2.16, there exists a
sequence {hy : k > 1}, hy € (L), such that —Lhy, h converges strongly to V, fj
in 71, 74, respectively. Hence, for every ¢ > 0, there exists &, in Z(L) such that

[Lhe + V-1 <e, lhe — folli <e.

Since % is a core for the generator L, there exists g, € % such that || g. — h¢|1 <
€. On the other hand, by the sector condition, ||Lg, — Lh¢||—1 < Collgs — he|l1 for
some finite constant Cy. This proves the theorem. g
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4.3 Variational Principles in the Graded Sector Context

Recall the formalism and the notation introduced in Sect. 2.7.4 on the graded sector
condition. Assume that hypotheses (2.39), (2.40), (2.45), (2.50) are in force and that
7y is the subspace of L2(n) of constant functions.

Fix a function V of finite degree in .# 1. We claim that V has finite triple norm:

IV llle,~1 < o0 (4.12)

for all k > 1. Indeed, fix kK > 1, assume that V belongs to ¢,, n > 0, recall the
definition of the triple norm given just after (2.47) and note that

IV lk,—1 < CollVIo,-1

for some finite constant Cp which depends only on n and k. Since V has finite de-
gree, in the variational formula (2.43) which defines the || - |[p,—1 norm of V, we may
restrict the supremum to functions g in 4 N %,. For such functions, by the estimates
(2.45), (2.50), ligllh < Coligllo.1 for some finite constant Co which depends on n,
B and y. After replacing [|gllo,1 by Cy ! llg]l1 in the variational formula, we obtain
that ||V ]lo.—1 < Co||V|l=1 which is finite because we assumed V to belong to J# ;.
This proves claim (4.12).

It follows from (4.12), Theorem 2.23, estimate (2.44) and Lemma 2.16 that con-
ditions (4.9) are fulfilled. In this section, we prove that condition (4.10) also holds.
Therefore, by Theorem 4.4 we have a variational formula for the variance o2(V) in
the graded sector context.

Recall from Corollary 2.24 that Lf belongs to 52 for every function f in the
domain Z(L) such that ), _, n2BVy) ||17,,f||a1 < 0. The sum starts from n = 1

because we assumed 2 to be the space of constant functions so that || [Ty f ||% 1 =
CollTo 117 =0.

Lemma 4.6 For every function f in the domain 9 (L) such that

2 2
> n® |, f1IG,, < oo,

n>1

where o = max{B, y}, and for every ¢ > 0, there exists a function g, with finite
degree in the core € such that

ILf — Lgell-1 <e, ILf —gellt <e.

A similar statement holds if we replace L by L* everywhere.

Proof By the proof of Lemma 2.22, there exists a sequence {gi : kK > 1} of functions
of finite degree in the core € which converges to f in L*(xr) and in %, and such
that

kll“;oznz“ |1 {gx — f}||(2),1 =0.

n>1
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By (2.43),

ILf —Lgeld _y =Y | TulLf — Len)]; -

n>1

By the proof of Theorem 2.23 this expression is less than or equal to

Co Y|t — e,

n>1

for some finite constant Cy. This bound, together with (2.44) and the estimate of the
previous paragraph shows that ||Lf — Lgk||—1 vanishes as k 1 co.

Hence, we have obtained a sequence {gi : k > 1} of functions of finite degree in
the core € which converges to f in L>(r) and in .74, and such that Lg; converges
to Lf in #_;. The same arguments apply to L*. This proves the lemma. g

Theorem 4.7 Suppose that V is a function of finite degree which belongs to 7.
Then, (4.10) holds.

Proof Fix afunction V in 7| with finite degree. We only prove the claims regard-
ing L. By Claim 2 in Lemma 2.16, there exists a sequence {hy : k > 1}, hy € Z(L),
obtained as convex combinations of the solutions of the resolvent equation, such
that —Lhy, hy converges strongly to V, fo in S|, J4, respectively. Hence, for
every ¢ > 0, there exists /i, in Z(L) such that

[Lhe + V-1 <e, lhe — folli <e.

Since V has finite degree, if f;,0 < A < 1, stands for the solution of the resolvent
equation (2.13), by Lemma 2.21,

sup Y n** |, fillf, < C1

O<A§lnZl

for some finite constant C; which depends on V and «. Since the sequence {hy : k >
1} is obtained as a convex combination of the solutions of the resolvent equation,
the same estimate holds for {/, : 0 <& < 1}:

sup Y n**|[Mahellg, < Ci.

O<s§1nZl

To conclude the proof of the theorem it remains to apply Lemma 4.6. g

4.4 Estimates of the Variance

In this section we give some estimates of the variance of an additive functional of
the Markov process {X; : t > 0}. These bounds shall be useful in proving the su-
perdiffusive behavior of a tracer particle in turbulent diffusion models of Sect. 12.6.
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The first result is similar to Lemma 2.4.

Lemma 4.8 Fix a function V in L*>(7r) and let f; be the solution of the resolvent
equation (2.13). For every t > 0,

t 2
En[(f V(Xx)ds) i| < 12t{ f1/1, V)x.
0

Proof Fix A > 0 and recall the definition of the Dynkin martingale M introduced
just before (2.25). By this latter formula,

t t
fo V(Xy)ds = M} + fi(Xo) — f.(X() + & fo fo(Xs)ds.

By (2.16), the expectation of the quadratic variation of the martingale Mt)‘ is equal
to 2| f2.113. Therefore,

' 2
En[(/o V(Xs)ds> :| <42 £l +20£15 + 0D £15)-

By (2.14), k||fA||72, + ||f,\||% isequal to ( f, V). Choosing A = 1/ we can therefore
estimate the right-hand side of the previous equation by 12¢( f,, V), and the lemma
follows. O

Proposition 4.9 Fix a function V in L*() and denote by f; the solution of the
resolvent equation (2.13). Suppose that there exist finite constants k < 1, Co > 0
such that { f,, V)z = CorA™ for all X in (0, 1]. Then, for any «’ € (0, k) there exists

C1 > 0 such that
t K 2 ,
/ ]Eﬂ|:</ V(x,)dr) }dszclt”"
0 0

for all t sufficiently large.

t s 2
¢<r>=/ En[(/ V(Xr)dr> ]ds.
0 0

Of course, ¢(¢) is a non-decreasing positive function. Moreover, by Schwarz in-
equality, (¢) < (1/ 33|V ||72,. On the other hand, a long but straightforward com-
putation gives that

Proof Let

* At 2 * At 2
/Oe go(r)dtzﬁfo MRV V)ndt = 5 (fu V),
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where f; is the solution of the resolvent equation (2.13). Hence, by assumption,

o0
/ e Mo(t)dt > Cor ™37
0

for all 0 < A < 1 and some finite constant Cy.

The function ¢(¢) satisfies therefore all assumptions of Lemma 4.10 below with
o = 1. In particular, for all ¥’ < «, there exists a constant C; such that ¢(¢) >
C112+ for all 1 sufficiently large. This concludes the proof of the proposition. [J

‘We conclude this section with a Tauberian type estimate.
Lemma 4.10 Suppose that ¢ : [0, o0) — R is a non-decreasing, positive function,

Jfor which there exist p,C,c > 0 and k € (0, p) such that for all t > 0, (1) <
Ct>*?; and for all » € (0, 1),

+oo
/ e Mo@t)dt > cA 37 .
0

Then, for any k' € (0, k) there exists ¢ > 0 such that ¢(t) > G2t Sfor all t suffi-
ciently large.

Proof Fix k¥’ < k and choose y > 0 such that (x — 2y)/(1 + y) > «’. By assump-
tion,

(o) 1 o0
a3 5/ e Mo(t)dt = X/ e Tt/ dt.
0 0

Last expression can be rewritten as

17 1 [
—/ e_[(p(t/)»)dt—}-—/ e pt/\)dt.
A Jo A Sy

Since ¢ is monotone and since ¢ () < Ct*** the previous sum can be estimated by

190()\71*7’) + /OO e~ 11210 gt < l(p()hflfy) + c1 o~ (/2R
A ATy A

A3+p A3+

for some constant ¢; > 0 because the integral [, . exp{—? /2}t2FP dr is finite. Up
to this point, we have proved that

C 1 _1= C1 _ -y
= _ 1% (1/2)x
A3+« = Aw()\ )+ A3+pe :
Since

G —apnr o€
)L3+pe = 223tk
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for sufficiently small A > 0, we obtain that (A ~!77) > Cor~27* for some finite
constant Co and all A sufficiently small. Replacing A by t~1/1+7) we deduce that

@(t) = Cot*+*0 for all ¢ sufficiently large, where kg = (x —2y)/(1 + y) > «’. This
concludes the proof of the lemma. O

4.5 Comments and References

A discussion on the references is presented at the end of Chap. 10.
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Chapter 5
The Simple Exclusion Process

Among the simplest and most widely studied interacting particle systems is the sim-
ple exclusion process. It represents the evolution of random walks on the lattice Z¢
with a hard-core interaction which prevents more than one particle per site. To de-
scribe the dynamics, fix a finite range probability measure p(-) on Z¢ which does
not charge the origin and distribute particles on the lattice in such a way that each
site is occupied by at most one particle. Particles evolve on Z¢ as continuous-time
random walks with translation-invariant transition probability p(x, y) = p(y — x).
Each time a particle tries to jump over a site already occupied, the jump is sup-
pressed to respect the exclusion rule.

This informal description corresponds to a Feller process defined as follows.
Consider the space X = {0, I}Zd endowed with the product topology which turns
X into a metrizable, compact space. Denote the states of X by the Greek letters ), &,
so that 7(x) is equal to 1 (resp. 0) if the site x € Z¢ is occupied (resp. vacant) for the
configuration 7. Let C(X) be the collection of continuous functions on X, regarded
as a Banach space with norm

3

I £1 = sup| f(n)
neX

and let & be the subset of cylinder functions, i.e., the continuous functions which
depend on the configuration 7 only through a finite number of variables 7 (x).
Let L be the operator defined on ¥ by

LHM =Y n@[1=nG+]p@[f (™) - fm)], (5.1)

x,z€Z4

where oY1 is the configuration obtained from 7 by interchanging the occupation
variables n(x), n(y):

n(z) ifz#x,y,

(e™'n) (@)= n(y) ifz=x, (5.2)
nx) ifz=y.
T. Komorowski et al., Fluctuations in Markov Processes, 155
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It is not difficult to check that the operator L defined on %’ is a Markov pre-generator,
(Liggett, 1985, Definition 1.2.1). By Liggett (1985, Theorem 1.3.9) the closure of
L, still denoted by L, is a Markov generator and % is a core for L. Denote by
{S(#) : t = 0} the strictly Markovian, Feller semigroup on C(X) associated to the
generator L through the Hille—Yosida theorem.

Let D([0, 00), X) be the space of r.c.l.l. trajectories 1 : [0, c0) — X and let {1, :
t > 0} be the canonical projections defined by I1,(n) = n,. We shall represent by
#° the smallest o -algebra on D([0, co0), X) which turns the projections IT;, s > 0,
measurable; and by .#/ the smallest o -algebra relative to which all the mappings
IT;, 0 < s <t, are measurable.

Denote by {P, : n € X} the normal Markov process associated to the semigroup
{S(t) : t = 0}. Recall from Chap. 2 that {P, : n € X} is a family of probability mea-
sures defined on (D ([0, 00), X), .#?) characterized by the properties

(1) Pylno=nl=1"forall n € X;
(2) Forevery A € #°, the mapping n — IP,,[A] is measurable;
3) Foralln eX, f e C(X),s,t >0,

Eo[f i) Z] = (SO f) (). Py as.,

where [, represents the expectation with respect to IP,.

Fix a cylinder function V. The purpose of this chapter is to obtain sufficient
conditions which guarantee a central limit theorem for

1 t
ﬁ/(.) V(ns)ds. (5.3)

The chapter is organized as follows. In Sect. 5.1 we present the main properties
of exclusion processes and show that all assumptions formulated at the beginning
of Chap. 2 are fulfilled for the exclusion process. In Sect. 5.2 we prove a central
limit theorem for additive functionals of the exclusion process in the case where
the probability measure p is symmetric. In Sect. 5.3, we show that the generator of
the exclusion process associated to a probability measure p which has mean zero
satisfies a sector condition. We deduce from this result a central limit theorem for
(5.3) following the approach presented in Sect. 2.7.3. In Sects. 5.4, 5.5 and 5.6,
we examine the case where the probability measure p has a non-vanishing mean.
We show that in this case the L? spaces associated to the stationary states of the
exclusion process can be decomposed as a direct sum of orthogonal spaces and that
the generator of the process satisfies in dimension d > 3 the graded sector conditions
stated in Sect. 2.7.4. This estimate provides a central limit theorem for (5.3) for local
functions V in J#_1. In the last section we state some results on transient Markov
processes needed in this and in the following chapters.
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5.1 Exclusion Processes

In this section, we show that all assumptions formulated at the beginning of Chap. 2
are fulfilled for the exclusion process. Throughout the second part of this book, we
assume that the probability measure p(-) satisfies the following assumptions.

(1) To avoid degeneracies, we assume that the probability measure p(-) is irre-
ducible in the sense that the set {x : p(x) + p(—x) > 0} generates 74: for any
pair of sites x, y in Zd, there exists M > 1 and a sequence x = xg, ..., Xy =Y
such that p(x;i, xi+1) + p(xi+1,x;) > 0 for 0 <i <M — 1, where p(x,y) =
p(y —x).

(2) We also suppose that the probability measure p has finite range: there exists R
in N such that p(z) = 0 for all sites z such that |z| > R.

(3) We assume that p does not charge the origin: p(0) = 0.

Sometimes, we renormalize the transition probability in a slightly different way
and we assume ), p(x) =d instead of 1.

We start this section by describing the stationary ergodic states of the simple
exclusion process. The conservation of the total number of particles by the dynamics
is reflected in the existence of a one-parameter family of invariant measures. For
0 <o <1, denote by v, the Bernoulli product measure of parameter «. This means
that under v, the variables {5(x), x € Z} are independent with marginals given by

va{n(x)z 1} =a=1 —va{n(x)=0}.

Proposition 5.1 The Bernoulli measures {vy,0 < a < 1} are invariant for simple
exclusion processes.

Proof By a simple change of variables, for any cylinder functions f, g and any
bond {x, y},

ff(ax’yn)g(n)n(X)[l =) |valdn)
=ff(n)g(0x’yn)n(y)[1 —n(x)]ve(dn). (54)

This identity, the fact that 1 =) 74 p(2) = ) __cz¢ p(—2) and a change in the
order of summation prove that

/Lfdva=0

for all cylinder functions f. This proves the proposition in view of Liggett (1985,
Proposition 1.2.13). g
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Notice that the family of invariant measures v, is parametrized by the density,
for

Ey[n0)]=ve{n0) =1} =0,

where E,, stands for the expectation with respect to vg.

For a probability measure p in X, denote by P, the measure on
(D([0, 00), X), .Z#?) given by f]P’,7 w(dn). Expectation with respect to P, is de-
noted by E,. For 0 <« <1, denote by (D([0, 0), X), #,P,,,{% :t > 0}) the
usual augmentation of the filtered space (D([0, o0), X), #°, P, {#:t > 0}). By
Theorem 8.11 and Proposition 8.12 of Chap. 1 of Blumenthal and Getoor (1968),
{n; : t = 0} is a strong Markov process with respect to the augmented filtration.

By Schwarz inequality, for any cylinder function f,

[SO)fm] < S@) ).

In particular, since v, is a stationary measure for any « € [0, 1],
2
[Tsr s vatam = [ sonvatan.

Therefore, the semigroup S(¢) extends to a Markov semigroup on L (v, ). Approxi-
mating a function in L?(v,) by cylinder functions, one can show that the semigroup
{S() : t = 0} is strongly continuous in L%(vy). Its generator L, is the closure of
L in L?(vy). Since the density o remains fixed, to keep notation simple, we denote
L,, by L and by Z(L) the domain of L in L2(vy).

Denote by L+ the infinitesimal generator in L?(vy) whose action on cylinder
functions is defined by (5.1) with the probability measure p*(x) = p(—x) in place
of p. Denote by L* the adjoint of L in L?(vg). The first argument of the next result
is taken from Aubin (1979).

Lemma 5.2 The adjoint operator L* is a generator and L* = L p+. In particular,
€ is a common core for L and L*.

Proof We first show that L* is closed. We claim that the space 2L = {(f, L*f) :
f € Z(L*)} is the orthogonal of the space B = {(Lg, —g) : g € Z(L)}: A =BL.
A simple computation shows that (f, L*f), f € Z(L*), is orthogonal to 9. On
the other hand, if a pair (f, h) € L2%(vy) x L?%(vy) is orthogonal to B, (f, Lg),, =
(h, g), forall g € Z(L), where (-, -),, stands for the inner product in L?(vy). This
identity asserts that f belongs to Z(L*) and that h = L* f, which proves the claim.

It is now easy to deduce that L* is closed. Consider a sequence {f, : n > 1} of
functions in Z(L*) such that f,, L* f, converge in L?(vy) to f, h, respectively. By
the claim, (f,, L* f,) belongs to 2 = B+, Since B is closed, (f, h) € B+ =2,
sothat f € P(L*) and L*f =h.

By (5.4), for every cylinder function f, g,

(Lf. 8)ve = (fs Lp*&)vg- (5.5)



5.1 Exclusion Processes 159

Since % is a core for L, this identity can be extended to f € Z(L). Hence, € C
P(L*) and L*g = L »g for g € €. This proves that the domain Z(L*) is dense in
L%(vy) and that 1 belongs to 2(L*) and L*1 = L,1=0.

Denote by {G) : A > 0}, the resolvent associated to the generator L: G, = (A —
L)~! and keep in mind that G, is a bounded operator, |AG, || < 1. Let G}, A >
0, be the adjoint of G,. It is easy to show that Z(G}) = L% (vy), 1G5 =G,
G*(L*(vy)) C 2(L*) and G* = (A — L*)~!. In particular, the range of A — L* is
L%(va) and L* is dissipative, (Yosida, 1995), as for every f € Z(L*),

(£:(=L*) 1), = m{F. (1= L) ), = lim(G}(x = L") £. (= L) 1),
= lim (3 — L) £.Ga (2 — L) ),

= lim{(t = L)G3(h — L) £ Ga (A = L*) /), = 0

because L is dissipative. This proves that L* is a generator.

It remains to show that L* = L +. Denote by {G = 5 : A > 0} the resolvent asso-
ciated to the generator L p+. It is enough to show that G+ 3 = G} since the latter
operator is the resolvent of the generator L*.

We claim that for every f € Z(Lp+), G5(A — Lp+) f = f. Indeed, assume first
that f belongs to €. In this case, by definition of G*, for every function g € L?(vy),

(G0~ Ly) f.8),, =10~ L) . Gal,

Since G, g belongs to Z(L) and since ¥ is a core for L, approximating G, g by a
sequence {h, :n > 1} in € such that h, — G, g, Lh, — LG, g, by (5.5) we obtain
that the previous expression is equal to

(f.0.—L)Gg), = (f &)

which proves the claim for functions f in the core €. Since ¥ is also a core for
the generator L+, and since G7 is a bounded operator, an approximation argument
permits to extend the identity G;(A — L,+) f = f to functions f in the domain
P (L p~). This proves the claim.

Fix a function & € L2(vy). Let hy, € P(L p+) be the solution of (A — L =)y = h,
which exists because L ,+ is a generator. By the previous identity and by definition
of G P*. A

G;th = Gi()\ - Lp*)h)\ = h)» = G[)*,)L()" — Lp*)h)L = Gp*,)hh7
which proves that G+, = G}. O

The simple exclusion process is said to be symmetric if the probability measure
p is symmetric, p(z) = p(—z), mean zero if p has zero average, ) . zp(z) =0, and
asymmetric otherwise. In the symmetric case where p(—x) = p(x), it follows from
(5.5) that L is a symmetric operator in L (v,), or equivalently, that v, is a reversible
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measure for the symmetric simple exclusion. The previous result shows that in fact
L is self-adjoint.

Denote by s(-) (resp. a(-)) the symmetric (resp. asymmetric) part of the proba-
bility measure p:

s =1/2){px) +p(=0)},  al)=1/2){px) = p(=x)}. (5.6)

We can decompose the operator L into a symmetric and anti-symmetric part as
L = S + A where, for a cylinder function f,

SHM = > n@(1=n&+2)s@[f (e n) = fm)].

x,z€74

Anm= > @1 -n&+2)a@[f(c* ) - f)].

x,z€74

By (5.4) and an elementary computation, for every cylinder function f, g,

(Sf, &) vy = (S5 S&)vy» (AS, vy = — (/s AQ) vy »

which explains the terminology. Moreover, by the explicit expression for the adjoint
L* obtained in Lemma 5.2, S = (1/2)(L + L*) and A = (1/2)(L — L*).
Performing a change of variables x’ = x + z, z/ = —z, we obtain

SHM =Y nx+2)(1—n@)s@[f (e n) — f)]

x,z€74

because s(-) is symmetric. Adding the two previous formulas for Sf and since
0¥y = 5 unless n(x)(1 — n(x +z)) + n(x + z2)(1 — n(x)) = 1, we deduce the
simpler form

SHM=(1/2) Y s@[f(e**n) — fon)]

x,zeZ4

for the operator S. In fact, S is the generator of the simple exclusion process with
probability measure s(-). Since s(-) is symmetric, by Lemma 5.2, S is a self-adjoint
operator on Lz(va).

For a cylinder function f, denote by D( f) the Dirichlet form of f:

D(f)=(f. (L), =(f.(=SP),
=1/4 ) 5@ f [£ (0™ n) = £ P va(di). (5.7)

x,zeZ4

This formula holds also for functions f in the domain Z(L) of the generator, and
the series defined on the right-hand side converge absolutely. This can be proved by
an approximation argument which can be found in Liggett (1985, Lemma 1V.4.3).
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Theorem 5.3 For any a € [0, 1], vy is ergodic for L.

Proof Let f € L?(vy) such that S(¢) f = f for any ¢ > 0. Then f € Z(L) and
Lf = 0. Multiplying this last equation by f and integrating, by (5.7) for functions
in the domain Z(L) we obtain

>s@ [T n) = Fo] vatam =o.
X,Z

By assumption the support of s(-) generates Z¢. We deduce that for any x, y € Z4

fle™n)=f)  veae.

By De Finetti’s theorem we conclude that f is constant vy-a.e. g

5.2 Central Limit Theorems for Additive Functionals

Fix 0 < o < 1 and a mean zero cylinder function V. In this section, we prove a
central limit theorem for the additive functional #~1/2 f(; V (ns)ds in the context of
mean zero asymmetric simple exclusion process.

Denote by 71, .77 the Hilbert spaces introduced in Sect. 2.2 with the measure
7 replaced by v,. Note that the dependence of 7, 77| on the parameter « is
omitted, as « is kept fixed.

Theorem 5.4 Assume that the jump rate p has mean zero: ) g4 xp(x) = 0. Fix
0 < a < 1 and consider a mean zero cylinder function V in 5¢_1. Then, under P,,

1 t
ﬁfo Vns)ds

converges in distribution, as t 1 00, to a mean zero Gaussian variable with variance
o2(V) =2limy_¢ ||fx||%, where f) is the solution of the resolvent equation (5.8).

: 2 2
In the symmetric case o<(V) =2||V||Z,.

Actually, the result is stronger. It follows from Theorem 2.7 that the law of
1172 fot V (ns) ds conditioned on %, converges in Ll(]P’Ua) to a Gaussian variable.
This remark holds for all central limit theorems proved in this second part of the
book and will not be stated again.

Consider the resolvent equation

AMr—Lfi=V, A>0. (5.8)

We have shown in Theorem 2.14 that a central limit theorem follows from a uniform
bound on the 7#_; norm of the solution of the resolvent equation:

sup [ILfill-1 < oo. (3.9)
0<i<l1
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Assume that the jump rate is symmetric: p(—x) = p(x). In this case the generator
L is self-adjoint in L?(vg). In particular, by Sect. 2.7.1, (5.9) and Theorem 5.4 are
in force.

5.3 The Mean Zero Asymmetric Case

Assume now that the jump rate has mean zero: ) s xp(x) = 0. In this case the
generator L satisfies a sector condition:

Proposition 5.5 Assume that the probability measure p has mean zero:
Y vezd Xp(x) = 0. There exists a finite constant B, depending only on p(-), such
that

(~Lf. g)v.| < B(—Lf, )12 (~Lg, g)}/

for all cylinder functions f, g.

Theorem 5.4 follows from this proposition, Theorem 2.14 and Sect. 2.7.3. More-
over, by Proposition 2.7, o2(V) =2limy_¢ || fx ||%.

We now turn to the proof of Proposition 5.5, which relies on a decomposition of
the generator in cycle generators, similar to the one presented in Sect. 3.3 for bis-
tochastic centered random walks. The proof is divided into three steps. We first show
in Lemma 5.6 that all mean zero finite-range probability measures on Z¢ which do
not charge the origin are convex combinations of cyclic probability measures. Then,
in Lemma 5.7, we prove that a sector condition holds for a finite convex combination
of generators if it holds individually. Finally, in Lemma 5.9 we conclude the proof
of Proposition 5.5 showing that a sector condition holds for an exclusion process
associated to a cyclic probability measure.

Recall from Sect. 3.3 the definition of a cycle C, of the mean zero probability
measure pc on Z¢ associated to a cycle C and of the probability measure pce.w()
associated to a finite collection of cycles C = {C1y, ..., Cy} and to a probability
measure w = {w1, ..., wylon{l,...,m},m>1.

Lemma 5.6 Fix a finite-range, mean zero probability measure p on 72 which does
not charge the origin. There exists m > 1, finite cycles C = {Cy,...,Cy} and a
probability measure w = {wy, ..., Wy} such that p = pc w(-).

Proof The proof is divided into three steps.

Claim 1 Fix a finite-range mean zero probability measure p(-) on Z¢ which does
not charge the origin. Then, there exists a mean zero probability g (-) taking only
rational values and with the same support as p(-).

To prove this claim, denote by S = {x1,...,x,} the support of p(-) and by
V1, ..., Vg the n-dimensional vectors v; = ({(x1,¢j), ..., (xu, ¢;)). Here {e1, ..., eq}
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stands for the canonical basis of R? and (-, -) for the usual inner product in R, Since
p(-) has mean zero, p = (p(x1), ..., p(x,)) is orthogonal to vy, ..., vg.

Denote by V the vector space of the real numbers over the rationals. The real
numbers p(xy), ..., p(x,) can be decomposed in terms of Q-linearly independent
reals: There exists 1 < £ < n, Q-linearly independent real numbers ry, ..., r; and
rational numbers {qx(x1), ..., gr(xn)}, 1 <k < £, such that

Ja
px) =" riqi(x)

k=1

for each x in the support of p(-). Since p(-) has mean zero, by definition of g (x),

0= pr(x)—z Zrkﬁlk(x) Zrkzx%(x)

xeS xeS k=1 k=1 xe§

Since ry are Q-linearly independent and since x are integer-valued vectors, for 1 <

k<t
Y xqr(x) =0

xeS

One might think that the claim is proved because the coefficients gi(-), 1 <k <,
assume only rational values. However, nothing stops g (-) being negative, prevent-
ing us turning into a probability measure. We just know from the previous identity
that the vectors gy = (qk(x1), ..., qk(xn)), 1 <k < £, are orthogonal to vy, ..., vg,
as well as any linear combination of them. Since p(-) is a probability measure and
since p = Y| <, rkqk. there is one linear combination of these vectors which is
strictly positive in the sense that all its coordinates are strictly positive. Approximat-
ingriy,...,rebyrationals my, ..., mg we obtain a vector § = ) | 4 -, miqi withra-
tional, strictly positive entries and orthogonal to vy, ..., vg because each vector Gk
is orthogonal. Thus a multiple ¢’ of g is a probability measure taking only rational
values and such that
> x4 (x)=0

xes

because ¢’ is orthogonal to vy, ..., vg. This proves the claim.

Claim 2 Every finite-range mean zero probability measure p(-) which does not
charge the origin can be decomposed as (1 — w) p(-) + wq(-) for some 0 < w < 1,
where p(-) is a mean zero probability measure whose support is strictly contained in
the support of p(-) and g (-) is a mean zero probability measure taking only rational
values and whose support is equal to the support of p(-).

Fix such a probability measure p(-) and recall that we denote its support by S.
By Claim 1, there exists a mean zero probability measure g(-) taking only rational
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values and with the same support as p(-). Let

Since both p and g are probability measures, 0 < w < 1. If w =1, p = ¢ and the
claim is proved. If 0 < w < 1, let p be defined by

. 1
P = 7= {p() —wq )},
—w
By definition of w, p is a probability measure whose support is strictly contained
in the support of p(-). It has mean zero because both p and ¢ have. This proves the
claim.

Claim 3 Every finite-range mean zero probability measure p(-) which does not
charge the origin and which assumes only rational values is a cyclic measure. This
has been shown right after the definition of cyclic probability measures in Sect. 3.3.

We may now conclude the proof of the lemma. By Claims 2 and 3, every finite-
range mean zero probability measure p(-) which does not charge the origin can be
written as (1 — w)p(-) + wq(-), where g (-) is a cyclic probability measure and p
has a support strictly contained in the support of p(-). Repeating the same argument
for p, after a finite number of steps, we decompose p(-) as a convex combinations
of cyclic probability measures and a probability p’(-) concentrated on at most one
site. Since any mean zero probability concentrated on one site is the Dirac measure
on the origin and since we are assuming that p(-) puts no weight on the origin, p’(-)
vanishes, which concludes the proof the lemma. O

For a cycle C, denote by L¢ the cycle generator associated to the probability
measure pc:

(LeHm= D n@[1=n&x+2)]pc@[f(e™* ) — f(].  (5.10)

x,z€724

Lemma 5.6 states that the generator L of an exclusion process associated to a mean
zero probability measure p can be written as L = ), j<m wjLc; for a positive
integer m, a probability {wy, ..., w,} and cycles {Cy, ..., Cy}.

Let L be a generator which can be decomposed as a convex combination of two
generators, L =0L{ + (1 — 6)L, for some 0 < 6 < 1. Denote by (-, -) the scalar
product in L2(v), where v is a stationary state. The next result states that L satisfies
a sector condition if both L, L, do.

Lemma 5.7 Assume that there exist finite constants By, By such that

(—L;f.&)| < Bj(~L;f, /H"V*(~L;g, g)"/?
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for j =1, 2 and all functions f, g in a common core 6 for L, L, Ly. Then,

[(~Lf.&)| = B(~Lf. /) *(~Lg. &)
for B = By + B, and all functions f, g in €.

Proof Fix two functions f, g in €. By the triangle inequality and by assumption,

[(—Lf.g)| <O0|(—Lif.8)|+ (1 —0)|(—Laf. g)]
<OBi(—Lif, f)'*(~Lig, g)'/?
+(1=60)Ba—Laf, /Y (~Lag, g)"/>.

Since L1, L, are generators, (—L; f, f) are positive so that (—L1 f, f), (—=L2 f, f)
are bounded above by 01 (—Lf, f), (1 —0)~'(—Lf, f), respectively. The previous
expression is thus less than or equal to

{B) + BY(—Lf, f)'/*(—Lg, )"/,

which concludes the proof of the lemma. O

In view of the previous two lemmas, Proposition 5.5 follows from a sector con-
dition for generators associated to cycles. This estimate is based on the following
general statement.

Lemma 5.8 Fix a probability space (2, %, i) and consider a family Ty, ..., T,, of
measure-preserving bijections. Assume that Ty o - - - o T;, = I, where I is the identity
and consider the generator L defined on L*>() by

n

1
(L) == [f(Tm) = fn].

Jj=1
For all functions f, g in L*(1),
(LS. &)u| <2n(=Lf. f),/*(~Lg. 8),/*.

Proof We first compute the Dirichlet form D(f) = (—Lf, f), associated to the
generator L. Since the operators 71, ..., T, are measure-preserving, an elementary
computation shows that L*, the adjoint of L with respect to u, is given by

n

(Lf)m = %Z[f(T;ln) —fm].

j=1

In particular, an elementary computation shows that

1 n
(~Lf Pu=5- / {F@m = @)} in). (5.11)
j=1
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We may turn now to the proof. Fix two functions f, g in L?(u). Since the oper-
ators are measure-preserving, after a change of variables n =T 0--- 0 T;,§, we
obtain that

(Lf’ g)M

n

1
= Zf{f(Tj o 0Ty = f(Tjs1 00 Tum}g(Tjs1 00 Tyn) uldn).

j=1

Since T O~--0Tn =I,Z;l‘:[f(Tjo"'Oan))_f(TfH O~--0an))=f(T1 O---0
T,1n) — f(n) = 0. The previous expression is therefore equal to

1
;Z/{f(TjO"'OTnn)_f(Tj+l0"'0Tn7])}
j=1

x {g(Tjz1 00 Tym) — g} w(dn).

Applying Schwarz inequality, we obtain that this expression is less than or equal to

1 n
mZ/{f(Tj o0 Tun) — f(Tjs1 00 Tym))* u(dn)
j=1

A n n
+§Z > /{8(Tk°"'°Tnn)—g(Tk+1o-"oTnn)}zu(dn)

j=lk=j+1

for every A > 0. In the last step we replaced the difference g(7j110---0T,n) —g(n)
by Zj+l§k§n g(Tgo---0Tyn)—g(Tg410---0T,n) and applied Schwarz inequality.
By a change of variables, we obtain that the previous sum is equal to

I § 2 An < 5
2An Zf{f(Tﬂ?) - f(’?)} wu(dn) + 5 Z/{g(Tkn) — g(n)} w(dn).
j=1 k=1
In view of (5.11), this expression is bounded above by

1
S (LL Pt An*(=Lg, @)y
To conclude the proof of the lemma, it remains to minimize over A. 0

Fix acycle C ={0, x1, ..., x, = 0} of length n and recall from (5.10) the expres-
sion of the generator L¢ associated to the cycle C. It can be written as

Le= Z L%Jrz’

ze74
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where L% . 1s the generator of an exclusion process in which all particles not in the
set C + z are frozen while the ones in C + z may jump from z +x; to z+x;41. The
formal generator of this process is given by

n—1

(LY. f)) = Zn(z +x)[1 =0 +xjD][f (o7 4y) — f(p)].

j=0

An elementary computation shows that the Dirichlet form associated to the gen-
erator L% 4 is given by

n—1

1
(~Lesof f),, = 3 2 Enl{F (@ i) — f)) ],

j=0

Notice that the indicator function n(z + x;)[1 — n(z + x+1)] gave place to a factor
1/4. Summing over z we obtain the full Dirichlet form:

—Lef flu= Y (L& f f), =— Z ZDMJ cha (), (5.12)

zeZ4 zeZ" Jj=0

where Dy (f) stands for the piece of the Dirichlet form associated to jumps over
the bond {x, y}:

Dy () =Ey[{f(*n) = r )] (5.13)
Lemma 5.9 For every cylinder function f, g,
(L f.8)v,| <4n*(=Lc f, f)1/2(—Leg gl

Proof Fix two cylinder functions f, g. We have just seen that (L¢ f, g),, can be
written as ) _zq (L%Jrz /> 8)v,- By Lemma 5.10 below, this expression is less than
or equal to

4n? Y=Ly f ) Lese80 8
z€Z4

By Schwarz inequality, this expression is bounded above by

| Tltdat fl, Tthasdh, |

z€Z4 z€Z4

=4n*(—Lc f, f)1/*(—Lcg. gh/*.

This concludes the proof of the lemma. g
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Lemma 5.10 For every cylinder function f, g,

(L2 1. g), | <4n*(—L2f £))2(~L2g. g))/>.

Proof Recall that C = {0, x1,...,x, =0}. For 0 < j <n — 1, denote by T; the
operator o*i-*i+1, Fix a configuration & in {0, 1}¢ with a particle at the origin and
observe that 7,,_ o - - - o To& is a configuration with a particle at the origin and where
each other particle moved one step backward (two steps if the particle is originally
at x1). More precisely, if {0, xj,,...,x,}, j1 <--- < ju, stands for the occupied
sites of the configuration &, the occupied sites of 7,1 o - - - o Tp& are

{0, xj,-1, ..., xj,—1} %ijlgﬁxl,
{0, xj,—1, ..., Xj—1, Xp—1}  if xj = x1.

In particular, for configurations £ with a particle at the origin, 7" 16 = £ if T =
T,-10---0Tp.
By definition of the operators T, we may write the scalar product (L% S8y, as

ln—l
L3 [ neeplt = 0]l Tm = o) ema )
j=0

The presence of the indicators n(x;)[1 — n(x;4+1)] in the previous formula prevents
us applying Lemma 5.8 directly. The proof, however, goes through.

Notice that we may take out the indicator [1 — 1(x;+1)] in the previous formula
since the difference f(Tjn) — f(n) vanishes if n(x;11) =1. For 0 <k <n — 2,
perform the change of variable n =T;_jo0---0Tpo T*& to rewrite the previous sum
as

n—2n—1

—1 0--0TyoTKE) — o0 ThoTk
n(n—1)k§)§)/§(0){f(n Too T°§) = f(Tj-1 Too T"¢)}

x g(Tj_10--0Tyo TrE)ve(dE).

Observe that the indicator n(x;) is transformed in £(0) by the change of variables.
Since the configuration £ has a particle at the origin, Zz;(z) ;f;(l){ f(Tjo---0Tho
T*E) — f(Tj—10---0Tyo TkE)) = f(T"7'&) — f(£) vanishes. In particular, we
may add g (&) in the previous formula and rewrite it as

n—2n—1

1
WZZ/E(O)U(TJ°"'°T0°Tk5)—f(TH0---0TooTk€)}

k=0 j=0

x {g(Tj—1 00 Tyo T*E) — g(&)}va(dE).
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It remains to repeat the arguments presented at the end of the proof of Lemma 5.8
to estimate the previous expression by

n—1
1
2An Z/{f(Tjn) - f(’l)}2va(d77)
j=0

An(n —1)% §
+%2/ $(Tm) — g0) Y va(dn)

for every A > 0. To conclude the proof of the lemma it remains to optimize over A
and to recall the expression (5.12) of the Dirichlet form (—L 9. f) Ve - 0

We conclude this section with an alternative proof of the sector condition for
generators associated to cyclic measures. It gives a factor 3/2 instead of 2.

Lemma 5.11 Fix a cycle C of length n. There exists a finite universal constant C
such that

[(=Lc £ 8| = Con’P(=Lc f, )12 (~Leg. )/
for every cylinder function f, g.

Proof Denote the cycle C by (yo, ..., Yn—1, ¥n = Yo). Fix two cylinder functions

and recall the definition of the generators L%, as well as the computations
> 8 g C+z p

presented just before the statement of the lemma. By definition of L2 Ctzo

(L fs@hve= Y _(LEy fr8), -

zeZ4

Fix a site z. Denote by .%, the o-algebra generated by all occupation variables
outside C + z and the total number of particles in C + z:

Z, :a( Z (). {n(y).y¢ C+Z}>~
yeC+z

Denote by g the conditional expectation of g given .%;:

g =E,, [gl-7].

Since g, depends on the variables {n(y;),1 < j < n} only through their sum,

(LCJFZ)*gZ =0and

(Ley. 1 8),, =(Lei f g — &), = Ev [Ev [(Ley. f)le — g3 7]

Observe that the expectation E,_[-]|.%;] corresponds to an expectation with respect
to the canonical measure on C + z since all particles outside C 4 z are frozen and
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since ) . 4. n(y) is fixed. Hence, g, is the expectation of g with respect to the
canonical measure on C + z. It follows from the explicit formula for the generator
L% ., that the previous conditional expectation is equal to

n—1

1 -
- D Ey[nG+yp[1 =0+ yip )] (T F) () g() — g:(0]172].
j=0

By Schwarz inequality, this expression is bounded above by

n—1
% By, [(T5005051 £) )% 7] +
j=0

1 2
7 Eva[lg) = 2] 17:]
for every A > 0. Taking expectation with respect to v, in view of (5.13), the first
term becomes

n—1

Py Z Dz+y, ZF+Yj+1 (f)

On the other hand, the second term is the variance of g with respect to the canonical
measure on C + z. Thus, by the spectral gap for the symmetric simple exclusion
process on a finite torus, there exists a finite and universal constant By which makes
the second term in the penultimate expression bounded by

o 2 Eullsle™ ) — g ]| 7,

Taking expectation with respect to v, and recollecting all previous estimates, we
obtain that

1 n—1
A - 0n2
(Ler.f 8), Z—ZDzﬂj ey (N + = Y Detyjictyn (®)-
=0 =0

Summing over z and minimizing over A we conclude that
) n—1 n—1
|<LCf7 8>va| <Bin Z ZDZ+Yj,Z+yj+l(f)] { Z Z DZ+}'j,Z+yj+1 ()
zezd j=0 zez4 j=0

for some finite universal constant Bj. This concludes the proof of the lemma in view
of the formula (5.12) for the Dirichlet form (—Lc f, f),. O
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5.4 Duality

The proof of the central limit theorem for additive functionals of asymmetric exclu-
sion processes relies on the decomposition of the space L?(v,) as a direct sum of
orthogonal spaces, along the lines introduced in Sect. 2.7.4.

For each n > 0, denote by &, the subsets of Z? with n points and let & = Un=0%n
be the class of finite subsets of Z¢. For each A in &, let ¥4 be the cylinder function

nx) —a
Yam) = | | —,
g V()

where x (o) = «(1 — ). By convention, ¥ = 1. It is easy to check that {¥4, A €
&} is an orthonormal basis of L2(vy). For each n > 1, denote by <7, the subspace
of L*(v,) generated by {W4, A € &,}, so that L?(vy) = D,~0 %

Let 9, = @o<i<, - Functions in 4, \ 4,1, 4 = ,-o% are said to have
degree n, finite degree, respectively, while functions in .27, are said to be monomials
of degree n. For n > 0, denote by IT, the orthogonal projection on .o, so that

f=) 0uf and Myfed, nz0. feL’va).

n>0

Clearly, every cylinder function has finite degree and the set € of cylinder func-
tions is closed under the projections {I7, : n > 0}. In particular, condition (2.39) is
fulfilled.

Consider a cylinder function f. Since {¥, : A € &} is a basis of L?(vg), there
exists a finitely supported function f: & — R such that

F=Y HAWa=>" > f(A)Va.

Ae& n>0 Aeé,

The function § represents the Fourier coefficients of the cylinder function f and is
denoted by § f when we want to stress its dependence on f. f : & — R is a function
of finite support because f is a cylinder function. Moreover, the Fourier coefficients
f(A) depend not only on f but also on the density «: f(A) = f(«, A).

Denote by € the space of finitely supported functions § : & — R, by u the count-
ing measure on & and by (-, -),, the inner product in L?(w). For any two cylinder

functions f =3 4 e f(A)WA, § =) sce 8(A) W4,

(Frghve= D fAGB)Ea, W)y, = Y HASA) =(F0)u  (5.14)

A,Be& Acé&

In particular, the map § : L?(vy) — L%(w) is an isomorphism.
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To examine how the generator acts on the Fourier coefficients we need to intro-
duce some notation. For a finite subset A of Z¢ and x, y in Z¢, denote by Ay, the
set defined by

(A\{xhU{y} ifxeA,y¢A,
Acy=1 A\[YDU{x} ifx¢A yeA, (5.15)
A otherwise.

Fix a cylinder function f =3 4_0(Ff)(A)¥4. We claim that

Lf =) (LaTf) (A4,

Ae&

where

L =6+ (1 - 20N+ x @3+ +Vx@3I- (5.16)

and G, M, J4, J— are the operators defined by

©@HA =1/2) Y s —0)[f(Ary) —FA)].

x,yeZd
DA =Y aly —0)[(Ar,y) —F(A)],
YA (5.17)

FeHA) =2 Y aly —0f(A\ {y}).

x,yEA
F-HA=2 " aly—nfAU{y).

X, y¢A

In other words,
SL = £,F.

In general £, is not the generator of a Markov process. However, in the particular
case where the probability measure p(-) is symmetric, the operators 0, Jy, J—
vanish and £, becomes &, which restricted to &, corresponds to the generator of the
Markov process in which n particles evolve on Z¢ according to symmetric exclusion
random walks. In fact, G is the operator on the Fourier coefficients associated to the
symmetric part of the generator since, by (5.17),

Sf=Y (6)(A)Ws, thatis FS=G6F. (5.18)

Ae&

To prove (5.16), we compute LW, for finite subsets A of Z¢. By definition of the
generator L,
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LEDm = Y @[l =10M]p(y —x)[¥a(c™n) — Wa(m)]

x,yeZd

= > n@pQ&y—0)[a(c™n) — Wa(n)]

x,yeZ‘l

because on the set n(x)n(y) = 1, oYy = n. Moreover, W4 (c*Vn) — W4 (n) van-
ishes unless x € A, y ¢ A or x ¢ A, y € A. In these two cases, ¥4(c*7n) =
Y4, , (n). These remarks together with the elementary identity

n()¥p = (1 —a)¥p + Vx(@¥p\;y ifz€B,
a¥p + /x @)Wy ifz¢ B

give that

Loy =) s(y—x)[Wa,, —al+Qa—1) Y aly —x)[¥a,, +¥al

XEA X€EA

Y¢A Y¢A

+2Vx(@) Y aly = x)Wauy) — 2vx (@) Y aly — x)Way).
X€EA X€EA
yEA yEA

from which (5.16) follows after a change of variables.
We claim that the operators 91 and J+ +J—_ are anti-symmetric with respect to the
counting measure. More precisely, for any finitely supported functions f, g : & — R,

N, 9 = = (. N@) (G450 = =(f, J-0)pu- (5.19)

Moreover, for any finitely supported functions f: 61 — R, g : & — R,

(69)(@) =0, (Mg)(2)=0, [F-H@) =0, @+ ({z}) =0 (5.20)

for all z in Z.

The proof of identities (5.19) is based on the following observation. Since a is
anti-symmetric, ) .4 a(z) = 0. In particular, for any finite set A and any site y,
2read(y —x)==3 gaa(y —x).

Fix two functions f, g in €. By the previous observation and since a(-)
is anti-symmetric, Y, c4 ygqa(y — X) = =3 4 cqa(y —x) =0, so that
Y oAce erA’WA a(y — x)f(A)g(A) = 0. Therefore, by definition of 1,

N, ghu =Y Y aly — 0)f(Axy)g(A).
Ae& x€A
Y¢A
Changing variables B = Ay, x' =y, y’ = x, since a(-) is anti-symmetric, we ob-
tain that the previous sum is equal to

=D D aly = 0f(A)g(Ax,y) = —(f, Na),..

Ae& xeA
yEA
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This proves the first identity in (5.19). The second one is analogous. On the other
hand, (5.20) follows immediately from the definition of the operators J_, J+ and
the fact that } | 7« a(y — x) =0 for all x.

The basis {W4, A € &} permitted to decompose the generator L of the simple
exclusion process into four pieces: G, 91, J4+ and J_. We may now define the op-
erators 4", #4, 7_ on L*(vy) corresponding to 9, J and J_: For a cylinder
function f, let

N HMD =Y OFHDOTm.  (FehH =Y QLI NHATA).
Aeé Aeé&

Of course, with these definitions, §./ = 91§, §_f+ = J+3§.

The descriptions of a cylinder function and of the generator in terms of their
Fourier coefficients have several applications. One of the first is the possibility to
obtain simple criteria to describe cylinder functions with finite .72 | norm.

The Spaces 54 and 54 (6) Denoteby ||-|l1 =] - [lv,.1 the norm of the Hilbert
space £ and by (-, -),,.1 its scalar product:

(fr vt = (£, (=S)e),,

for cylinder functions f, g. Since S preserves the degrees of monomials, the previ-
ous expression is equal to ano(ﬂn fo (=8)I1,g),, so that

A= 1L, f 13 =" 1. f 113
n=0 n>1

The last identity follows from the fact that .7 is the space of constants and from the
identity S1=0.

An elementary computation, based on the change of variables £ = o*-V1, shows
that

[ =S)gl, =1/ 3 5= [(72 ) (T8 dve.
x,yeZd

where, for a cylinder function f,

(T £ = f(e™n) — f(). (5.21)

The previous remarks can be formulated in terms of the Fourier coefficients. Let
41 (6) be the Hilbert space induced by the set € of finitely supported functions
endowed with the scalar product

(f, 01 =1, (_205)9)#» f,ged.

Since 91 and J4 + J— are anti-symmetric, the symmetric part of the operator £,
with respect to the counting measure w is &. In particular,

{f. 01 =(f. (=S)g),.
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An elementary computation shows that for any finitely supported functions f,
g:8— R,

F. 01 =} (=S)g), ==(1/2) Y sr—x Y §(A{s(Ary) —8(A)}

x,yezd Ae&
=1/4) Y s(r—x) Y {i(Acy) — (A HoAx,) — g(A)}. (5.22)
x,yezd Ae&

The last identity is obtained through a change of variables B = A, .
Of course the Hilbert spaces .77, 74 (&) are isomorphic since for any cylinder
functions f, g, by (5.14) and (5.18),

(f. &)t =(f. (=9)g), =(5/.—F(S9), =(Ff. (=6)Fs), = Ff. F&)u.1-

Denote also by IT,, the restriction to &, of a finitely supported function f : & — R:
IT,)(A) =f(A)1{A € &,}. With this definition, §([1, f) = I1,§ f and

IFIT =D 51T =) ITaFIR (5.23)

n>0 n>1

because & = {T}.

The following alternative formula for the 7#] norm of a function of degree n is
sometimes useful. Fix a function §: &, — R. By definition of A, y, in (5.22) we
may restrict the sum to sets A which either contain x and do not contain y or the
opposite. In particular, by symmetry,

F3=1/2 Y so-0 > {i(Ay) —fA}%

x,yeZd Aeé,
Asx,A%y

Performing the change of variables A’ = A U {y}, we get that

F3=a/2 > sor-x > {HA\E) —fa\ o) (5.24)

x,yezd Aeéq1
A>x,A>y

The Spaces 71 and 71(6) Recall from Sect. 2.2 that 777 | is the Hilbert
space induced by cylinder functions endowed with the norm || - ||2_1 defined by

LF12) = sup{2(£. 8)v, — (8- &)veut -
ge€

while 7721 (S) is the Hilbert space induced by finitely supported functions f: & —
R endowed with the norm || - ||%1 defined by

I§1% | = sup{2(f, 9 — (g, 9 pu1}-
gec
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Since for cylinder functions f, g, (f, &), = (5,58 u and (g, &1 =
(58, 58) .1, we have that ||f||2_1 = ||§f||2_1. The spaces 72| and J7_1 (&) are

therefore isomorphic. Moreover, by (2.43),

1712, = T2, (5.25)

n>0

Note that || ITof||—1 = oo if ITpf # 0.

Fix a finitely supported function f: &, — R, n > 1. Since & restricted to &,
corresponds to the generator of n symmetric random walks evolving on Z¢ with an
exclusion rule,

112 ={}. (=&)7'f), = D HAS(A, B(B),

A,Beé,

where &,,(A, B) is the Green function associated to & restricted to &,.

By (5.45), n symmetric random walks evolving on Z¢ with an exclusion rule
form a transient Markov process if nd > 3. In particular, the Green function
8, (A, B) is finite and we have the following result.

Lemma 5.12 Fix 0 <« < 1. A mean zero cylinder function f belongs to 7€\ if

Y @@, A)=0

Aeé,

for all n such that nd <?2.

Proof Fix 0 <« < 1 and a mean zero cylinder function f. We have just seen that

LA =812 =D IS fII2.

n>1

The sum starts from n = 1 because by assumption (/1S f) (@), which is the expec-
tation of f with respect to v, vanishes.

Recall that &,, is the Green function associated to the Markov generator & re-
stricted to &,,. By Landim (1998), &,,(A, B) is uniformly bounded for nd > 3. In
particular, in this range and since § f is a finitely supported function,

ITL3fI2, = > §f(A)S,(A, B)(B) < oo,

A,Beé,

where f=F§f.
Fix now n such that nd < 2, a finitely supported function j : & — R and a set Ag
in &,. By assumption,

D HABA) =Y f(A){b(A) - b(Ag)}.

Aeé, Aeé,
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Since f has finite support, by Schwarz inequality, the previous expression is bounded
above by C(f, n)|/h|l1 for some finite constant C(f, n) depending only on f and n.
This shows that ||I1, f||—1 is finite for nd < 2 and concludes the proof of the
lemma. O

Fix a cylinder function f =), o f(A)¥4 and two densities «, 8. Here the
Fourier decomposition is performed with respect to the measure v, so that ¥4 (n) =
Yy, n), f(A) = f(a, A). Denote by |A| the total number of sites of a finite subset
A of Z4. Since vy is a product measure, Ey, [W4 ()] = x () 7141728 — )4,

Eylf1= Z @ /2 Z f(ar, A).
n>0 Aeé,
In particular, E,,[ f] = f(a, &) and more generally,
dl’l
WE”ﬁ[f]',s e )n/z > Ha.A), nxl

Aeé,

The assumptions of the previous lemma can thus be restated as E,,[f] =0 in di-
mension d > 3 and

d’

—F, [f] —0 forn =0, 1, 2 in dimension 1,
IBn B
d" . .
—nEUﬁ[f] =0 forn =0, 1indimension 2.
ap 4o

We conclude this section with an example to illustrate that there might be a cen-
tral limit theorem for an additive functional of a Markov process without having a
solution of the Poisson equation in L?.

Example 5.13 Assume that the probability measure p(-) is symmetric, fix a den-
sity 0 < o < 1 and consider the mean zero cylinder function V() = n(0) — «
which can be written as +/x (o) ¥o}. Taking Fourier coefficients, the Poisson equa-
tion —Lf = V may be transformed into the elliptic equation —G&f = U, where
U(A) = /x (@)1{A = {0}}. This last transformation illustrates the utility of the du-
ality introduced in this section. While the equation —Lf = V is an equation on an
infinite-dimensional space, —&f = U is an equation on the finite-dimensional space
79 because V has degree one and G maps &7 into &7. Recall that G restricted to &7
corresponds to the generator of a symmetric random walk on Z¢ and that we denoted
by &1(-, -) the Green kernel associated to & restricted to &7. Since the symmetric
random walk is transient in dimension d > 3, —G&f =*J has a solution in d > 3
given by f(x) = /x (@)®1(0, x). Here, to keep notation simple, we denoted the set
{x} simply by x so that &1(x, y) and f(x) stand for &;({x}, {y}), f({x}), respec-
tively. It is well known that &1(0, x) decays as |x|>~? so that f belongs to L%(w)
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only in dimension d > 5. Thus, the Poisson equation has a solution in L?(v,) only
in dimension d > 5. Nevertheless, a central limit theorem holds for the time integral
of V whenever V belongs to ¢ 1. Since || V||2_l = ||SV||2_1 and in dimension d > 3
the latter expression is equal to

Z BVIX)E1(x, EV)I(y) = x(@)&1(0,0),

xezZd

a central limit theorem holds in dimension d > 3.

5.5 The Asymmetric Case, ¢« =1/2

In this section and the next we extend the central limit theorem to asymmetric ex-
clusion processes in dimension d > 3.

Theorem 5.14 Assume that d > 3 and consider a mean zero cylinder function V in
1. Then, under P,

1 t
E/o Vns)ds

converges in distribution, as t 1 00, to a mean zero Gaussian distribution with vari-
ance o2(V) = 2limy_s ||f;\||2, where f, is the solution of the resolvent equation
(5.8).

Recall from Sect. 2.7.4 the general approach to prove central limit theorems for
additive functionals of Markov processes under a graded sector condition and the
statement of Theorem 2.23. Keep also in mind the notation introduced in the previ-
ous section.

The operators So, Bg, L+ and L_ defined in Sect. 2.7.4 correspond, respectively,
to the operators S, (1 —2a).4", /x (a) _#+ and /x (o) _Z_ introduced in the pre-
vious section. We also already observed that condition (2.39) is in force.

Since 9T and J_ + J4 are anti-symmetric operators,

(f. (=&)i), = {f. (=Lo)f), 20

for all finitely supported functions § : & — R and condition (2.40) is trivially satis-

fied with Co = 1. Moreover, the norms | - [lo,1, || - [lo,—1 introduced in Sect. 2.7.4
coincide with the norms | - |1, || - ||=1 of the Hilbert spaces .74, ¢ defined in
Sect. 5.2.

By Theorem 2.14 and Theorem 2.23, Theorem 5.14 holds if the generator satis-
fies the following two assumptions.
There exists 8 < 1 and a finite constant Cg such that for all n > 1,

(5. (=30))l, < Con?[f. (~&)f) 0. (~S)a), (5.26)
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for all finitely supported function f: &,+1 — R, g: &, — R, and a similar inequality
with J_ in place of .
There exist finite constants y and C¢ such that for all n > 1,

(f. (=9g);, < Con [}, (=&} (8. (~©)g), (527)

for all finitely supported functions f, g : &, — R.

In view of (5.20), the left-hand sides of (5.26) and (5.27) vanish for n = 0. This
explains the ranges of n in both conditions.

Condition (5.26) is proved in Lemma 5.15 below in dimensions d > 3 with g =
1/2 and constitutes the main result of this section. To avoid proving the second
estimate, we assume in this section that the density o = 1/2, in which case the
asymmetric part (1 — 2«))1 vanishes.

Lemma 5.15 Assume that d > 3. There exists a finite constant Cy, depending only
on the probability p(-), such that for every n > 1,

(J+F.0);, < Con(—6F. 1) (—Sg. g)u

for any finitely supported functions §: &, — R, g: &,41 — R.
Since —J_ is the adjoint of J, a similar bound holds for J_.

Proof Fix n > 1 and two finitely supported functions §: &, — R, g: &,11 — R. By
the explicit formula for J,

b ou=2Y_ Y aly—xf(A\{y)a(A).

Aeé& x,yEA

Notice that the first sum is in fact carried over sets A in &,41. Since a(-) is anti-
symmetric, a change of variables x’ = y, y' = x permits to rewrite the previous
scalar product as

>3 a—o{i A\ ) — {4\ x]) facA).

Aedyi x,yEA

Since a(-) is absolutely bounded by s(-), the elementary inequality 2ab < ya® +
y ~'b? gives that the previous expression is less than or equal to

1
g >y s(y—X){f(A\{y})—f(A\{x})}2+2— Y a(APW(A) (5.28)
A€é 41 X, yEA A€y

for all y > 0, where W : & — R is the function defined by

WA= > sy —x). (5.29)

Xx,yEA
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By (5.24), the first expression in (5.28) is equal to y (—&f¥, f),. By Lemma 5.18,

the second term is bounded by C1y ~'n(—&g, g) u for some finite constant C; de-
pending only on p. Therefore, (5.28) is less than or equal to

V=6, P+ Ciny ™ (~Gg, gy

for every y > 0. It remains to minimize over y to conclude the proof of the
lemma. 0

The next result is a straightforward consequence of the lemma. Recall from (2.48)
the definition of the triple norms. In terms of Fourier coefficients, these norms can
be written as

FIE =D "+ D*IU A2 lIflIE, =D+ D LS5,

n>0 n>1

IFIE, =D+ D* T2,

n>0

We explained in (5.23) why the second sum starts from n = 1.

Corollary 5.16 There exists a finite constant Cy, depending only on the probability
p (), such that for all n > 1

I3+§12, < Conllfl,  13-gl1%, < Conlglly
for all finitely supported functions | : & — R, g: &41 — R. In particular,
I3+5llk,—1 < Collfllk+1,1

for any finitely supported function § : & — R and every k > 0.

Remark 5.17 Lemma 5.15 asserts that in dimension d > 3, there exists a finite con-
stant Cp, depending only on the probability p(-), such that for every n > 1,

( 7+ .83, < Con(=Lf. f)v,(~Lg. &),
for all cylinder functions f € € N <, g € € N ,4+1. This estimate, as well as

the one stated in Lemma 5.18 below, can be extended by the usual approximation
arguments to a larger class of functions. We leave the details to the reader.

We conclude this section with an estimate on two point correlation functions.
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Lemma 5.18 Let W : & — R be defined by W(A) = Zx,yeA s(y — x). There exists
a finite constant Cy, depending only on p(-) such that

D 8(A)*W(A) < Con(—Bg, gy
Aeé,

for all n > 1 and all finitely supported functions g : &, — R.

Proof We need some sort of spectral gap since we have to estimate the square of g
multiplied by the function W by the L (1) norm of the gradient of g. The idea is to
reduce the problem to an estimate on symmetric random walks on Z<.

Inverting the order of summation, we may write the expression we want to esti-
mate by

3 sy =0l )’

x,yezd

where, for each set {x, y} in &3,

p(lx. 1)’ = ) a(a)

Aeé,
Asy,x

Note that p inherits a finite support from g.

Consider the irreducible, continuous-time random walk on Z¢ with transition
probability p(x, y) = s(y — x). Since the process is transient in d > 3 and since s(-)
has finite support, by Proposition 5.23, there exists a finite constant C1, depending
only on s(-), such that

S s@F@P=Cr Y s -n[FO») - F@)

xezd x,yeZd

for all finitely supported functions F : Z¢ — R.
Since p has a finite support, replacing the origin by a site xp and taking F(x) =
p({x0, x}), we obtain that

S st —s0p(lo ) =€ Y s —0o(to. ¥1) — o(tx0. 1))

xezd x,yEZ‘l

Summing over x, the left-hand side of the previous inequality becomes the expres-
sion we want to estimate. On the other hand, by the definition of p and by Schwarz
inequality, we have that

{p(txo. y)) = pllxo. x) P < D0 {a(A\ 1)) —a(A\ )}

AE@QVHrl
A>xg,X,y
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Summing over xg in the penultimate formula, we conclude that there exists a
finite constant C1, depending only on s(-), for which

Y aA)? ) s —xo)

Aeé, X,X0€EA
<Ci Y se-0 Y {e(aviy) -a(a\ )
x,x0,y€Z4 A€y

A>x0,x,y

Since A has n 4 1 elements, summing over x¢, the right-hand side becomes

Cin Y sr—x0 Y {o(A\ ) —a(A\ )

x,yezd A€é41
A3x,y
It follows from (5.24) that this expression is equal to 2Cn{—Gg, g) . 0

5.6 The Asymmetric Case, o # 1/2

In this section, we prove Theorem 5.14 in the case o # 1/2. It remains to check the
validity of (5.27). This assumption is not expected to hold because in the context
of asymmetric simple exclusion processes, the operator 91 is essentially a gradient,
while & is a Laplacian. This condition requires therefore that

(f, Vg)* < Co(VF, V)(Vg, Vg)

which cannot hold because it would imply a Poincaré inequality in infinite volume,
that is, a bound on the L? norm of a mean zero function in terms of the L2 norm of
its gradient: ||f|| < CylIVFll.

Nevertheless, if we return to the proof of Theorem 2.23 and recall that f; stands
for the solution of the resolvent equation, we see that the bound

TN, < Con | T, TV, (5.30)

or the one presented in Lemma 5.20 below, is sufficient to conclude the proof. This
is the content of Theorem 5.19 below. Note that 91, may not be defined. However,
since the set of cylinder functions is a core for the generator, we may proceed as in
(2.37) and approximate f, by finitely supported functions.

Theorem 5.19 Recall the notation introduced in Sect. 2.7.4. Suppose that the gen-
erator L satisfies hypotheses (2.39), (2.40) and (2.45). Fix a function V such that

IV lle,~1 < o0
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for some k > B. Let f) be the solution of the resolvent equation (2.13), and assume
that there exist Cy < 00, £ >1,a, b >0, max{a, b} <k, such that

n+¢

1BoIT, fll§.—1 < Con®™ T, VIIG .y + Con® >~ 1T, £115,
j=n—¢

foralln > 1. Then, for all j <k — m, where m = max{a, b, B}, there exists a finite
constant C such that

sup ILfillj,—1 < CillVIllj4m,—1 < 0.
0<i<l

In particular, supy_; <1 ILf2llo,.—1 < 00, and, by (2.44), supy_; <1 [ILf2ll-1 < 00.

In the present context, since f; is essentially (V — A)~'V, A being the Lapla-
cian, inequality (5.30) states that

(V(V =2V, (=2)'V(V = 2)"'V) < Co(V. (—4)"'V).

Rewriting this estimate in Fourier variables, it is not difficult to show that such a
bound should hold.

Lemma 5.20 Ler f) be the solution of the resolvent equation (5.8). There exists a
finite constant Cy, depending only on p(-), such that

n+1
LM%y < Con | IT,EV I, + Con® > I
j=n—1

for all n > 1. In particular, for all k > 0,
IO lIZ 1 < Coll§V g4y, —1 + Collfallfsn-

Proof All constants appearing in this proof depend only on the probability mea-
sure p. Let o =FV, w1 =1w + /x (o) {J+ + J-}fx so that

Mr— {6+ 1 = 20)M}r = ;. (5.31)
By Lemma 5.15 and Remark 5.17, there exists a finite constant Cy such that

n+1
[ Tyvo1 |12} <2 Tywl|2 ) + Con > Il (5.32)
j=n—1
foralln > 1.

The operator G + (1 — 2«)91 does not change the degree of a function. We may
therefore examine Eq. (5.31) on each set &,:

MTfy — {6 + (1 — 200N} 5 = Moy,
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Since n is fixed until estimate (5.39), we omit the operator 1, in the following
formulas.

The main idea of this proof is to approximate the operator S + (1 — 2a)91 by
a convolution operator that can be analyzed through Fourier transforms. Fix n > 1
and let .2, = (Z9)". We consider a set A in &, as an equivalent class of n! sets of
distinct points of Z¢. A function § : &, — R can be lifted into a symmetric function
Zf on Z,, which vanishes on 2, \ &,:

= | idxr, o xn ) ifxg #xj fori #
(EP@L - ) = {0 otherwis]e. (5.33)

Note that we use the same notation, &, for two different sets, the finite subsets of
74 with n points and the set of all n-tuples (xq,...,x,) € (Z%)" such that x; #Xj
for i # j. Clearly, for all f, g € LZ(M),

1
Y fAgd == Y EfxEgX).
Aeéy, n xeZn

The operators &, 91 can also be extended in a natural way to Z,. Denote by
{e;, 1 < j <n} the canonical basis of R" and consider on 2, the operators &, 91°
defined by

(D@ = > s@ffx+ze) -},

I<j=n
d
< (5.34)
(M) (x) = Z a(@){f(x+ze;) — fx)}.
1<j=n
774
In this formula and below, x = (x1, ..., x;) is an element of %2, so that each x;
belongs to 74 and X +z€; = (x1,...,Xj_1,X; + 2, Xj41, .-, Xp).
Denote by || - || 2;.1 the 7] norm associated to the generator &°: for each func-
tionf: 2, - R,
1
151, =— D F)(-6)x) (5.35)
" xeZ,
and denote by || - || ; —1 its dual norm defined by
1 -1
2
151, 1=~ D T0{(=6°) " f}o. (5.36)

" xeZ;,

Lifting the resolvent equation (5.31) to .2, and adding and subtracting &° Z'f) +
(1 = 2)M° E,,, we obtain that

AEH — (6% + (1 —20)N’} Ef =y, (5.37)
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where
wy=Ew; + {86 -6’ }x + (1 —20){EN— N5 },.

We claim that tvy has finite 727 | (&) norm. Indeed, for each n > 1, by (5.41)
and Lemma 5.22 below, there exists a finite constant Cq such that

— 2 2 — — 2 2 2
1811, <l |E86H - 628 _, < Conlfl.
— e 12 2 2
&N, — N ERN%. _; < Con® Il

so that

2113 _y < 20w %, + ConlIfall3- (5.38)

It remains to examine the resolvent equation (5.37) through Fourier analysis. Let
Tha=I[—m, 71" and denote by fa: (T?)" — C the Fourier transform of Ef:

Tk = e EfH) .
Xe%l

In this formula, x k=", <j<nXj- k. It follows from the resolvent equation (5.37)
that/f\,\ is the solution of

M) — [8°(K) + (1 — 20)N° (k) [T (k) = ®2.(K),

where &°, 2 are the functions associated to the operators G, 91°:

—@”(k) = Z s(z){l — cos(k; ~z)}, —‘ﬁ"(k) =i Z a(z)sin(k;j - z).
lzgejzsdn lzsejzgdn

The 5#1(&°) norm of a function v : 2, — R has a simple and explicit expres-
sion in terms of the Fourier transform:

-1 2 1
2
v = v(k)| = dk-
Il -1 = gy /T| (k)| 500

Since &', is the solution of the resolvent equation (5.37), for every A > 0,

—1 N (k 2 1R, (K) |2
s, = d/ T PRl
n!@md Jp, |1 —&0®k) — (1 —20)N° (k)| &°(k)

It follows from the explicit formulas for the functions G°, 9N and a Taylor expan-
sion for |k| small that the previous expression is bounded by

—Co |02 (k)|
/ dk = Collwal,

n!@myd Jp, . &0(k)
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for some finite constant Cp. We have thus proved that
0 = 2 2

185 % _y < Collwally;, ;- (5.39)

We may now conclude the proof of Lemma 5.20. Fix n > 1. By (5.41), by the
estimate presented just before (5.38) and by the inequality just derived, there exists
a finite constant Cy, which may change from line to line, such that

ITL Mo 12, = N2 01%, < Conll ENIT, m@r .
< Con{n? |} + | E 5% )
< Co{n* | T, fall} +n||nnmz||%,_l}.

In particular, by (5.38) and (5.32),

T2 < Co{n ITufll] + nll Tyvor |12}
n+1
SCO{H3 > ||17,-n||%+n||nnm||2_1},
j=n—1
which concludes the proof of the lemma. O

Lemma 5.21 There exists a finite constant Cy, which depends only on p, such that
for every n > 1 and every function §: &, — R in L2(n) N4 (6),

IFIF < 12715, | < ConlIfll}-

Proof All constants in this lemma depend only on the probability measure p. The
first inequality is elementary and follows from the explicit formulas for the respec-
tive .7¢1 norms. To prove the second inequality, fix n > 1 and recall from (5.29) the
definition of the function W. We also denote by W the lifted function & W. A simple
computation shows that = &f(x) — G° &Zf(x) = W (x) Zf(x). In particular,

|86&f(x) -~ &°Ef(x)| = WX)|EfX)] (5.40)

forevery x in &, and f: &, — R.
We are now in a position to prove the second bound. By definition,

1251, 1——— > (EHE(S°ET)x).
‘xeZ;,

Since Zf vanishes outside &,, we may restrict the sum to &,. Now, adding and
subtracting (& Gf)(x) in this expression and recalling (5.40), we obtain that

1251%;.1 < I+ — LS woolsio) =12+ 3 weiar

xeé" Aeé,
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By Lemma 5.18 and Remark 5.17, the second term of the previous formula is
bounded by Con ||f||2, which concludes the proof of the lemma. U

It follows from this result that there exists a finite constant C, which depends
only on p, such that for every n > 1 and every function §: &, — R in L?(u) N
H1(6),

1
C—Onufni1 <1Ef1%, _y <IIfI%,. (5.41)

Lemma 5.22 There exists a finite constant Cy, which depends only on p, such that
for everyn > 1 and everyfunction §:8, — Rin L>(u) N 74 (S),

|&

Proof We prove the first estimate and leave to the reader the details of the second.
Fix n > 1 and a finitely supported function b : 2, — R. We need to estimate the
scalar product

<co’lfl},  ||&

- - < Con?fI1}.

= Z b0 {Z6f(x) — 6°Zf(x)} (5.42)
xe%

in terms of the J# (6?) norm of § and the .71 (&) norm of {. There are two possible
cases. Either x belongs to &;, or x does not belong to &;,.

In the first case, by (5.40), the expression inside braces in the previous formula
is absolutely bounded by W (x)|&f(x)|. Therefore, the corresponding piece in the
previous formula is bounded above by

— Z W [h®|[Zf)| < - — Z Wxhx)? + Z W (A)F(A)
2¢n
xeé“ xe{” Aeé”,,
for every £ > 0.
If x does not belong to &), the corresponding piece of the scalar product can be
written as

1
—— ) s@bMEf(x+ze))

",
2€74 J<j<n
because in this case ZGf(x) = Zf(x) = 0. Since Zf vanishes outside &, it is im-
plicit in the previous formula that the sum is restricted to all x such that x + ze;
belongs to &,. Since x + ze; € &, and x ¢ &, xj = x; for some k. In particular,
since 2ab < £a” + £~ 'b? for every £ > 0, a change of variables gives that the previ-
ous expression is bounded above by

Z h<x>2W(x)+— > B ®PW (),
xe I " xeZ,
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where W(x) = Zj;ék 1{x; = x;}. We may of course replace the sum over 2, by a
sum over &, in the second term, losing the factor n!.

Adding the two previous estimates, we obtain that the scalar product (5.42) is
bounded above by

LS h {0+ W)+ 3 fARWA).

2nle
xeZ, Aeéy,

By Lemma 5.18, the second term is less than or equal to Cont ||f||% for some finite
constant C¢. On the other hand, a simple adaptation of the proof of the same lemma
gives that the first term is bounded by Con¢ ™! ||f)||2 . To conclude the proof, it
remains to minimize over £ and to recall the vanatlorlnal formula for the .5#°.{ norm
of a function. O

5.7 Transient Markov Processes

In this section, we prove some estimates involving the Dirichlet form and the Green
function of transient Markov processes which have their own interest and which
were used in this chapter.

Consider a transient, irreducible Markov process {X;, r > 0} on a countable state
space &, reversible with respect to the counting measure. Denote by r: & x & —
R the rate at which the process jumps from x to y and assume that ) ve& rix,y) <
oo for all x in &. Since the process is reversible with respect to the counting mea-
sure, r(x,y) =r(y,x) forall x, y in &.

The generator of the Markov process reads

(LHE) =Y ree »[f) = f)]

yeé

for every bounded function f : & — R. Denote by G (x, y) the Green function:

G(x,y) =/0 pr(x,y)dt,

which is finite because we assumed the process to be transient. Here p, (x, y) stands
for the transition probability function of the Markov chain. For x in &, denote by P,
the probability measure on the path space D(R, &) induced by the Markov chain
X, starting from x.

Proposition 5.23 Let V : & — R4 be a positive function with compact support.
Then, for all finitely supported u: & — R,

ST umPVe) < (Co/2) Y ra p{u) — @),
ye& X,y

where

Co=Co(V)=sup Y _ G(x,»)V).
Xegyeg
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Proof Notice that Co(V) is finite because V has compact support, the process is
transient and G(x, y) < G(y, y) forall x, y in &. Let W(x) = Zyeg Gx,y)V(y)
sothat LW =—V and

»? u(y)?
YUV =Y 2 vy =—co Y 22 wwyy).
ye& e VO e WO

After a change of variables, since the process is reversible with respect to the count-
ing measure, the previous expression becomes

u(y? u(x)?
W) W)

(Co/2) Y rix, y){

X,ye&

}{W(y) - W)}

2 2
HO) )
W(y) W(x)

=(Co/2) > r(x,y>{u<y)2+u(x)2 -

X, ye&

W(y)}-

Since 2ab < a® + b?, the last expression is bounded above by

(Co/2) Y ra. p{u) —uw)}’,

X, ye&

which concludes the proof of the proposition. g

Consider a subset &) of & and exclude all jumps to or from Z = & \ &p. Consider
on &) the induced Markov chain {X 9 :t > 0} with generator given by

(Lof)x) =Y rx, N[fO) — f&x)]

ye&p

for every bounded function f : & — R.

The first result states that the induced Markov chain is transient if the probability
of hitting the set Z starting from any site in & is less than one. More precisely, for
each subset A of &, denote by H4 the hitting time of A:

Hy=inf{t>0: X, € A}.
Let
O0(x) =P:[Hyp < o0].
Lemma 5.24 Assume that 6(x) < 1 for all x in &y. Then the process is transient.

Proof To prove that the process is transient, we will show that the function 0 re-
stricted to &y is a bounded, non-constant, superharmonic function for {X ? 1t >0},
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Fix x in &. Conditioning on the first jump of the process, we obtain that 6 solves
the equation

(LO)(x) =0 for x in &,
f(x)=1 for x in Z.

Therefore, for x in &,

(Lo®)(x) = D r(xe, {0 =0} == > rx, N{O() —0(x)}

ye&p YEZ
=—{1-0W}R),

where R(x) = Zye 17 (x,y). This identity shows that 6 is a bounded superhar-
monic function for the Markov chain {X ? : t > 0}. By irreducibility, R cannot van-
ish uniformly on &j. Since we assumed that 6(x) < 1, x € &, (Lo8)(x9) < O for
some x( € &y. Hence, 6 is not constant, which proves the lemma. O

Denote by G the Green function of the induced Markov chain. We now obtain
estimates on G assuming that

b=supfx)<l.

xeé“o

We proved in Lemma 5.24 that —(L¢8)(x) = (1 —6(x)) R(x). By definition of b,
this latter quantity is bounded below by (1 — b)R(x) so that —(Lo6)(x) > (1 —
b)R(x). Applying Green’s function on both sides of this inequality, we obtain that

0(x)
> Gole. MRY) < 7 (5.43)
yeép

for all x in &j.

Proposition 5.25 Fix a positive function U : & — R supported on &y (U vanishes
on %). Then,

sup Y G(x, )U(y)

sup ) Go(r, DU < +—
xeéayeéa

)CEéo()yeéaO

sup Y Gx, NU).

1— Xegoyeéno

Moreover, for all x, y in &,

6(x) 1
GO(X,}’)SG(X,)’)"‘EG(%)’% G()(.X,X)SEG(X,X).
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Proof Fix a positive function U : & — Ry supported on &p. Let
W)=Y G, UM =) Gx,NUW).
ye& y€do
The function W is non-negative and solves LW = —U. A computation shows that
for x in &y,
(LoW)(x) = (LW)(x) = Y (e, N{WE) = WD)} < ~U ) + R)OW (x).
vEXR

The latter term is bounded above by —U (x) + Cj R(x), where C; =sup,¢g W(x).
Thus, U(x) < —(LoW)(x) 4+ C1R(x). Applying G on both sides, in view of (5.43)
we get that

0 (x)
. (5.44)

(GoU)(x) =W(x) +C Z Go(x, »)R(y) =W(x) + T
y€E&y
Taking the supremum over x and recalling the definition of C| we obtain that

sup Y Go(x, U ) < supZG(x NU Q).

xef’oyeéao xeo

Since U vanishes on the set %, we may replace on the right-hand side & by &p in
both occurrences. This proves the first assertion of the proposition.

Fix z in & and take U(y) = 1{y =z} in (5.44). Since C| = sup, g W(x) =
sup,eg G(x,2) = G(z, 2), we obtain that

Go(x,2) =(GoU)(x) < G(x,2) + LG(z 2),

which is the second statement of the lemma. Taking z = x in this inequality and
recalling that 6 (x) < b, we prove the second statement of the lemma. U

We now apply the previous results to the case of symmetric random walks on
74, d > 3, for later applications in Chaps. 6 and 7. Fix a symmetric finite range
probability p on 74 and denote by {X; :t > 0}, {X,/ 1t >0}, j =1, 2, independent
copies of a random walk on Z¢ which jumps from x to x + y at rate p(y). Let Y,
(resp. (Y,', ¥?)) be the Markov chain on Z¢ = Z% \ {0} (resp {((x,y) eZ¢ x 7% :
x #0,y #0,x # y}) induced by the process X; (resp. (X , Xz)).

Lemma 5.26 The Markov chains Y; and (Y, tl, Ytz) are transient.

Proof Tt is well known that the random walk is transient in dimension d > 3. Ex-
clude all jumps from and to the origin and consider the induced random walk. In
this case,

0(x) =Py[Hjp <o0] <1
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for all x # 0. Moreover, since the probability has finite range,

b=supf(x) = max O(x) < 1.
x#£0 lx|=A
x7#0
Hence, the induced process is transient and the estimates derived in Proposition 5.25
are in force.
Let Z ={(x,y) € Z? x Z% : x #0,y # 0, x # y}. Recall the definition of 0
given at the beginning of the lemma. Then

O(x1,x2) =P x)[Hy <00l <0(x1) +0(x2) +6(x1 — x2).

Since sup, 6(x) < oo and since 6 (x) vanishes as x — oo, it follows from the previ-
ous bound that there exists A > 0 such that sup{0(x1, x2) : |x1]| + |x2| > A} < 1. To
conclude the proof it remains to observe that 6(x1, x2) < 1 for all (x, x3) and that
the set {(x1, x2) : |x1| 4 |x2| < A} is finite. O

We conclude this section by showing the transience of n symmetric random
walks evolving on Z¢ with an exclusion rule whenever nd > 3.

Fix a subset A of Z? with n points. Let F : (Z¢)" — R be the bounded sym-
metric function given by F(x1,...,x,) = 1{{x1,...,x,} C A}. It is easy so check
that F is positive definite in the sense of Liggett (1985, Section VIII.1). By Propo-
sition VIII.1.7 of that book, for any configuration & with n particles,

Pelne C Al = Pe[ X, C A, (5.45)

where X, represents n independent symmetric random walks. By the transience
of independent random walks, the right-hand side is integrable, and so is the left-
hand side, proving the transience of the symmetric random walks evolving with an
exclusion rule.

5.8 Comments and References

The main reference for exclusion processes is Liggett (1985). We refer to Karr
(1983); von Weizsicker and Winkler (1979/1980, 1980); Winkler (1988) for gen-
eralizations of Lemma 5.6, which asserts that all finite range mean zero probability
measures on Z? which do not charge the origin are convex combinations of proba-
bility measures associated to cycles. A proof of this result appears in Xu (1993). The
one presented here is a modification of Sued (2003). The sector condition for mean
zero asymmetric exclusion processes stated in Proposition 5.5 and the general result
presented in Lemma 5.8 are due to Varadhan (1995). The alternative proof presented
in Lemma 5.11 seems to be new. Komoriya (1998) used the sector condition to prove
the hydrodynamic behavior of asymmetric mean zero exclusion processes.
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The duality method explained in Sect. 5.4 and the graded sector bound stated in
Lemma 5.15, whose proof is based on the estimate of the two point correlation func-
tions stated in Lemma 5.18, appeared in Landim and Yau (1997) and Sethuraman
et al. (2000). The proof of Lemma 5.20, based on the removal of the hard core inter-
action, is due to Sethuraman et al. (2000). It has been used in Landim et al. (2004b)
and Yau (2004) to prove the superdiffusivity of the second class particle in asymmet-
ric exclusion processes in dimensions 1 and 2. Lemma 5.12 is due to Sethuraman
and Xu (1996). The converse holds also: If a cylinder function belongs to .7~ 1, then
ZAegn & f)(x, A) =0 for all n such that nd < 2. In this case an invariance princi-
ple is in force. We presented an alternative proof based on estimates of the Green
function of n symmetric random walks evolving with exclusion obtained in Landim
(1998). Sect. 5.7 is taken from Sethuraman et al. (2000).

Extensions We assumed throughout this chapter that the cylinder function V
belongs to 21, whose norm depends on the symmetric part of the generator.
Lemma 5.12 presents, as we have seen, necessary and sufficient conditions for a
cylinder function to belong to 72 1. Sethuraman (2000) proved that in the mean
zero case the variance o2(V) is finite if and only if the conditions of Lemma 5.12
are fulfilled, and that in the asymmetric case in dimension d > 3 the variance is finite
if and only if the cylinder function has mean zero. In all cases, when the variance is
finite an invariance principle holds.

For a cylinder function V, let V: [0, 1] — R be the smooth function defined by
‘7(;3) = Evﬁ[V(n)]. It follows from the previous paragraph that in the symmetric
case and in the mean zero case the variance of a cylinder function V is finite if and
only if V belongs to #Z, 02(V) <00 & ||V| -1 < oo, which happens if and only
if V(@) =0 for nd <2, where V™ represents the n-th derivative of V. In the
asymmetric case, in dimension d > 3, the variance of a cylinder function V is finite
if and only if V belongs to %7, which occurs if and only if V has mean zero,
V(o) = 0. In all these cases the invariance principle holds.

To complete the picture, it remains to understand what happens in the mean zero
case for a cylinder function V such that V® (&) # 0 for some n such that nd <2,
and in the asymmetric case in dimensions 1 and 2.

The Symmetric Case The integral fot ns(0)ds represents the amount of time the
origin stayed occupied in the interval [0, ¢]. For this reason, this additive functional
is called the occupation time. Kipnis (1987) proved that in the symmetric case, under
P, . B, 1)1 fé {ns(0) — a}ds converges to a mean zero Gaussian law with vari-
ance o2(d, o), where d represents the dimension, 8(1,1) =3/4, B(2, 1) = /tlogt,
B(d,t) =/t ford >3, and 62(d, o) is known explicitly. The proof is carried out
by decomposing the additive functional as the sum of a martingale and a negligible
term.

Sethuraman (2000) extended this result to cylinder functions. Fix a mean zero
function V such that \7(1)(&) # 0. In dimension 1, N34 fONt V(ns)ds converges
to B3;4(Ct), for some constant 0 < C < 00, where B34 is the fractional Brownian
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motion with Hurst parameter 3/4. In dimension 2, [N log N]~1/2 fON’ V(ns)ds con-
verges to B(Ct), for some constant 0 < C < oo, where B is the Brownian motion.
Finally, in dimension 1, for mean zero cylinder functions such that ‘7(1)(05) =0,
V@ (a) # 0, Quastel et al. (2002) proved that [N log N]~/2 fON’ V(ns)ds con-

verges to B(Ct), where B is the Brownian motion and C =[x (a)2/871]‘7(2) (a)z.

The Mean Zero Case In dimensions 1 and 2, Sethuraman (2000, 2006a) proved
an invariance principle for coordinatewise increasing local functions provided the
variance is finite. The proof relies on Newman and Wright’s central limit theorem
for stationary L? associated random variables, Newman (1983, 1984); Newman and
Wright (1982). The general case under the assumption of the finiteness of the vari-
ances is open.

The Asymmetric Case As we shall see, the density « plays an important role in
this context. We start from an identity derived in Sect. 2.5:

t 2 ¢
= [</0 (@) o} ds) } = 2/0 (t = $){Ey, [n5 0o (0)] — &} ds.

By Lemma 7.8, the expression inside braces on the right-hand side can be written in
terms of the position of a second class particle:

Ey, [150)n0(0)] — &? = x (@)P, [ X, = x],

where vl}[ is the product measure v, conditioned to have a particle at the origin,
and (o) = (1 — «) is the static compressibility of the simple exclusion process.
Therefore,

t 2 00
Em[(/ {Us(o)—a}ds> ]sz(a)/ (t_S)+IEDUOI([XS =0]ds.
0 0

A simple computation shows that the drift of the second class particle under the
equilibrium measure vy is (1 — 20r) >~ xp(x). In particular, if o # 1/2, the second
class particle has a drift and one expects the variance of the occupation time to be
of order ¢, while for « = 1/2 the variance should increase faster than linearly.

Assuming o # 1/2, Seppilédinen and Sethuraman (2003) proved that in dimen-
sion 1 the time spent by the second class particle at the origin has finite expectation.
They deduced from this result that the variance of any mean zero local function is
finite and an invariance principle for the associated additive functional. The finite-
ness of the variance and the invariance principle were extended to dimension 2 by
Bernardin (2004).

Central Limit Theorems for Functions Which Do Not Belong to £, We
mentioned in Remark 2.5 the possibility to prove central limit theorems for functions
which do not belong to 777 1, but whose variance is finite.
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The occupation time for equilibrium asymmetric exclusion processes in dimen-
sions 1 and 2 with density o # 1/2 provides such an example. On the one hand, as
we have just seen, the variance is finite and the invariance principle holds. On the
other hand, n(0) — « does not belong to 777 |: Rewriting a local function f in the
orthonormal basis ¥, f =Y f(A)W¥4, we get that

[n©) —a|?, = ;upg{Z(f, 0 —e), — 13}

d
= sup 2/a(1=a)j0) — (1/2) Y 3" [ftxr +ep) —f)]* 1

j=1xezd

where the supremum is carried over all finitely supported functions §: Z¢ — R.
We assumed the process to be nearest-neighbor: p(x) = Z15jgd{l’j5x,e,- + (1 -
Pj)3x,—¢;} and used the orthogonality properties of the spaces .7, to reduce the
supremum to finitely supported functions f: & — R. In dimensions 1 and 2, it is
easy to show, with a judicious choice of the test function f, that the supremum is
equal to co.

The Asymmetric Case with « =1/2 In contrast, if the density « = 1/2, the
variance of a mean zero local function diverges: Bernardin (2004) proved that the
occupation-time variance at the origin up to time ¢ in dimension d = 1 in equilibrium
with density « = 1/2 is in a certain sense at least 13/4. Sethuraman (2006b) extended
this result to dimension 2, obtaining a lower bound of order ¢ loglogz.

Li and Mao (2008) proved that in dimension 1 the variance of the occupation
time for the asymmetric exclusion process with density « = 1/2 is bounded above
by 0(3/?).

%1 Estimates We have seen the importance of 7| estimates in the proof of
the invariance principles. Sethuraman (2003) showed that the resolvent .7#Z | norm
of a finite range exclusion process is equivalent to the resolvent .77 | norm of the
nearest neighbor exclusion process with the same drift. A similar result holds for
the environment process as seen from the tagged particle in dimension d > 2.

Zero-Range Processes  Central limit theorems of additive functionals of symmet-
ric zero-range processes are investigated in Sethuraman and Xu (1996) and Quastel
et al. (2002).
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Chapter 6
Self-diffusion

In the previous chapter we examined the central limit theorem of additive func-
tionals of the simple exclusion process. We investigate in this one the asymptotic
behavior of a distinguished particle.

Recall the set-up introduced in Chap. 5. Fix a finite range probability measure
p on Z4 such that p(0) = 0 and denote by {n; : t > 0} the exclusion process on
X={0, I}Zd associated to p. Consider a configuration n with a particle at the origin.
Tag this particle and denote by Z;, ¢ > 0, its position at time ¢. Due to the presence
of the other particles {Z; : t > 0} by itself is not a Markov process but the pair
{(Z;, n;) : t = 0} is a Markov process.

We are interested in this chapter in the asymptotic behavior of Z;. If there were
no other particles, Z; would evolve as a continuous time random walk for which the
law of large numbers, the central limit theorem and the corresponding invariance
principle are well known. The interaction of the tagged particle with the other parti-
cles, called from now on the environment, clearly alters the dynamics of the tagged
particle, and the study of its evolution requires new tools.

The Markov process (Z;, n;) has a very special feature which enables the analysis
of the asymptotic behavior of the tagged particle. Consider the evolution of the
environment as seen from the position of the tagged particle. This means that we
set the origin to be at the position of the tagged particle, and observe from there
the evolution of the remaining particles. To respect this rule, each time the tagged
particle jumps by x, we translate the entire configuration by —x to keep the tagged
particle at the origin. A fundamental and quite particular property of this dynamics
is that it possesses a very simple family of stationary states, the Bernoulli product
measures with density 0 <« <1 on Z‘f =74 \ {0}, which we denote by v;.

A law of large numbers for the tagged particle starting from v} is easy to in-
fer. The mean displacement of the tagged particle is m = ) s xp(x). Since v}
is stationary, the site to which the tagged particle chooses to jump is empty with
probability 1 — . We thus expect a mean displacement in the stationary state to
be equal to (1 — o)m. This is in fact the content of the first main theorem in this
chapter which states that, in the stationary state with density «, Z;/t converges a.s.
to (1 —a)mast— oo.

T. Komorowski et al., Fluctuations in Markov Processes, 199
Grundlehren der mathematischen Wissenschaften 345,
DOI 10.1007/978-3-642-29880-6_6, © Springer-Verlag Berlin Heidelberg 2012
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The second main result establishes a central limit theorem for the position of
the tagged particle: (Z; — (1 — a)m)/+/t converges in distribution to a mean zero
Gaussian random vector with a covariance matrix D(«) which depends on the sur-
rounding density of particles. So far, this result has been proved in the mean zero
case, and in the asymmetric case in dimension d > 3. It is conjectured to hold also
in dimensions 1 and 2 in the asymmetric case, but there even the finiteness of the
asymptotic variance has not yet been established.

6.1 The Exclusion Process as Seen from a Tagged Particle

Consider an exclusion process {n; : t > 0} on X satisfying the assumptions of
Sect. 5.1. Denote by {z, : x € Z?} the group of translations on X so that

Tm(Q) =nkx+y)

for x, y in Z? and a configuration 7 in X. The action of the translation group is
naturally extended to functions and measures.

Consider a configuration 1 with a particle at the origin. Tag this particle and
denote by Z;, t > 0, its position at time ¢. Let {&; : r > 0} be the state of the process
as seen from the position of this tagged particle, & = tz,7;, and notice that the
origin stays always occupied, & (0) = (tz,1,;)(0) = n;(Z;) = 1. In particular, we
may consider & either as a configuration of X with a particle at the origin or as
a configuration of X* = {0, I}Zgﬂ], where Zi = 7%\ {0}. We adopt here the latter
convention and denote by the Greek letter & the configurations of X*.

The evolution of &; corresponds to a Feller process which we now describe. As-
sume that X* is endowed with the product topology which turns X* into a metriz-
able, compact space. Denote by C(X*) the space of continuous functions on X*,
regarded as a Banach space with norm

I£1l = sup | £(&)],
EeX*

and by ¢ C C(X*) the space of functions which depend on the configuration 7
through a finite number of coordinates, called the cylinder functions.
Let {0, :x € ij} be the shift operators on X* defined as follows:

§(x) if y=—x,

(0:6)(y) =
) £(y+x) otherwise.

This means that 6,& stands for the configuration where the tagged particle, sitting

at the origin, is first transferred to site x and then all the configuration is translated

by —x.
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Let .Z be the operator defined on % as the sum .¥ = .4 + .4, where %, %
are given by

(LNE =Y. ply—EW[1—EW][f(c™E) — f®)],
x,yeZ‘f

(L HE) =Y p[1—E@][f6:£)— f©)].

ze7¢

6.1)

The first operator takes into account the jumps of the environment, while the second
one corresponds to the jumps of the tagged particle.

It is not difficult to check that the operator . defined on % is a Markov pre-
generator (Liggett, 1985, Definition 1.2.1). By the proof of Liggett (1985, Theo-
rem 1.3.9) the closure of .Z, still denoted by .Z, is a Markov generator and % is a
core for .Z. Denote by {S(¢) : t > 0} the strictly Markovian, Feller semigroup on
C (X*) associated to the generator . through the Hille-Yosida theorem.

Let D([0, 00), X*) be the space of r.c.L.l. trajectories & : [0, c0) — X* and let
{I1; : t > 0} be the canonical projections defined by I7,(§) = &. We shall represent
by .#° the smallest o-algebra on D([0, 00), X*) which turns the projections [T,
s > 0, measurable; and by .%/ the smallest o -algebra relative to which all the map-
pings [Ty, 0 < s <1, are measurable. Denote by {Pz : £ € X*} the normal Markov
process associated to the semigroup {S(¢) : ¢ > 0}. Expectation with respect to PPs is
represented by Ee.

For 0 <o <1, let v} be the Bernoulli product measure on X* with marginals
given by

v&"{é:é(x):l}:a

for x in Z<.

Proposition 6.1 The Bernoulli measures {v};,0 < o < 1} are invariant for the
Markov process {& : t > 0}.

Proof By a simple change of variables, for any cylinder functions f, g and any
zeZd,

/f(é’zé)g(%‘)[l —£(2)]vydE) = / F(E)g0_8)[1 —&(—2)]vi(d8).
It follows from this identity and from (5.4), that

<g1$f)vj§=($p*gvf>v§ (6.2)

for all cylinder functions f, g. In this formula, (-, -}, represents the scalar product
in Lz(v;) and %)+ the generator . defined above (6.1) with p* in place of p,
where p*(z) = p(—z). In particular, [ % fdv} =0 for any cylinder function f,
which proves the proposition in view of Liggett (1985, Proposition 1.2.13). g



202 6 Self-diffusion

Note that the probability measures v} are invariant for the operators %y, %
taken individually if and only if the probability measure p is symmetric.

For a probability measure p in X*, denote by PP, the measure on
(D([0, 00), X*), F°) given by f]P)g n(d§). Expectation with respect to IP,, is de-
noted by E,. For 0 <« <1, denote by (D([0, c0), X*), F, Py, {F : t > 0}) the
usual augmentation of the filtered space (D([0, 00), X*), #°, P, ,{F/ :t = 0}).
By Theorem 8.11 and Proposition 8.12 of Chap. 1 of Blumenthal and Getoor (1968),
{& : t = 0} is a strong Markov process with respect to the augmented filtration.

As in the previous chapter, the semigroup {S(¢) : + > 0} extends to a Markov
semigroup on Lz(v;‘) whose generator %, is the closure of %" in Lz(v;). Since
the density & remains fixed, to keep notation simple we denote .Z),» by .’ and by
2(%) the domain of .Z in Lz(vz). We adopt the same convention with the operator
-2y, introduced above, and use the same notation .Z),« to represent the generator
acting on C(X*) and on L(v}).

Denote by .Z* the adjoint of .Z in L?(v,). The next result follows from the proof
of Lemma 5.2 and from (6.2).

Lemma 6.2 The adjoint operator £* is a generator and £* = £+ In particular,
€ is a common core for £ and L*, and L is self-adjoint with respect to each v},
when p is symmetric.

Recall that s(-) (resp. a(-)) stands for the symmetric (resp. anti-symmetric) part
of the probability p. For any cylinder function f

(f. D )y = 2() = Do) + Do (). (6.3)

where

Zo(f)=(1/2) Y s(y—x) / EO[1—EM](T™ ) ©)*vi @),

x,y€Z}

Do(f)=(1/2) ) S(Z)/[l —EQ@)(T*f)(&)v5(d8).

€2}
In this formula and below, for a function g in Lz(v;),

(T7g) (&) =g(0"8) —g(6), (T7g)(E) =g(0:8) —g(5).

Since (T f)(&) vanishes unless £(x) # £(y) and since 7% f = T f, we may
rewrite Zy(f) as

A =14 Y st =) [( f)Ervias),

x,yeZ}
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The explicit formulas for the Dirichlet forms written above hold also for func-
tions f in the domain Z(.Z) of the generator, and the series defined on the right-
hand side converge absolutely. This can be proved by an approximation argument
(cf. Liggett, 1985, Lemma IV.4.3).

Observe that, in contrast with what the notation suggests, in the case where the
probability measure p(-) is not symmetric, Zp(f) is not equal to ((—Zp) f, f)vx-
Denote by %) the generator .4 introduced in (6.1) with the probability measure
p(-) replaced by its symmetric part s(-). A straightforward computation shows that

Do) =20 1. f),, (L) . f),.. [ (6.4)

In particular, if p is not symmetric, .9 is not the symmetric part of the operator
£, even though the symmetric part of & = % + % is S + S, where .7 is
the generator . defined in (6.1) with the probability measure p replaced by its
symmetric part s.

We claim that the measures {v} : 0 < o < 1} are ergodic in all but one degenerate
case.

Theorem 6.3 Assume that d > 2 or assume that d = 1 and that p(-) is not nearest
neighbor: Zx;éil p(x) > 0. Then, for any 0 <o < 1, v} is ergodic for L.

Proof The proof follows closely the one of Theorem 5.3. Fix a function f € Lz(v;)
invariant for the (L? extension) semigroup generated by .#. Then, f is in the do-
main of .Z and . f = 0. By multiplying by f both sides of this equation and
integrating, we obtain that

a4 Y sto-x [[re™e) - re e

x,yeZL}

+(1/2) Y s) f [1 = E@][£ ) — F(E)] vidg) = 0.

*
X€Zy

Under our assumptions (d > 2 or d = 1 and p is not nearest neighbor), the support
of s(-) generates Z¢. Hence, for any x, y € Z¢

f(ox’yé‘) = f(§) vi-ae.

By De Finetti’s theorem we conclude that f is constant v}-a.e. O

Remark 6.4 Without any further mention, we exclude from now on the degenerate
one-dimensional case with only nearest neighbor jumps.

The main results of this chapter state a law of large numbers and a central limit
theorem for the position of the tagged particle:
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Theorem 6.5 Fix 0 <o < 1. Then, as t 1 00, Z;/t converges IF’,); -almost surely to
[1 —alm, wherem =) 4 xp(x).

Theorem 6.6 Assume that m =0 or that d > 3. Then, under P,

Z: — (1 —a)mt
NG

converges in distribution, as t 1 00, to a mean zero Gaussian random vector with
covariance matrix denoted by D ().

As a quadratic form D(a) is strictly positive and finite: There exists a strictly
positive and finite constant Cy, depending only on p, such that

Cylal —wla® <a-D(@a < Co(1 — a)lal?

forall ain R,

The matrix D(«) is called the self-diffusion matrix of the exclusion process. In
this chapter, we adopt the convention that Cy stands for a constant which depends
only on the transition probability p and which may change from line to line.

Remark 6.7

(i) The result holds in the stronger form introduced in Definition 2.6. Conditioned
on %, the random vector [Z; — (1 — a)mt]/+/t converges in LI(IP’V;) to a
mean zero Gaussian random vector with covariance matrix D («).

(i) Denote by ZtN , N >1,1t >0, the rescaled position of the tagged particle
speeded-up by N:

_ Ziy—tN(1 —a)m
B VN

An invariance principle holds: Under P,x, the sequence of processes {zN .
t > 0} converges in D([0, 00), Rd) to a d-dimensional Brownian motion with
diffusion matrix D ().

(ii1) It is conjectured that this theorem holds also in dimensions 1 and 2 in the case
m 5 0, but this is still an open problem. Actually, in these cases we are not
even able to prove that the asymptotic variance is finite.

z!

The proof of Theorem 6.6 follows the ideas discussed in Chap. 5 for additive
functionals of simple exclusion processes. Some complications arise, however, due
to the presence of the very non-local operators associated to the translations.

6.2 Elementary Martingales

It is useful to represent the position of the tagged particle in terms of elementary
orthogonal martingales associated to the jumps of the process.
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For z such that p(z) > 0 and for 0 < s < ¢, denote by N[zw] the total number
of jumps of the tagged particle from the origin to z in the time interval [s,z]. In
the same way, for x, y in Zd such that p(y — x) > 0, denote by N s t] the total
number of jumps of a particle from x to y in the time interval [s, 7]. Let N} N[‘”0 .

X
N = Ngy-
Lemma 6.8 Forx,y,zin Zi such that p(z) >0, p(y —x) > 0, let
t
M} =N} —/0 p@)[1 —&(2)]ds
X X !
M =N —/0 PO = 0)EM[1 = &()]ds

(MF:p(2) >0}, (M :x,y¢€ Zi, p(y — x) > 0} are orthogonal martingales with
quadratic variation (M*);, (M*"Y), given by

t t
(M%), = fo PRl —&@)]ds, (M) = /0 p(y —0)EM[1 —&(y)]ds

Proof Fix x,y, z in ij such that p(z) > 0, p(y —x) > 0. It is easy to check that
(&, N7, N;°") is a Markov process on X* x Z x Z with generator .%, . given by

(gx,y,zf)@v k9 .])
=p(y—0E[1—EW]{f(c™Ek j+1)— fE. &k j)}
+p@[1—E@) FOL.k+1,))— fE & j)}

+ > p(y = x)E)[1 - ()N F (e E K J) - fEK D)

X'y EZ’I

+) r @) f O k. ) — FEK D).
7'#z

In this formula the first sum is carried over all pairs (x’, y') in Z¢ x Z¢ different from
(x, ¥). Dynkin’s formula applied to the functions F|(§,k, j) =k, Fa(€,k, j)=j
shows that M?, M;"> are martingales with quadratic variation as stated in the
lemma.

To show that these martingales are orthogonal, we need to prove that M{M;

is a martingale. Let W_(§) = p(2)[1 — §(2)], Wx y(§) = p(y — x)E(X)[1 —§(»)].
Dynkin’s formula applied to F (&, k, j) = kj gives that

X,y

t
NANSY /0 (NEW, (&) + N2 Wo (6} ds
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is a martingale. Rewriting the processes N7, N; > as M} + fot W, (&5)ds, M, +
fot Wy, y(&s)ds and integrating by parts we obtain that

t
MM [ (MW 60+ M W ) ds
0
t t t Ty
+f Wx,y(ss)dS/ W (&) ds — f {NYZny(EY) + N ,sz(Es)} ds
0 0 0
is a martingale. Expressing the martingales M, M~ inside the first time integral
in terms of the jump processes N2, N*»¥ we obtain that

t s
MiM + f / W, (&)dr Wy (&) ds
0 Jo

t K t t
+ / / Wy (&) dr W (&) ds + / Wy (&) ds / W. (&) ds
0 JO 0 0

is a martingale. An integration by parts shows that the integrals cancel so that
MZM;"” is a martingale as claimed.

The same argument applies to any pair of distinct martingales in the set {M} :
p(@) >0 UM :x,y¢€ Z‘j, p(y — x) > 0}. This concludes the proof of the
lemma. U

These martingales associated to the jumps of the Markov process are called the
elementary martingales because any martingale given by Dynkin’s formula can be
written in terms of them: Fix a cylinder function f: X* — R. By Dynkin’s formula,

t
M = FE) - fE) /0 (L&) ds 6.5)

is a martingale. Since f is a cylinder function, rewriting f (&) — f(&p) as the sum
of all differences arising from a jump to or from a site contained in the support of f
in the time interval [0, ¢], we obtain that

t t
fE) - fG= ) f (T*Y f) ) AN + > / (T%f)(&-)dN?
x,yeZﬁf 0 zeZif 0
so that
t t
M=% fo (T f) & dM + fo (T°f) (&) dMs.  (6.6)
x,yeZd 74

In (6.6) and below we set MZ =0 and M; > =0if p(z) =0, p(y —x) =0.
By (2.16), we know that

E.:[(M])]=2:2(f). 6.7)
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We derive below this identity taking advantage of the representation of Mtf in
terms of the elementary martingales. As we shall see at the end of this section, this
computation allows to describe the limits of LZ(IP’U;;)-Cauchy sequences of martin-
gales M,f .

Since the elementary martingales are orthogonal, the quadratic variation (M),
of the martingale M/ defined by (6.6) is given by

(m7), = Py —x) t&(x)[l — & W](T* £) () ds
0

x,yeri

+3 p@ /0 [1 - &@](T%£) &) ds

ze74
so that
1 - :
B[] = Y po—0 [E@- s )@@
x,yeZ‘,f

+Y p@ f [1 - £@](T7 ) &) vidé).

zeZd

To obtain the expression of the Dirichlet form Z(f) given in (6.3), we need to
replace p by s and to remove the indicator £(x)[1 — £(y)] in the first sum. Since

(T )@ = (T ). (T ) (0*78) = —(T" ) ©),

(6.8)
(T?f)(0-:86)=—(T*f) (&),

the change of variables &’ = 6,&, §&” = o™ Y& permit to replace p by s. Observing
now that

(T ) EHe@[1 =M ] +EWM[1 —EW]} = (T £)(©)2 (6.9)

we obtain (6.7).
We claim that the representation (6.6) extends to functions in the domain Z(.%).

Lemma 6.9 Fix a function u in the domain 9(Z). Then, the martingale M}', de-
fined by (6.5) with u in place of f, can be represented as in (6.6):

t t
M! = Z /O(Tx*yu)(és_)de’y—i—Z/O (T7u) (&) d M.
zeZi’

x,yeZS{

Proof Fix such a function u. Since u belongs to the domain of the generator and
since the space of cylinder functions forms a core for the generator in L2(v;), there
exists a sequence of cylinder functions { f,, : n > 1} such that f,, £ f, converges in
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Lz(v;‘) to u, Zu, respectively. In particular, the martingale Mtf”, defined by (6.5)
with f, in place of f, converges in Lz(v[j), as n 1 oo, to the martingale M/, defined
by (6.5) with u in place of f. This holds of course for every 7 > 0.

In view of (6.3), (6.6) with u in place of f defines a martingale in Lz(v;) because
the partial sums form a Cauchy sequence in Lz(v;). Denote this martingale by m}'.

To show that M/ = mY, it is enough to show that Mtf” converges in L?(v}) to
mY . Since f, is a cylinder function, the martingale M,f " can be represented through
the elementary martingales M, M*-Y by (6.6). Since the martingales M*, M*” are
orthogonal, by the computations performed right after (6.7),

1
B (M) —mi)*] =29(fu ).

This expression vanishes as n 1 co by the choice of the sequence { f;, : n > 1}. This
concludes the proof of the lemma. g

6.3 The Spaces 74 and 5,

In this section, we examine the LZ(PU;) limits of the martingales M,f , where f is a
cylinder function. As in Sect. 2.2, denote by 7# the Hilbert space generated by the
space ¢ of cylinder functions endowed with the scalar product (f, (—2)g)z. Let
Il - I be the norm in .74{. We have seen in (6.3) that

1£113 = 20(f) + Do (f)

for functions f in . This identity extends to the domain Z(.Z) because & forms
a core for .Z.

Denote by .77 the dual space of .77{ defined as in (2.6) with v} in place of .
Recall that the 577 norm is defined by the variational formula

£, = sup{2(f, g)u: — g}, £ € L2(vY).

ge?

As in (2.8), (2.9), it is easy to check from this variational formula that for every
function f in 7% and every function g in L2(v}) N /%,

[(fo g | < Il llgl—1.

The same variational formula permits to show that a function in Lz(v;‘) belongs to
1 if and only if there exists a finite constant Cy such that

(f: &g = Cillglh (6.10)

for every g in €. In this case, || f||-1 < C;.
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Denote by ]Lz(v;) the space of sequences ¥ = (¥, : X* — R; p(z) > 0} x {¥y y :
X* - R;x,y € Z%, p(y — x) > 0} of L?(v¥) functions such that

Y P@Eg[[1-6@]%@]+ D p(y—0Eg[Em[1—E0]¥,(6)?]

zeZﬁf x,yeZi’

is finite. ]Lz(vgj) is endowed with the scalar product (-, -) defined by

(W @)=Y p@Ey[[1 - 6@ . ()]

ze7¢

+ 3 PO = DEg[E@[1 - D) ]|y ©)Pry ©)].

x,yezd

A function u in the domain 2(.%) induces a sequence in ]Lz(v;), denoted by ¥*
and given by lI’Z” =T%u, llf)?’y = T*Yu. Moreover, for ¥ in JL2(U;), MY defined by
(6.6), with ¥, W, , in place of T* f, T*:Y f, defines a square integrable martingale
such that Ey: [(M}")?] = t(¥, &).

In view of (6.8), (6.9), denote by ]L%(v; ) the closed subspace of ]Lz(v;) composed
by all sequences ¥ such that v}-a.s.

q’x,y(é):lpy,x@)’ lI/x,y(o'x’y‘i:):_ x,y(g)a
Wy EHEW[1—EM]+EM[1 — 6]} = ¥x ()2, (6.11)
W, (0_.6) = —W_(§).

Repeating the computation performed right after (6.7) and taking advantage of the
relations (6.11), we obtain that

B [(MY)] = )

=(1/2) Y s(y—x) f Wy y(§) v (dE)

x,yezd

+ 350 / [1-£@]w.®@s).  (©6.12)

d
z€Z%

Lemma 6.10 Consider a sequence of cylinder functions { f,, : n > 1} which forms a
Cauchy sequence in F¢]. Then, there exists ¥ in ]L(z)(v;) such that Mtf " converges to
MY in L*(Py;) forall t > 0.

Proof A sequence {f, : n > 1} of cylinder functions forms a Cauchy sequence in
A if and only if {¥'/» : n > 1} forms a Cauchy sequence in ]Lz(v;). In particular,
20 converges in Lz(v;) to some ¥ which belongs to ]L(z)(v(’;) because this space is

closed. By (6.12), le” converges to M;p in I[,2(v§). O
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6.4 Law of Large Numbers

In this section, we prove Theorem 6.5. Recall the definition of the jump processes
{N} :t > 0} defined in Sect. 6.2. The position at time ¢ of the tagged particle is
obtained by summing over the number of jumps multiplied by their size:

t
Zi=) Ni=) iM; +/0 V(&) ds, (6.13)

zezd ze78

where V is the cylinder function given by
VE =) xp@[l —£w)].
erZ

Under the stationary measure P, the quadratic variation of the vector-valued
martingale M, = erzgxM;‘ is bounded by Cot. In particular, as ¢ 1 oo, M;/t
converges to 0-a.s., (cf. Feller, 1971, Theorem VII.9.3). On the other hand, since
P, is ergodic, as ¢ 1 oo, i1 fé ‘7(55) ds converges a.s. to Eyx [\7] =m(l — ). This
proves the theorem.

6.5 Central Limit Theorem

In this section, we prove Theorem 6.6 following the strategy presented in Chap. 2.
Recall the definition of Z;, the position of the tagged particle. By (6.13),

t
Z—(—am= Y oM + [ Vieds
7€78 0

where V is the mean zero cylinder function

VE =VE) -1 —aym= pr(x){a—é(x)}. (6.14)

xeZd

We have seen in Chap. 2 that the proof of a central limit theorem for additive
functionals of Markov processes relies on bounds on .7 1. Fix a vector a € R? and
let Vo = a- V. Denote by u, the solution of the resolvent equation

)LM)\—XM)\ZV(;. (6.15)
In this section, we prove Theorem 6.6 assuming that for every vector a € R,

Vo€ and sup || ZLuy|-1 < oo. (6.16)
0<A<l1
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By Lemma 2.16, it follows from these conditions that

}in})k(uk, ux)v; =0 and u, convergesin .7 as A | 0. (6.17)
=

The strategy of the proof of Theorem 6.6 relies on the ideas presented in Chap. 2.
The goal is to represent the additive functional fot Va(&)ds as the sum of a mar-
tingale m; and a negligible term and then to use the central limit theorem for the
martingale M, +m,, where M, =) _z-aM;.

For A > 0, let m;\ be the martingale

t
m,k=ux(’§z)—ux(§0)—/0 (Lup) (&) ds.

By Lemma 6.9, the martingale m/ can be represented as
t t
X,
> [ eheoan+ Y [ e
x‘yeZi 0 zeZ‘,{ 0

where 11/)?‘, y =T u, lI/ZX = T*?u,. The resolvent equation permits to write the po-
sition of the tagged particle Z; as

Z-a—(1—a)t(m-a) =M, +m’+ R}, (6.18)

where M; is the martingale }_(z - a) M} and where the remainder Rt)‘ is given by

t
R} = u; (o) — un (&) +K/ u (&) ds.
0
We first claim that

Lemma 6.11 For every t > 0, the martingale m;\ converges in LZ(IP’Vz) to some
martingale m; as A |, 0.

Proof Since the sequence u; converges in 7 as A | 0 and since ¥ forms a core
for the generator .#, by Lemma 6.10 the martingale m converges in LZ(IE”V;) to a
martingale m, = M’ associated to a sequence ¥ in ]L(z)(v;). O

It follows from this lemma that the remainder Rf appearing in (6.18) converges
in L2(Py:) as 1 | 0 so that

Zica—(1—a)t(m-a)=M;+m; + R; (6.19)

where m; is a martingale in L?(Pz).

Lemma 6.12 /2R, vanishes in Lz(Pv;) ast 1 oo.
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Proof The proof of this lemma is similar to the one of Lemma 2.10 and relies on
(6.17). O

Since both martingales M; and m;, are written in terms of the elementary martin-
gales, the quadratic variation of the sum is easy to compute and equals

t
(MAm)= Y p(y—x)/o E [ — &)Wy (6) 2 ds

x,yeZg

+3 p(z)fo [1-&@]{a-z+%E)) ds.

zeZ4

By the ergodic theorem under IP’,,;, UM + m), converges a.s. and in LI(IP’U;).
Therefore, by Theorem 2.1, t’l/z{Mt + m;}, and therefore [Z; -a — (1 — a)t(m -
a)l/ Vi, converges in distribution to a mean zero Gaussian variable with variance
D(x) satisfying

a-Da= Y ply—x) f E[1 = £0) Wy ()23 (d8)

x,yezd

+ 30 0@ [[1- o)z + v©F vis),

d
z€Z4

Since ¥ belongs to ]L%(v;), an analogous computation to the one presented just after
(6.7) shows that

a-D@a=(1/2) Y s(y—x) / Wy (6)205(dE)

x,yeZ’i

+ Z s(z)/[l —é(z)]{u-z+llfz(é)}zv;(dé). (6.20)

zeZﬁ

Nothing in principle prevents the asymptotic variance D(«) from vanishing or be-
ing 400 and the proof of the central limit theorem would be incomplete without a
strictly positive lower bound and a finite upper bound. Such bounds are derived in
Sect. 6.8 below. This concludes the proof of Theorem 6.6 under the assumptions
(6.16) on the solution of the resolvent equation. The purpose of the following sec-
tions is to show that (6.16) holds if m =0 or if d > 3.

We close this section by showing that the function V, belongs to 577 if m =
0 and that the solution of the resolvent equation satisfies the assumptions (6.16)
provided p(—x) = p(x), proving the central limit theorem for the tagged particle in
the symmetric case.

Lemma 6.13 Assume that m = 0. Then, the cylinder function V4 introduced in
(6.14) belongs to -y and || Vg||2, < Cox (@)|al>.
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Proof In view of (6.10) and the remarks thereafter, to show that V, belongs to ¢ 1,
we need to prove that there exists a finite constant Cp such that

(fs Vadvg = Coy x (@)1 fll11al

for every cylinder function f.
Fix a cylinder function f. In the mean zero case m =0, V, can be rewritten as

Y @ x)pfee) — )},

xezd

where e is any fixed site of Z‘j. Since s(-) generates Zf,f, for each x such that p(x) >
0, there exists a path x = yp, ..., y, = e going from x to e avoiding the origin and
such that s(y;+1 — y;) > 0. Since

n—1

(6@ =€), f),. = D {EGi+) —EG0. £,

i=0
performing the change of variables &’ = o¥i-Yi+1&, we may rewrite this sum as

n—1

—(1/2) ) {5 Qi) —EG), T )

i=0
Clearly, this expression is less than or equal to

n—1

1 1 i 2
— — J— « Yi» Vi
SnAa(l—a) + ;EW[(T )]
i=
for every A > 0. Summing over all x such that p(x) > 0, we get that

C
(Va, o < CoAa(l —a)lal® + f%(f)

for all A > 0 and some finite constant Cq. To conclude, it remains to minimize the
previous expression with respect to A. g

The previous lemma shows that the first condition in (6.16) holds in the mean
zero case. On the other hand, since the process is reversible in the symmetric case,
the second assumption in (6.16) follows from Sect. 2.7.1.

The Spaces 5%,1 and 5%,—1 Note that in the previous lemma only the piece of
the Dirichlet form % associated to jumps of the environment were used. This part
plays an important role in the sequel and deserves a special notation. Recall that we
denote by .7 the generator .%j introduced in (6.1) with the probability measure p
replaced by its symmetric part s, and that Zo(f) = ((—0) f, f)y; for all cylinder
functions f.
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Let %).1 be the Hilbert space generated by the cylinder functions 4’ endowed
with the scalar product (f, (—Yo)g)l,;. Denote also by .79 1 the dual space of
.1, given by (2.6) with v} in place of . Clearly,

I fllor < I1flli sothat || fll—1 <l fllo,—1 (6.21)

for all cylinder functions f.
The proof of Lemma 6.13 shows in fact that V, belongs to %) _; and that

IValld _; < Cox (a)lal? (6.22)

forall a in RY.

6.6 The Mean Zero Asymmetric Case

In this section, we examine the mean zero case ) . p(x)x = 0. In the previous
section, we have reduced the proof of the central limit theorem to the inspection
of the conditions stated in (6.16). The first assumption was proved in Lemma 6.13.
In view of Sect. 2.7.3, to derive the second assumption in (6.16), it is enough to
prove that the generator . satisfies a sector condition. This is the content of the
main result of this section, whose proof relies on the decomposition of a mean zero
probability p in cycle probability measures, as seen in Sect. 5.3. The argument is
similar to the one of Proposition 5.5 but the presence of the highly non-local shift
operator .% introduces further complications.

Proposition 6.14 There exists a finite constant Cy depending only on the probabil-
ity measure p such that

(f. D8l = Colf. D f) 8. (D)),
for all cylinder functions f, g.

Proof By Lemma 5.6 and Lemma 5.7, we may assume that p is a cycle probability
measure:

n—1
1
= — 1 =V —Vi_
px) n EZO {(x=y; —yj-1},

for some n > 1, the length of the cycle, and some set C = {yg, ..., Yn—1, ¥n = Yo}
We may of course assume that the cycle is irreducible in the sense that y; # y; if
i#j,0<i,j<n-—1.

Let C + x be the cycle {yp + x, ..., yu—1 + x, ¥, + x}. Since the cycle C is
irreducible, there are exactly n cycles of the form C + x which intersect the origin:
C—y0,....,C—yp1.



6.6 The Mean Zero Asymmetric Case 215

For a cycle C + x which does not intersect the origin, let ﬁg 4 be the generator
defined by

n—1

1 i
(L f)®) =~ > £k 0[1 = § O + 0] £ (T 8178) - £ (@),

k=0

In contrast, for the cycle C —y;, 0 < j <n —1, let fo_y/ be the generator
defined by '

(22, 1)@

= % D Ok =yl = EGurr — YN[ (0TI ViE) — (&)

0<k<n-—1

k#j—1.j
Notice that we suppressed the jump from y;_; — y; to the origin, because the origin
is always occupied, and from the origin to y;41 — y; because this jump does not
appear in the generator associated to the environment. Note also that in the formulas
of the generators Xg xo fg_ y;» We may remove the factors &£ (yx +x), E(yk — ;)
without modifying the generators.

For the probability measure p obtained from the cycle C, the generator associ-

ated to the jumps of the tagged particle is written as

n—1

1
(L)) =~ D [ = &Gkt = O Oy 6) — FE)}.

k=0

Let & = ch .,iﬂg_x be the piece of the generator .Z whose cycles do not
intersect the origin and let %2 = % + ) - j<n—1 -Zg—y,- be the remaining part of
the generator. By Lemma 5.9, ‘

(f. (=L, < 160*(£. (=) ), {g. (= ZLDg),.. (6.23)

We may of course replace £ by .Z on the right-hand side since we will be adding
only non-negative terms.

It remains to prove a similar bound for the generator .%5. The generator
% involves n(n — 2) measure-preserving transformations coming from
2 o< j<n— I‘Z(,nyf and n additional measure-preserving transformations coming

from the piece %,. Denote by Ti, ..., Tyu—1) these transformations. We claim that
there is a permutation s of {1,...,n(n — 1)} such that Ts,—1)) 0 --- o Ty =&
provided £ has a hole in a specific site.

A rigorous proof of this property is lengthy and requires too much notation. We
prefer to convince the reader with an example. Consider the cycle {0, —e3, e1, 0} in
Z*. In this case, the generators £3 =Y - i<n—1 fg_yj, Zp can be written as

3(LNE =[1-EE]{fo7>8) - f(©)]
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+[1=&(—e1 —e)]{ flo™772) — f(5)}
+[1=&E]{florT>2) - (5],

3(L ) =[1—E(=e)]{ f(0-08) — f(5)]
+[1=&en]{f(O-c&) - f©)}
+[1=&er +e)]{ fOey1e,6) = ()]}

The six measure-preserving transformations are o ~“2¢, g~ ¢>—¢17¢2, gerterer
O—cy> O—e;» Oey+e,- We have to estimate (f, (—Z3 — £p)g)y:. This expression con-
sists of six terms. To fix ideas, consider the first one which is multiplied by 1 —&(eq).
A simple computation shows that

—ep,—ej—ey ejtez,ez —ex.el g
O_¢ 00 00 4e, 00O 06_¢, 00 E=¢,

provided & (e;) = 0. Similar identities hold for the other five cases. We may therefore
write the generator % + .23 as the generator L in the statement of Lemma 5.8 and
deduce that
2

(f.(=25 = L)), <160*(f. (=L = L) f) (8. (=L = ZL)g),,.
where n = 6. Here again we may replace the generator .23 + .4 by .Z on the right-
hand side. This bound together with (6.23) proves the sector condition for the mean
zero exclusion process as seen from the tagged particle. U

6.7 Duality

If m £ 0, the proof of the central limit theorem for the position of the tagged particle
relies on the dual spaces and operators introduced in Sect. 5.4. The presence of the
tagged particle and the corresponding shifts operators create new difficulties.

For n > 0, denote by & the subsets of Z¢ with n points and let &* =, &
For each A in &*, let ¥4 be the cylinder function -

§(x) —«a
‘I/A(E) = l_[ W,

where x (@) = ¢ (1 — «). By convention, ¥ = 1. The class {¥y4, A € &*} forms an
orthonormal basis of Lz(v;‘). For each n > 1, denote by .7, the subspace of Lz(v:j)
generated by {¥4, A € &}, so that L2(v;) =@,-0 - Let 9 = Boep<p -
Functions in ¢, \ %,—1, ¥ = U,;»0 % are said to have degree n, finite degree, re-
spectively, while functions in <7, are said to be monomials of degree n.

Consider a cylinder function f. Since {W4 : A € &*} is a basis of Lz(v(’;), there
exists a finitely supported function § : £* — R such that

F=) i Mwa=)"Y" f(Av,.

Ae&* n>0 Aeé¥

xX€A
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The function f represents the Fourier coefficients of the cylinder function f and
is denoted by §f when we want to stress its dependence on f. f: £* — R is a
function of finite support because f is a cylinder function. Moreover, the Fourier
coefficients f(A) depend not only on f but also on the density «: f(A) = f(c, A).
Note finally that f(@) = Eplf]

Denote by IT, the orthogonal projection on 47, or the restriction to &, of a
finitely supported function §: & — R: (I1,§)(A) = f(A)1{A € &}. With this defi-
nition, §(IT, f) =I1,5 f.

Denote by € the space of finitely supported functions f: &* — R, by u, the
counting measure on & and by (-, -),,, the scalar product in L?(u,). For any two

cylinder functions f =" 4 o« f(A)WA, & =D scps 0(A) W4,

(foghg= Y. HAIB)Wa, ¥z = Y F(A)g(A) = (f. ).

A,Be&* Ae&*

In particular, the map § : L2(v}}) — L?(u,) is an isomorphism.

To examine how the generator acts on the Fourier coefficients, recall the defini-
tion of the set A, , introduced in (5.15). To represent the shift operator, for A in £*,
denote by 6y A the set defined by

A+ if —yé¢A,
0,A = Y ) e (6.24)
’ (A+y),y if —yeA,

where B 4z is the set {x +z; x € B}. Therefore, if —y belongs to A, we first translate
A by y (obtaining a new set which contains the origin) and then we remove the
origin and we add the site y. Of course, 0, : &," — &, is a one-to-one function and a
straightforward computation shows that W4 (6,§) = Wy, 4 (§) for every configuration
& eX*.

Fix a cylinder function f =), cer(§ f)(A)W4. A straightforward computation
shows that

L= (Leabf)(AWa,

Ae&*

where
Lra =L+ Lo
and
€00 =64 + (1 =20 + v/ x (@3J0.+ + VX (@30,
Loa=aLs 1+ (=)L p2+Vx(@3Io.p+ +vVx(@Io.p.—
The operators G, M., Jo,+, Jo,— are given by

GHA) =172 D s —0[f(Axy) — A,

x,yezZd
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MpA = D aly—0[i(Ay) —fA)],
xeA,y¢A
y#0
(6.25)

GoaDA) =2 Y aly —0)f(A\ {y}),

X, yEA

Go.-PA) =2 Y a(y —0f(AU{y))

x,ygA
x,y#0

for any function f: &* — R of finite support. Note that the generator G, defined
above is different from the generator &, of Sect. 5.4 because the summation is
carried over sites in Z¢. The operators £ 5.1, £9.p.2, 30.p.+» 3o, p,— are defined as
follows:

(Lo.p1DA) =) p){FO_A) —f(A)},
xXeA
(L0.p2D(A) =) p){FO_ A) —f(A)},
xgA (6.26)
@o.p,+DA) =Y pOff(A\x}) = F(I6- AN —x})},
X€EA
@0, -DA) =Y pOff(A U {x}) — f([6-r ATU {—x})}
x¢A

for any function §: &* — R of finite support. In these equations the origin never
appears in the summation because p(0) = 0. We denote by £¢ 4,1, £6,4,2, J6,g,+
J6,q,— the operators £4 p 1, £g,p,2, J6,p,+» J6, p,— defined above with p replaced by
g, where g = p*, s ora.

Up to this point we have proved that

Sg = 2*,a§~

To proceed, we rewrite the operator £, , as a sum of operators which are either
symmetric or anti-symmetric. Notice first that &, is a symmetric operator in L (i)
which preserves the degree of a function. In contrast with the previous chapter, we
shall see that it does not carry all the symmetric part of the operator £, .

The operators 9., £9 5,1 and £y , 2 also preserves the degree of functions. The
special role played by the origin introduces some complications: 91, is not anti-
symmetric as its notation suggests, but it carries a piece which is compensated by
£o,p,1 and £y , ». More precisely, let U : £* — R be given by

U(A) = Za(x).
X€EA

Note that U vanishes on sets A which do not contain points close to the origin. De-
note by 917, sz,p,l and Ez,p,z the adjoints of 91,, £9 5,1 and £g, 2, respectively, in
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L?(j1). An elementary computation shows that for every finitely supported function
f:8* >R

(D) (A) = —(OLH(A) — 2U (A)f(A),
(€5 1 H)(A) = (Lo,pr1H(A) = 2U (A)F(A),
(€521 (A) = (L9, p= 2D (A) +2U (A)f(A).

The derivations of these identities rely on the facts that ) cat(x) =— > ¢A a(x),
> x.yea @(y —x) = 0 because a is anti-symmetric.

It follows from the previous computation that the symmetric and anti-symmetric
parts of the operator £g , 1 — N, are Lo 5,1 and Ly 4,1 — Ny, respectively, while
the symmetric and anti-symmetric parts of the operator £¢ , > + 91, are £y 52 and
£0.4.2 + ., respectively. It is therefore natural to rewrite the operator (1 —2)91, +
aﬂg’p’l(l - Ot)ﬂg’p,z as

a(Lg,p,1 — ) + (1 —a)(Lg, p2 + ).

Furthermore, £y 1 and £y 52 are symmetric operators in L2(u*) which preserve
the degrees of functions, while the operators £9 4,1 — MM, £o,4,2 + I, are anti-
symmetric operators in L?(i,) which preserve the degrees of functions.

We turn now to the operators which do not preserve the degree of a function:
J0,4+ J0,—» J0,p.+» Jo, p.—- The adjoint of these operators can be written as

(35,49 (A) = =@o.-H(A) =2 " a(MF(AU{y)),

YEA
(35, (A) = =@o.+H(A) =2 " a(MF(A\ ).
yeEA
(35,5 +F)(A) = Go.pr DA +2 D aMF(AU{}),
YEA
(35,5 H)(A) = Go.p= DA +2 ) aMF(A\ {y}).
yeA

Note that the indices & on the left-hand side are changed to F on the right-hand
side. It follows from these identities that

Josr =305~ {Jo+ +Jo.a+) =—{J0.— +Jb.a-}-
Therefore, Jg,s,+ -+ Jg,5,— is symmetric in L? (), while Jo,+ + Jo,— + Jo.a,+ +

J6,a,— 18 anti-symmetric.
Let 3+ =Jo0,4+ +J0,p,4» J— = Jo,— + Jo, p,—. With this notation we have that

Lia =6+ a{Lp1 — M+ (T —){Lg,p2+ I} + vV x(@T4+ +I-}
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The Spaces 9,1 and $p,—1  Denote by )¢, the Hilbert space generated by the
finitely supported functions endowed with the scalar product (f, (—&,)g) ., . We use
the same notation || - ||o,1 to denote the norm of the Hilbert space o ; and the
norm of the Hilbert space .79 ; introduced at the end of Sect. 6.5. An elementary
computation shows that

1
I, ={F. =©f),, =7 D G- 3 {fAry) —f@F 627

x,yezd Aes*

for all finitely supported functions § : £* — R.
Let $9,—1 be the dual space of $¢ 1, given by (2.6) with u,, € in place of 7, €.
Here also || - ||o,—1 stands for the norm of the $o._; and the norm of the J# _;.
Fix a cylinder function f in ¥ and recall that we denote by .#y the generator
£y with the probability measure p replaced by its symmetric part s. An elementary
computation shows that F.% f = &,§ f so that

SyOZG*g-

Hence, since § is an isomorphism from Lz(v;‘) to L2(u,), for any cylinder func-
tion f,

1151 = (/. 700 £),, = (1. (=&}, = 1713, (6:28)

where f = § f. Therefore § is also an isomorphism from .74 | to o 1. By duality
these identities extend to &), —1, Ho,—1. For every function f € Lz(v;),

IAIG—1 = IS 15— (6.29)

The isomorphism from Lz(v;) to Lz(u*) and the relation §.Z = £, 4§ give also
that

(£ D)y = (BF (—Le)TS),, (6.30)

for all cylinder functions f, an identity needed later.

6.8 The Asymmetric Case in Dimension d > 3

In this section, we prove Theorem 6.6 for asymmetric exclusion processes in dimen-
sion d > 3. We have seen in Sect. 6.5 that the proof is reduced to the inspection of
conditions (6.16).

This section is divided in two parts. We first prove that the cylinder function V,
belongs to %), —1 in dimensions d > 3. This part is based on the estimates of the
Green function of transient Markov processes presented in Sect. 5.7. In the second
part of the section we prove that the second condition in (6.16) holds following the
strategy presented in Sect. 2.7.4.
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Lemma 6.15 Assume that d > 3. Then, the cylinder function Vy introduced in
(6.14) belongs to A5,y and || Va3 _; < Coa(1 — a)lal?.

Proof The cylinder function V, can be written in the orthonormal basis {¥4 : A €
&Y as —/x(@) ) cpa X - ap(x)¥x) and therefore belongs to the space <7 of
functions of degree 1. Since functions of different degrees are orthogonal both in
Lz(v;;) and in % 1, in the variational formula which defines the || - ||p,—; norm we
may restrict the supremum to cylinder functions of degree 1:

||va||%,_1:sug{zwa,fn;—nfn%,l}: sup  {2(Va. vz — 1 £115.1}-
fe€

feéna,

Denote the Fourier coefficients of the cylinder function f by f: & — R so that f =
> « F{x})Wix). With this notation the previous variational formula can be written as

SI;p{—Z x(@)) x-api({x}) - Do(f)}-

In this formula the supremum is carried over all finitely supported functions f :
&)" — R and Dy(f) corresponds to the Dirichlet form of a symmetric random walk
on Zi in which a jump from x to y occurs at rate (1/2)s(y — x):

1 2

Doh=7 D s&=0ff(lyh) —i(th)}”
X, yeZ‘i

By Schwarz inequality, the linear term in the variational formula is less than or equal

to

1
Ax(@) Y -y () + = 3 peof(ix)’

for all A > 0. By Proposition 5.23, since the transition probability p has finite range,
the second term is less than or equal to

1
7 Sup Go(y, y)Do(f),
yeZd

where Go(x,y) stands for the Green function of the random walk with Dirichlet
form Dy defined above. By Proposition 5.25, the Green function Go can be es-
timated by the Green function of the random walk on Z¢ which jumps from x
to y at rate (1/2)s(y — x). The previous expression is thus less than or equal to
CoA~'Dy(§), for some finite constant Cy depending only on p. Choosing A = Cy
we conclude the proof of the lemma. O

We now turn to the proof of the second condition in (6.16). Let u; = Fu,, A > 0.
Since §.Z = L5, applying the operator § on both sides of the resolvent equa-
tion (6.15), we obtain that

A, — Ly qup =Yg, (6.31)
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where U, = §V,. Since £y qup = FLuy, by (6.29) [|Lusllo,—1 = I Ls.atallo,—1-
Thus, in view of (6.21), to prove the second condition in (6.16) it is enough to show
that

sup | €4 attallo,—1 < 00. (6.32)
0<r<l1

We place ourselves in the set-up of Sect. 2.7.4, where u, stands for 7 and we
have the following correspondence between the operators:

By — a{£y p1 — M} + (1 —a){Ls p 2+ I},
So—> 6, Li—Vx@)3Jy, L_—/x@)J—.

By Lemma 2.23, (6.32) holds if we show that conditions (2.39), (2.40), (2.45) and
(2.50) are in force. The fist condition is trivially satisfied. In the present context the
other three conditions read as follows.

There exists a finite constant C such that

0= {f, =6uf)u. = Coff. (=L4.0)7),,, (6.33)

for all functions §: &* — R of finite support.
There exists 8 < 1 and a finite constant Cq such that for all n > 0,

(34f. @)%, < Cotn+ D (G5, ) u. (—6.g. O
(6.34)

(. 3-0)5, < Cotn+ P (—6.f. ). (—61g. 9) s,

for any finitely supported functions f: & — R, g: & | — R.
As we have seen in Sect. 5.6, condition (2.50) is not expected to hold, but can be
replaced by the following one. There exists a finite constant Cq such that

n+1
1T, s[5y < ConllVallg,_y + Con® > 1T, (6.35)
j=n—1
for all n > 1; and identical bounds with £ , ;, j =1, 2, in place of M,, because
in our context the asymmetric part of the generator which keeps the degree is the
operator o{£g p.1 — M} + (1 —a){Lg p2 + N}
In the remaining part of this section we prove assertions (6.33), (6.34), (6.35).

Condition (6.33) This condition is straightforward since the operators G, £, 4
are generators and therefore non-positive: For every finitely supported function
f:&* — R, by (6.28), (6.30),

0< (=0 fs Fug = (&, Py
(~&uf. e = (—F0f Fvg < —2Lf g = (. (~Le)),.-

where f is the cylinder function f(§) =) s e« f(A)Wa(E).
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Condition (6.34) We start with a graded sector condition on the symmetric diag-
onal operators.

Lemma 6.16 Fix j =1, 2. There exists a constant C, depending only on p(-), such
that for alln > 1

(=Lo,5,iT e = Con(=6uf, .

Sfor all finitely supported functions §: &; — R.

Proof Set j =1 and fix n > 1 and a finitely supported function §: & — R. An
elementary computation shows that

(=Los1f e = (1/2) Y 5) Y _{FO0-.4) —f(A)}.

zeZd A3z

Since the sum over z is finite, we need to estimate for each z

3 {i-.A) —§))

AcE;

in terms of the Dirichlet form (—G&.,f, f),
allowed.

We can assume without loss of generality that z = (1,0, ..., 0), the unit vector
in the direction of the first coordinate axis. The problem is now reduced to the fol-
lowing: we are given a function §: & — R. We think of & as a graph with edges
E¥, defined as

n’

in which only exchanges of sites are

*

E; = {(A, Ayy)is(y —x) > O}.

The Dirichlet form can be written as

1
(~&.f.flu =5 D s@|epE@’

ecE*,

where (8f)(e) = f(Ax,y) — f(A),ife= (A, Ay y) and s(e) =s(y — x).
We are claiming an estimate of the form

3 [56:4) — ()| < Con{~6.f. P,

Aedy

with a constant Cy independent of .

It is clear that for any set A one can move from A to 6_,A along edges of the
graph &, using only the edges in E}. We will verify that for every A € & we can
assign a set of edges E*4 C E* such that, (i) for every A one can use the edges of
E* 4 to go from A to 6_; A, (ii) for any A there are at most n edges in E*4 and (iii)
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the subsets {IE* 4} are mutually disjoint as A varies over &,. Then it is easy to see
that

2
<n Yy |6ne)

(:‘EE*A

156, 4) —(A)|* =

> e

EEE*A

and summing over A € &, because E* 4 are disjoint, we can establish the lemma.

To construct the paths from A to _,A we totally order the points of Zﬁ by
lexicographic ordering. We say that z = (z1,...,24) € Zi is positive if, either
21 >0;0rz1=0,22=0,...,z;—1 =0 and z; > 0 for some 2 < j < d. The to-
tal ordering declares y > x if y — x is positive. Let the set A € & consist of
the n points (x1,x2,...,x,) of fo. We can assume that they are ordered so that
x| >x3>--->xp. Then O_;A = (xf,...,x;) where x;.‘ =xj —zunless x; =zin
which case xj =x; — 2z = —z. Assume without loss of generality that z < 0. We
use the edges in [E;; to shift successively each x; to x;* starting from x| and proceed-
ing in order and ending with shifting x,,. Any edge that is used goes from some A; to
Ay = oY A 1. Since the shifts were made in lexicographic order we can determine
without ambiguity which points of A have already been shifted and which have not
been. In other words the paths from any two different A to the corresponding 6_, A
do not share a common edge. It is also clear that exactly n edges are used. Any edge
corresponds to x% — x; = —z or —2z.

We have thus proved that

(~L0.5. 75 D <1 (=& P,
where &, allows jumps of size —2z. It is however an easy matter to show that

(—6f. e < Col—6uf )

for some finite constant Co depending only on the probability p(-). This concludes
the proof of the lemma for j = 1. The proof for j = 2 is identical. g

It follows from the variational formula for the $9,_; norm, from the symmetry of
the operators £y s ; and from the previous lemma that there exists a finite constant
Co such that forall n > 1,

1€6.,5,f115,—1 < Con* I3,y (6.36)
for j =1, 2 and all finitely supported functions §: &, — R.

We are now in a position to show that the off-diagonal operators ., J_ satisfy
the graded sector condition (6.34) with 8 = 1/2.

Lemma 6.17 Assume that d > 3. There exists a finite constant Cy, depending only
on the probability p(-), such that for every n > 0,

(345 007, < Con(—6,, ), (— 648, @,
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for any finitely supported functions §: & — R, g: &7 | — R. A similar bound
holds for J_.

Proof To fix ideas we prove the estimate for the operator Jp s +. The proof for
J6.a,+ 18 identical and the one for Jo,+ is similar to the proof of Lemma 5.15.

Fix n > 0 and consider two finitely supported functions f: & - R, g: &7 | —
R. From the explicit form of the operator Jy s +, we obtain that Jg s +f({x}) = 0 for

all x € fo. We may therefore assume that n > 1. In this case,

< YD T sOIHANDY) = £(10- AN=3})[[a(A)].

Aeéan*+l yeA

|(36.5.+F, 01,

The elementary inequality 2ab < Aa” + 1~ 'b? gives that the previous expression is
less than or equal to

@20 30 ST sHADY) = £y AN + 17220 Y s(e1 ()2
ACEY,, yeA yez!

(6.37)
for every A > 0, where g;(y)> = > Asy g(A)%. We estimate separately these two
expressions.

The change of variables B = A\{y} permits to rewrite the first term in (6.37) as
AM(=Lo,5,2)f, ), - By Lemma 6.16, this term is bounded by CoAn{((—&,)f, ), -

On the other hand, since s generates an irreducible transient Markov process on
7¢ and since s(-) has finite range, by Propositions 5.23 and 5.25,

S sMami=Co Y s -n{me) - s}
yeZi x,yeZ;l

A change of variables B = A, , gives that

1/2
gl<y>={2g(A>2+ >, g(Ax,yV} :

Asx,y Asx,AFy
Since

1/2
gl(x>={2g<A)2+ > g(A)z} :

A>sx,y A>x,AFy
by Schwarz inequality,
2 2
o -a®} = > {aAry) — g}
Asx,AFy
Therefore, in view of (6.27),
> s(a1(1)? = Col(—G.)g. 9)

yezd
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for some finite constant Cop depending only on p(-).
In view of (6.37), to conclude the proof of the lemma, it remains to optimize on
A >0. O

It follows from the variational formula for the £, —; norm and from this lemma
that there exists a finite constant Cy such that for every n > 1,

1345131 < Conlfilf (6.38)

for all finitely supported functions §: &, — R.

Condition (6.35) There are three diagonal operators: £9 51, £g,p.2 and I, It
follows from (6.36) that £4 5 ;, j =1, 2, satisfies trivially Condition (6.35). The
next lemma shows that £¢ 4 1 also satisfies a graded sector condition.

Lemma 6.18 Assume that d > 3. There exists a finite constant Cy, depending only
on the probability p(-), such that for every n > 0,

(£0.a.1f. 807, < Con(—&.f. ), (— 6.0, 0) .

Sfor any finitely supported functions §, g : 6,7 — R.

Proof The proof is similar and slightly simpler than the one of Lemma 6.17. Details
are left to the reader which should remember that |a(y)| < s(y). O

It follows from the variational formula for the $)9,—; norm and from this lemma
that there exists a finite constant C such that for all n > 0,

10,1151 < ConllflIg, (6.39)

for all finitely supported functions f : £ — R. In particular, Condition (6.35) holds
also for £g 4,1 and £g p 1.

The proof of the previous lemma does not apply to £g 42 because in the def-
inition of this operator the sum is carried over sites not in A. Actually, such an
estimate is not expected to hold for £y , > and for 91,, as explained in the beginning
of Sect. 5.6.

The proof of Condition (6.35) for the operators N, £¢ 4,2 is similar to the one
of Lemma 5.20 and relies on the comparison of the operators G., M., £g 4.2 With
generators associated to the evolution of independent randoms walks which can be
examined through Fourier analysis.

Lemma 6.19 There exists a finite constant Co depending only on p(-) such that for
alln > 1,



6.8 The Asymmetric Case in Dimension d > 3 227

n+l1
2 2 3 2
T, s[5y < ConllVall,_y + Con® > Tl
j=n—1

An identical bound holds if we replace I, by £¢.4,2.
Proof The proof of this lemma is similar to the one of Lemma 5.20 and divided into

several steps. Let o) = Uq + /X (@){J+ + I} +a Ly p1up + (1 — o)Ly 5015
so that

J, = {S. + (1= 209 + (1 — @) Lg 2}, = 1. (6.40)
By (6.36), (6.38), (6.39), there exists a finite constant Cy such that
n+1
1 Tyvo1 13,y < 20T, Dallg_y + Con® > w5, (6.41)
j=n—1

foralln > 1.
The operator G, + (1 —2a)M, + (1 — o) £g,4,2 does not change the degree of a
function. We may therefore examine equation (6.40) on each set &

)Mu)\,n - {6* + (1 - za)m* + 1 - a)£9,a,2}uk,n = I1,1y,

where u, , = IT,u,. Since n is fixed until estimate (6.44), we omit the operator [T,
in the following formulas.

The main idea of this proof is to approximate the operator G, + (1 — 2a)J1, +
(1 — «)Lg.4.2 by a convolution operator which can be analyzed through Fourier
transforms. Fix n > 1 and let .Z;, = (Z¢)". Note that we include the origin of Z4 in
Zn. We consider a set A in & as an equivalent class of n! sets of distinct points
of Z4. A function §: &* — R can be lifted into a symmetric function Z*§ on 2,
which vanishes on 2, \ &)

(E*F) (x1 X)) = {f({x1,...,xn}) if x; # x;j fori # j and x; #0,
) =

otherwise.

The operators &,, M,, £9.4.2 can also be extended in a natural way to Z,. Con-
sider on .Z;, the operators &, 91 defined in the previous chapter by (5.34) and £9
defined by

(LeN® =Y a@{fr1 —z.....x —2) — f®}.

7€7Z4

In this formula and below, x = (x1, ..., x,) is an element of 2, so that each x;
belongs to 74 . Recall the definition of the norms Il -1l.2;.1 and || - | 2;,—1 defined by
(5.35) and (5.36).

Lifting the resolvent equation (6.40) to 2, and adding and subtracting
G2E™uy + (1 — 20)MN? E*uy, + (1 — ) £ Z*uy,, we obtain that

AE U — {6+ (1 = 20)MN + (1 — ) L5} E*uy, =103, (6.42)
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where tv; is equal to &*to; plus the remainder
[E%6, - 65"y + (1 —2){E* N, — N°E*
+ (1 —a){E*Lp a2 — L5E  Jus.

We claim that tv; has finite 577 1(Z;) norm. Indeed, for each n > 1, by (6.46)
and Lemma 6.21 below, there exists a finite constant Cq such that

|&* Mavor %, | < w0113 .
|8*6 T — &8 My, |y, < ConP Il M I3 ),

| E* N MTw, — N E* T,

2 2 2
2, -1 = Con” [ ITywllg 15

— — 2 2 2
Hd*ge,a,ZHnuA - Sga*nnuk Z,.—1 <Con ||Hnuk||()’1a

so that
1T, t0201%: _y <20 ut01115,_y + Con® [ Twus G (6.43)

for some finite constant C.
It remains to examine the resolvent equation (6.42) through Fourier analysis. Let
Tpa=I[—m, 71" and denote by Uy, : T,.q — C the Fourier transform of =*u,:

(k) = Z R (EM ) (x).

xXeZn

In this formula, x -k = le j<nXj k. It follows from the resolvent equation (6.42)
that Uy, is the solution of

Al (k) — {S9(K) + (1 — 20)M0 (k) + (1 — ) £9 (k) } T (k) = 2 (K),

where @ 9/"(\0, Eg are the functions associated to the operators G, 0°, 23:

_@(k): Z s(z){l —cos(k; ~z)},
lzgejzgdn

—MK) =i Y a@)sink; - 2),
1<j<n
zeJZd

Lomy=i) a(z)sin(ij ~z>.
j=1

z€74



6.8 The Asymmetric Case in Dimension d > 3 229

The J#_1(Z;) norm of a function v : 2, — R has a simple and explicit expression
in terms of the Fourier transform:

) . —1 / ~
||u||%,,l——n!(2n)nd - K[5k)|* A(k)

Since Z™*u,, is the solution of the resolvent equation (6.42), for every A > 0,

R

“n, -1

-1
~ n!Qm)nd /Td

It follows from the explicit formulae for the functions 6/5\0, no R Eg and a Taylor
expansion for |Kk| small that the previous expression is bounded by

—Co / |02 (k)|
nl2mynd Jp o &0(k)

N0 (k) [ ()
A —60(k) — (1 —2a)M0(k) — (1 —a)L9(k) | &°(k)

dk = Collw2]| % _,

for some finite constant Cy. We have thus proved that

12
(RUSFRTPY P < Collwall%y _;. (6.44)
In the same way, for every A > 0, ||.£ Z*u;, ||2 is equal to
~1 / Lo (k) a0l
n!Qr)" Jp, 15— &0 k) — (1 —20)M0(k) — (1 —a)L5(k) | &°(k)

—Co 02(K)|?
/ dk = Collwa %, ;.

n'(2n)"d Ty a G (k)
for some finite constant Cy so that
0 2 2
HS UA”%[’?] §C0||m2||gg;%_1-

We may now conclude the proof of Lemma 6.19. Fix n > 1. By (6.46),
Lemma 6.21 and (6.44), there exists a finite constant Cy, which may change from
line to line, such that

T, 1§,y = 1M ITyull§,_y < Con | E* N My, || 2

= Con{n (111, uk||o1

_1}
= CO{” ”Hnuk”o‘] + ””Hnm2”5{n,_1 }
In particular, by (6.43) and (6.41),

||Hnm*uk||o 1= CO{” ||Hnuk||o 1 + n|| ;1o ||o _1}
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n+l
3 2 2
<Co{n® Y IMTjwllg, +nlTaBall§_ ¢-
Jj=n—1

A similar set of inequalities holds for £¢ , 2 in place of 91,.. This concludes the proof
of the lemma. O

Estimates on Liftings We close this section with some results used in the previ-
ous proof.

Lemma 6.20 There exists a finite constant Cqy such that for any n > 1 and any
Sinitely supported function §: £ — R in $9,1,

1513.1 < [8*F1%: | < ConllfI,-

Proof The first inequality is elementary and follows from the explicit formulae for

the respective H; norms. The only difference between the two expressions is that

some gradients which are present in the 7 (Z},) norm do not appear in £)¢ ; norm.
To prove the second inequality, let

W(A) = Z s(y —x) + Zs(x).

Xx,yEA xeA

We also denote by W the lifted function Z*W. A simple computation shows that
there exists a finite constant Cy such that

|E*G.f(x) — B°E*f(x)| < CoW (x)|E*f(x)| (6.45)

forevery xin & and f: & — R.
We are now in a position to prove the second bound. By definition,

* 1 —~% 0 mx
[, == 2 (E (S E* ).
xe Zn

Since &*f vanishes outside &, we may restrict the sum to &,°. Now, adding and
subtracting (&*&,f)(x) in this expression and recalling (6.45), we obtain that

—~%
2

C
D S I+ =0 3 W&o

Xe&k

= [f13.1 + Co > W(AFA).

Aedy

By Lemma 6.22, the second term of the previous formula is bounded by Con|| f||%, 1
which concludes the proof of the lemma. g
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It follows from this result and from the variational formulas for the H_; norms

that there exists a finite constant Cy such for any n > 1 and any finitely supported
function f: & — R

1 *
e L1 RN (i | P i (6.46)

Lemma 6.21 There exists a finite constant Co depending only on p(-) such that

||u*6 f_@Orka

Y L <Con?Ifl13 ;.

“S*m f mo %

- = Con?lflG
|2*L6,0,0f — £45 "*fum,,l < Con”lIf15,

Sforall n > 1 and all functions § : & — R.

Proof We prove the first and the third estimates and leave to the reader the details
of the second. Fix n > 1 and a finitely supported function h: 2, — R. We need to
estimate the scalar product

= Z hx){E*6,f(x) — 6°5*j(x)} (6.47)
XEQ/

in terms of the J# (Z,) norm of h and the $p,1 norm of f. There are two possible
cases. Either x belongs to & or x does not belong to &'

In the first case, by (6.45), the expression inside braces in the previous formula is
absolutely bounded by CoW (x)|Z*f(x)| for some finite constant Cy. Therefore, the
corresponding piece in the previous formula is bounded above by

C
n—? > Weh|lETie] = Z W)+ Col Y W(A)(A)

"\ xedr xe&y A&

for every £ > 0.
If x does not belong to &, the corresponding piece of the scalar product writes

1 *
— > s@bEEF(x + ze))
T Xe W\
zeZd,lgjsn

because in this case £*&,f(x) = &*f(x) = 0. In this formula, {e;, 1 < j < n} stands
for the canonical basis of R” so that X+ ze; = (x1,...,Xj_1,X; + 2, Xj41, ..., Xn).
Since &*f vanishes outside &, it is implicit in the previous formula that the sum is
restricted to all x such that x 4 ze; belongs to &)'. Since x 4 ze; € &, and x ¢ &,
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either x; = x; for some k or x; = 0. In particular, since 2ab < 2a? + ¢71b? for
every £ > 0, a change of variables shows that the previous sum is bounded above by

Z h(X)2W(X)+ — Y EPWE), (6.48)
xef er

where V~V(X) = Zﬁék Hx; =x} + Zj 1{x; = 0}. We may of course replace the
sum over £, by a sum over &, in the second term, losing the factor n!.

Adding together all previous estimates, we obtain that the scalar product (6.47)
is bounded above by

Z HEX{W ) + W@} +Col Y FA?W(A).

xe Zn A&

By Lemma 6.22, the second term is less than or equal to Con£|lf||(2),1 for some
finite constant C. On the other hand, a simple adaptation of the proof of the same
lemma gives that the first term is bounded by Cinf™ 1||f)|| . To conclude the
proof, it remains to minimize over £ and to recall the varlatlonal formula for the
H_; norm of a function.

We turn now to the third estimate. As above, fix a finitely supported function
bh: 2, — R. Observe that 5*£g 4 2f(x) = £ Z*f(x) if x belongs to &;". On the
other hand, if x ¢ &, this difference is equal to — Zza(z)f(xl —Zy.e, Xy — 2).
Therefore

= Z HX){E*Lp.02f(X) — L9E*f(x)}
XEVZ;I

=— Z h(X)a(2) E*f(x1 = 2..... %0 — 2).
| x¢s;

zeZd

— %

Since E™*f vanishes in (&) and since x does not belong to &, we must have
x; = 0 for some i for the previous term to be different from 0. Introducing the
indicator function ), _; ., 1{x; = 0} and proceeding as in the first part of the proof,
we estimate the absolute value of the previous sum by (6.48) This concludes the
proof of the lemma. g

Lemma 6.22 Let W : &* — R be defined by W(A) = Zx’yeAs(y - x) +
Y vea S(x). There exists a finite constant Cy, depending only on p(-) such that

> g(APW(A) < Con(—6.g.9),,
Acé;

forall n > 1 and all finitely supported function g : & — R.
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The proof of this lemma is similar to the one of Lemma 5.18 and left to the reader.
Instead of employing the transience of the symmetric random walk on Z¢, d > 3,
one uses the transience of the symmetric walk which avoids the origin stated in
Lemma 5.26 and the estimates of the Green function presented in Proposition 5.25.

6.9 The Self-diffusion Matrix

In this section, we obtain a finite upper bound and a strictly positive lower bound
for the diffusion matrix D(«) seen as a quadratic form.

Proposition 6.23 There exists a strictly positive and finite constant Cy, depending
only on p, such that

Cylal —wlaP <a-D@a < Co(1 - a)lal?
forall ainR?,

The proof of this proposition is divided into several steps. We first derive a varia-
tional formula for the self-diffusion matrix in the symmetric case, denoted by D; ().

Lemma 6.24 Assume that p(x) = p(—x). Forall a in R?,

a- Dg(a)a= igf{ Z 5(2) /[1 —£@z-a+ (Tzu)(é)}zv;‘(dg)

ze7¢
+(1/2) D s(y—x) / (T“’u)@)%;(ds')},
x,yeZi
where the infimum is taken over all cylinder functions u.
Proof Fix a in RY. By (6.19), Lemma 6.11 and Lemma 6.12, the asymptotic vari-
ance of t~12Z, - a is equal to lim,_molim)h_)ot_lIEV;[(M, + m?‘)z]. By the rep-

resentation of the martingales M;, m” in terms of the elementary martingales, this
expectation is equal to

> 5@ [[1-6@]lz - a+ (Fu) @ Fugae)

zeZi
£/ Y st [0,
x,yeZi’

where u,_is the solution of the resolvent equation (6.15). Expand the square {z - a —
(T?u;)(£)}2. The contribution of the term which does not depend on u, is equal to
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1—-w)a- o2a, where o2 is the symmetric matrix with entries a =) XiXj ip(x),
since s = p. A change of variables and the symmetry of s(-) show that the cross
term is equal to

2y S(z)z-a/[l — &) {un(6:8) — un(§) }vi (dé)

zerﬁ
—4f Va@)u; (5)v, (d8). (6.49)

Therefore, by the explicit formula for the Dirichlet forms obtained right after (6.3),
the asymptotic variance of t~1/2Z, - a is equal to

(1= @)a-o?a=2lim {2(Va, )y — luz I}

By (2.24) and Sect. 2.7.1, both (Vq, u3)ys and [lu ||7 converge to || Vall* | as A | 0.
Therefore,

a-Dy(@a=(1—a)a-o’a—2|Val?*,. (6.50)

It remains to recall the variational formula for the .72 norm of a cylinder func-
tion and to repeat the computations presented at the beginning of the proof in the
opposite order to conclude the lemma. U

The second step in the proof of Proposition 6.23 consists in obtaining a lower
bound for the self-diffusion coefficient in the symmetric case. For sake of complete-
ness, we present also an upper bound.

Lemma 6.25 Assume that p(x) = p(—x). There exists a strictly positive constant
Co, depending only on p, such that

2 2

Coa(l—a)a-oc“a<a-Dsg(x)a<(l—a)a-c-a

forall ain R,

Proof The upper bound follows from (6.50). In view of this identity, to prove the
lower bound it is enough to show that

2 Val?, < C1(1 —a)a-o?a (6.51)

for some constant C; < 1.
We claim that there exists a finite constant Cy such that

Sl}P{Z(f, Vahuz — Zo(f)} < (1/2)(1 —@)a - o7,

(6.52)
sup{2(f. Va)uz — Z0(f)} < Coar(l —a)a- o,
f

where the supremum is carried over all cylinder functions f.
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To prove the first inequality, recall (6.49) and apply Schwarz inequality to obtain
that 2( f, V) is bounded above by

1/ =) Y s+ (1/2) Y s(x)/(TXf)@)%;(ds).

erﬁf XGZQI

The first term is equal to (1/2)(1 — a)a - o2a, while the second term is equal to
Py (f). This proves the first inequality in (6.52). The second inequality follows
from (6.22) and the strict ellipticity of the matrix 2.

We are now in a position to prove (6.51). Since

IVall®, = sl;p{2<f, Vahoe — Zo(f) — Zo(f)},

we may split 2(f, Vq),x optimally in two pieces and recall (6.52) to obtain (6.51)
with C; = 2Coa (1 + 2Cp)~!. Some elementary algebra permits to conclude. [

Proof of Proposition 6.23 We first derive the upper bound which is easier. In view
of (6.19) and Lemma 6.12, to obtain an upper bound on the variance of 1~ 1/2Z, - a,
we just need to estimate the variances of the martingales M; and m;. On the one
hand, by definition (6.18) of the martingale M, and by the explicit formulas for the
quadratic variations of the elementary martingales M},

E,:[M?] < Cot (1 — a)lal”.
On the other hand, by Lemma 6.11,
2 . A2 . 2
Ey; [m?] = lim B, [ (m})°] = lim 2¢ 1,

where u, is the solution of the resolvent equation (6.15). By (2.15) and by
Lemma 6.13, this last expression is less than or equal to 2t||Va||2_1 < Cota(l —
o) |a|?. This concludes the proof of the upper bound.

We now turn to the lower bound. In view of the previous lemma, it is enough
to show that the self-diffusion coefficient of the asymmetric exclusion process is
bounded below by the self-diffusion coefficient of the symmetric process: D(«) >
D ().

Recall formula (6.20) of the diffusion coefficient D (). Since the sequence ¥ is
the limit in L2(v}}) of ¥*,

o D(@a > igf{ 350 / [1—@]{c-a+ (Tou)®) ) i@e)

zeZﬁf
+(1/2) Y s(y—x) / (Tx’yu)(sfv;(d@},
x,yeZd

where the infimum is taken over all cylinder functions u. By Lemma 6.24, the right-
hand side is just a - Ds(«)a. This concludes the proof of the proposition. g
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6.10 Comments and References

The invariance of the Bernoulli measures v} for the process seen from the tagged
particle was proved by Spitzer (1970). The ergodicity of the measures v and the
law of large numbers stated in Theorem 6.5 are due to Saada (1987). Kipnis and
Varadhan (1986) proved the invariance principle for a tagged particle in symmetric
exclusion processes and showed that the diffusion matrix is non-degenerate. This re-
sults has been extended to the mean zero case by Varadhan (1995), and to the asym-
metric case in dimension d > 3 by Sethuraman et al. (2000). We refer to Sect. 5.8 for
comments and references on the duality method, on the estimates of the asymmetric
diagonal and off-diagonal terms of the generator, and on the removal of the hard
core interaction used in the proof of Lemma 6.19. We followed here (Landim et al.,
2001), where the reader can find a variational formula for the diffusion coefficient
in the asymmetric case.

A central limit theorem for a tagged particle has been proved along the lines
described in this chapter in several different contexts.

Nearest Neighbor, Asymmetric Case in Dimension 1 In the totally asymmetric
case, p(1) =1, Kesten, cited in Spitzer (1970), observed that under the stationary
state IP,x the position of the tagged particle, Z;, is a Markov process with mean
one exponential jump rates. It follows from this remark that Z, /¢ converges a.s. to
1 —« and that [Z; — (1 — a)t]/ Jt converges in distribution to a mean zero Gaus-
sian random variable with variance (1 — o)2. Kipnis (1986) extended this result to
the asymmetric, nearest neighbor case, p(—1) + p(1) =1, p(1) # 1/2, proving that
Z;/t converges a.s. to (1 — «o)m and that [Z; — (1 — a)mt]//t converges in dis-
tribution to a mean zero Gaussian random variable with a strictly positive variance.

Hard Spheres Tanemura (1989) considers a reversible system of infinitely many
hard balls with the same diameter moving on R¢ by random jumps under the hard
core condition. The jump rates depend on the configuration. The author proves a
central limit theorem for a tagged particle provided the density of particles is suf-
ficiently small. This latter condition is imposed to ensure the ergodicity of the pro-
cess. Osada (1998a,b) proves an invariance principle for a tagged particle among
infinitely many hard core Brownian balls and shows that the self-diffusion matrix is
strictly positive.

Exclusion Processes and Related Models Carlson et al. (1993a,b) proves an
invariance principle for a tagged particle in a one-dimensional exclusion process
where a particle jumps from site x to site x + y at rate c(]y|) if all sites between
x and x 4 y are occupied, where c is a non-increasing function. When ¢ decays
slowly they show that the variance of the Brownian motion diverges as the density
increases to one.

An invariance principle for a tagged particle in exclusion processes with degen-
erate rates is proved in Bertini and Toninelli (2004) and Toninelli and Biroli (2004).
The self-diffusion matrix is shown to be always positive for cooperative models.



6.10 Comments and References 237

Sethuraman (2007) examines the central limit theorem for a tagged particle in
asymmetric zero-range processes.

Mechanical Systems A classical problem in mathematical physics consists in
deriving Brownian motion from Hamiltonian principles. There is a huge bibliogra-
phy on the subject. The martingale approximation presented in this chapter has been
used by Szasz and Téth (1987a,b) to study the following problem. They consider a
one-dimensional system of a Brownian particle of fixed mass interacting via elastic
collisions with an infinite ideal gas of bath particles of mass 1. Letting the mass
of the Brownian particle increase at an appropriate rate as the scaling parameter
changes, the authors proved convergence to Brownian motion.

We prove in this book convergence to Brownian motion. Certain models, such
as the tagged particle in the one-dimensional nearest neighbor symmetric exclusion
process or the tagged particle in an exclusion process with long range jumps, exhibit
different asymptotic behavior.

Convergence to Fractional Brownian Motion Consider the tagged particle in
the one-dimensional nearest neighbor symmetric exclusion process. This is the case
not covered by Theorem 6.3 and not examined in this chapter. Arratia (1983) proved
that X,/t'/% converges in distribution to a normal random variable with mean 0
and variance (1 — o) /a+/2/7. Based on the approach developed by Brox and Rost
(1984) to prove the equilibrium fluctuations for the density field, Rost and Vares
(1985) showed that the finite dimensional distributions of the tagged particle con-
verge to the finite dimensional distributions of a fractional Brownian motion of
Hurst parameter 1/4. Peligrad and Sethuraman (2008) completed the proof of the
functional central limit theorem by deriving the tightness of the process. Jara and
Landim (2006, 2008) proved the convergence to a Gaussian process of the finite
dimensional distributions of the position of the tagged particle starting from a local
equilibrium state. In the second article the authors considered an exclusion process
with bond disorder. This is one of the few examples where a non-equilibrium fluctu-
ation has been proven. With similar methods Gongalves and Jara (2008) examined
the tagged particle in the exclusion process with variable diffusion coefficient.

Subdiffusive Behavior  Shiga (1988) examined the evolution of a tagged particle
in exclusion models on Z in which more than one particle jumps simultaneously.
He proved that the position of the tagged particle is asymptotically Gaussian with
variance equal to Ct'/%, where a € (1,2] depends on the rates at which particles
jump.

Convergence to Lévy Processes Jara (2009) proved that a tagged particle in an
equilibrium exclusion process with long range jumps converges to a symmetric, o-
stable Lévy process. When the initial state is a local equilibrium, the tagged particle
converges to the solution of a martingale problem involving the solution of the hy-
drodynamic equation.
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Rod Dynamics In the exclusion model, a “rod” is a large particle which occupies
several lattice sites. In the symmetric case Alexander and Lebowitz (1994) prove
that the rescaled position of the rod converges to a Brownian motion and obtain
by computer simulations how the variance depends on the length of the rod. In the
asymmetric case Alexander and Lebowitz (1990, 1994) show that the velocity of the
rod increases with its length, which is counter-intuitive since we would expect the
size to restrain the displacement.

Einstein Relation Consider particles evolving in time and observe the displace-
ment of one them, called the tagged particle. Denote by X () its position at time
¢t and assume that this displacement process converges weakly to a centered d-
dimensional Brownian motion with covariance matrix D, when space and time are
appropriately scaled. Perturb the process by adding a small external force of inten-
sity f felt only by the tagged particle. Under reasonable conditions, it is expected
that the tagged particle converges in the same time scale to a Brownian motion with
the same covariance matrix, but with a drift of the form Mf, where M is called
the mobility. The Einstein relation predicts that the diffusivity and the mobility are
related by the equation M = (1/2kT) D, where T is the temperature and k the Boltz-
mann constant.

Lebowitz and Rost (1994) proved the validity of Einstein relation for a tagged
particle in a system of interacting diffusions, for a random walk with random con-
ductances, and for a particle in a random potential whose velocity is governed by a
Langevin equation.

Loulakis (2002, 2005) computed the mobility of the tagged particle in the sym-
metric and in the mean zero asymmetric simple exclusion process in dimension
d > 3. While the Einstein relation holds for the symmetric simple exclusion pro-
cess, it fails to hold in the mean zero asymmetric case.

Landim et al. (1998a) considered on Z a tagged particle jumping with rate p >
1/2 to the right and rate 1 — p to the left, evolving in a sea of particles moving
according to the nearest neighbor symmetric simple exclusion process. Denote by
X, the position of the tracer particle at time f. Assuming that the tracer particle
starts at the origin, while the remaining particles start from a product measure with
density «, the authors prove that X, /+/t converges in probability to v, (p), and that

Vo(p)  l—a [2

m =
pi12p—(1—p) a Vm

When p = 1/2, Arratia (1983) proved that X,/r'/# converges in distribution to a
normal random variable with mean 0 and variance (1 —«) /a+/2/7 . This establishes
the Einstein relation for this process. In contrast with the previous models, the drift
is not rescaled in this last example.

Stability of the Effective Diffusion Consider a tagged particle in the exclusion
process on a d-dimensional torus of length N with K particles. Denote by 01%,’ x the
effective diffusion of the limiting Brownian motion. Landim et al. (2002) proved
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that in the symmetric case, 01%, x converges, as N 1 0o and K/N d_ o, to the ef-
fective diffusion of the Brownian motion obtained as limit of a tagged particle in
the exclusion process on Z? under the stationary measure v,. The argument re-
duces essentially to the proof of the Liouville D-property, discussed in Chap. 1,
for symmetric exclusion processes. Jara (2006) extends the result to mean zero ex-
clusion processes in every dimension and to asymmetric exclusion processes in di-
mension d > 3. Caputo and loffe (2003) examined this problem for random walks
with random conductances. In the same spirit, Owhadi (2003) investigated the ap-
proximation of the effective conductivity of bounded elliptic random operators by
periodization.
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Chapter 7
Equilibrium Fluctuations of the Density Field

The techniques presented in the first part of the book have a wide range of ap-
plications. They have been used, for instance, to prove the hydrodynamic limit of
non-gradient interacting particle systems. To illustrate this fact, we depart in this
chapter from the main stream of the book and consider the fluctuations of a scalar
random field instead of the fluctuations of a particle or an additive functional. More
precisely, we examine the equilibrium space-time fluctuations of the density field
of simple exclusion processes. As the dynamics conserve the total number of parti-
cles, the fluctuations of the density field evolve in a longer time scale than the other
fluctuation fields, yielding to an autonomous equation in a proper scaling limit.

The general framework of the fluctuations of scalar random fields with a con-
served quantity is the following. Let ¥ be a stationary random scalar field on Z¢
with a distribution v that is invariant under translations by x € Z¢. Under some
reasonable conditions the distribution w, of the rescaled field

Yo(ex) = VY (x) —a}, xeZf

where « is the mean E,[Y (x)], will converge, as ¢ — 0, to white noise p with
variance

Eu[E@EM] = x8(y —x)

for some positive constant .

If there is a Markovian evolution of the field Y (-) with v as invariant measure
then we have a space time process Y (x, t) with distribution IP,,, with marginals v for
any fixed time. If we now do a diffusive space-time rescaling

Yé(ex,t) zs_d/z{Y(x, s_zt) —a},

the scaled process Y¢(ex,t) with distribution P, is expected to converge to an
Ornstein—Uhlenbeck type fluctuation process &(x, #) with distribution PP, satisfying

dé(x,1) = (&) (x,t)dt +dB(x,1)

T. Komorowski et al., Fluctuations in Markov Processes, 241
Grundlehren der mathematischen Wissenschaften 345,
DOI 10.1007/978-3-642-29880-6_7, © Springer-Verlag Berlin Heidelberg 2012
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expressed in the weak form as a linear stochastic differential equation
d§(G) =§&(H G)dt +dfc(1).

Usually o7 takes the form of an elliptic second order differential operator with con-
stant coefficients
d
4G =) Djjdyd;G
i,j=1

where D; ; is a symmetric positive definite matrix. The fluctuation—dissipation rela-
tion asserts that the family of Brownian motions S (-), that depend linearly on the
test function G, satisfy

E[Bc(1)?] = Xt/d VG - DVGdx,
R

where E stands for the expectation with respect to P.
The proof usually follows the martingale methods. We can write a martingale
decomposition (Itd’s formula) of the form

dY{(G) =W (YE, G)dt +dM, (1)

We only have to check that
lim lI/(Yf, G) =Y, («&#G) and IimE, [MS,G(t)Z] = Xt/ VG -DVGdx.
e—0 e—0 Rd

A central limit theorem for martingales ensures that any limit of M, ¢ (¢) is a Brow-
nian motion. Except for some technical issues this is the basic proof.

However there are models where something quite different happens. The term
¥ (Yf, G) becomes big but its integral

t
[ v yas
0

stays finite. ¥ (Y, G) is represented as a sum ¢§l) —}—qﬁéZ). The big piece ¢>§1) is trans-

formed, by the martingale method presented in the previous chapters, into Brownian
noise and combines with the noise M, g (¢) to provide the new Brownian motion

B (1). The remaining part ¢§2) stays finite and becomes
t ~
f Y(G)ds
0

where .o/ again is of the same form, i.e., a second order elliptic operator. This split-
ting has to be done by a carefully constructed decomposition and a new formula pro-
vided for the coefficients D; ; that defines <. The simple exclusion models studied
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in the previous chapters provide examples of both situations. The symmetric case
is an easy textbook case, while the asymmetric versions exhibit the more complex
behavior alluded to earlier.

The Density Field Let us consider the simple exclusion process on Z¢ as defined
in Chap. 5. We consider this dynamics in a stationary state with density «. For any
¢ > 0, let us define the density field Y*

YE =84/ Z [r](x) — a]Ssx,
xeZd

where §, is the Dirac measure concentrated at u. The density field Y* is to be
thought of as density fluctuation over a spatial scale of size e~ and can be ex-
pressed in the weak form as

Y4(G) =& )" Gex)[n(x) —«,
xeZd

for any continuous test function G : R¢ — R which decays sufficiently fast at infin-
ity. A computation reveals

WG =LY (G)=¢? Y py—xmm[1—nM][Gey) — Gex)]. (7.1)
x,yeZd
If we assume that p(-) is symmetric,

LY*(G)=¢"? Y p(y—xm@)[G(ey) — G(ex)]
x,yezd

~ 2102 3™ (/G () () — @],

xezd

where 7 is the elliptic operator

d
A =(1/2) Y 0;j0,0x;, withoij= > p(x)xix; (7.2)

i,j=1 xezd

the covariance matrix of p(-). Therefore the density fluctuation Y has an approxi-
mate dissipation that equals £2.¢7 Y°.
Hence, if we define the martingale M; (G) by

t
YZ(G) =Y (G) +/ LYE(G)ds + ME(G),
0

where Y/ is the density field at time 7, namely

Yi =62 [ni(x) — ]bex.

xeZd
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the previous computation shows that in the symmetric case
t
Y/ (G) = Y;5(G)+ 82/ YE(A G)ds + M (G).
0

Speeding up time by the factor ¢ 2 takes us to diffusive scaling, replacing L by
£72L, and now the dissipation will be approximately .7 Y. There is noise that is
built in, in the Poisson process generating the jumps, which scales in the diffusive
scale to a Brownian noise, leading to an Ornstein—Uhlenbeck process for the density
fluctuations in the diffusive scale. The equilibrium fluctuations are that of white
noise

B[ (6] =E[1(6] = 1@ [ 6w
and the evolution of the fluctuations in the diffusive scale takes the form
dY;(G) =Y (A G)dt + dBg (1)

with
' d
E[ﬁG(1)2]=X(a)/(; ds A%d > 01,j(3,G)(0x,G) dx.
ij=1

If we drop the assumption of symmetry on p(-), the situation is much more com-
plex. Let us still suppose that p(-) has mean zero:

Z zp(z) =0.
z€Z4

We cannot proceed beyond (7.1). The rescaling, which should still be by a factor of
&2, leads us to a term of magnitude e L

WG =672 N p(y — @)1 —n(][Gley) — Gex)]

x,yeZd

d
~ @D 3 5, Gy (ex)ow), (7.3)

J=lxezd
where w; is the current in the j-th direction given by
1
wim =3 Y zi{p@nO[1 =n@] - p-on@I -n©O]}. 74
zez4
In the reversible case the current w () is of a special form

1
wj(n) = > 2ip@[n0) = n(2)]

ze74
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allowing for another summation by parts, getting rid of the factor ¢! and showing
that ¥*(G) >~ Y (&/G) for &/ given by (7.2). More generally if we have a gradient
system, i.e., if the current takes the form

wi() =Y rj@[hjm) —th;(m)]

ze74

for some finitely supported function r; and some mean zero cylinder function 4,
then

WE(G) =y (A G)(ex)[n(x) -],

xeZd

where &/ G = Zi_j ci(a)ri(z)zjdy; 0x; G and the constant ¢ («) is calculated as

d
cjle) = —=Ey,[h;(D]

In general if w;(7n) is not of gradient type then we show that w;(#n) can be re-
placed by »_c(w;, z)[n(z) — n(0)] for a suitable choice of c(w}, z). In all these
cases, a replacement permits to get rid of the troublesome factor ¢ ~! and yields that
Ve (G) = Y{(«/G) for some second order elliptic differential operator 7 of the
form

d
1
o = 3 Z D; j(00)y, 3y - (7.5)
i,j=1

Finally when m =} _zp(z) # 0, it turns out that if we speed up time by el

then there is a limit for the fluctuations and it is

d
dYt+(1—2a)ij8ijt=0.
j=1

In that scaling the Poisson noise becomes ineffective and disappears leaving just a
translation. If we denote v = (1 — 2a)m, then we can center the translations and
consider the centered fluctuation field

zf =&Y " [mix) — a)Sere—un. (7.6)

xezd

The previous computation shows that on the time scale s ~! the centered fluctuation
field Z¢ does not evolve, while on the time scale £ 2, Z¢ will have a scaling limit
whose analysis is very similar to the one for the mean zero asymmetric case. In view
of (7.3), in order to carry out all the steps we need to understand the behavior of

/ Y nf)ds

xeV
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over large times, where V is the box {x € 74 - lxi| < e ll<i< d}. In the time
scale 8_1, we can show that

'
Sd/z/o Z T f (1) = c(f. )1 (0)} ds

xeV

is negligible if we choose c(f, o) to be

d
c(fia)= EEva[f(n)]

In the time scale which matters, ¢ 2, the main result is Theorem 7.1 below,
known as the fluctuation—dissipation theorem. There are two distinct types of fluc-
tuations one can handle. If g is a cylinder function, then fluctuations of the form

t
£d/)-1 / 3" Glex) (1 Lg) (yp-2) ds

xezd

satisfy a central limit theorem and converge to a Brownian motion, since this time
integral can be written as

ME () + 9PN Gex) (128) (nye-2) — £@PF Y Glex) (zeg) (n0),

xeZd xezd

where M?(¢) is a martingale with finite quadratic variation.

On the other hand, if h = Zz b(2)[n(z) —n(0)], i.e., if & is of the gradient form
for some b supported on a finite subset of Z¢, a summation by parts is possible and
we reduce the fluctuations of

t
/-1 / 3" Glex)(xeh)(e-2) ds
0

xezd

t
:—sdﬂf D @)z VG (Ex)[nye-2(x) — o] ds
0

x,z€Z4

to the fluctuations of the density field.

The analysis of non-gradient systems depends therefore on our ability to write
any w that satisfies some conditions as w = Lg + h, with h = ZZ b(z)[n(z) —n0)].
While g may not be a cylinder function, what we do show is that it is possible to
approximate w well enough by Lg + h with some local g. In fact, the fluctuation—
dissipation theorem asserts that if w is a cylinder function which is orthogonal to all
functions of degree one, then there are coefficients b(z, w) such that the fluctuation
of w — Y _b(z,w)[n(z) — n(0)] is well approximated by fluctuations of the first

type.
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Theorem 7.1 Assume that d > 3. Fix T > 0, a cylinder function w in 9;° =
D~ Gy and a smooth function G : R? — R with compact support. Denote by
S the support of the probability measure s(-): . = {x € Z% : s(x) > 0}. There
exist coefficients {b(z, ) : z € .} and a sequence of cylinder functions u,, such
that

t 2
limsuplimsupIEva[ sup (s(d/z)_lf E G(sx)erm(nmz)ds> ]:0,
0

74

m—>o0 g—0 0<t<T

where

Wi () = Wam() =w — Luw + Y _ bz, a){n(z) = n(0)}.

ze74

The coefficients b(z, o) can be expressed in terms of the Fourier coefficients of
the solution of the resolvent equation Aujy — Lu; = w. We prove in Chap. 8 that they
depend smoothly on the density o. Moreover, in the non-gradient mean zero case it
is not difficult to obtain from this result and from formula (7.3) an expression for
the diffusion matrix D; ;(«) appearing in (7.5) in terms of the coefficients b;(z, o)
associated to the currents w, introduced in (7.4), by the previous theorem. A similar
result holds in the asymmetric case, one just needs to compute ¥¢ in this case.

The study of fluctuations therefore depends on controlling space-time variances

of the form
t 2
B ([ S rwmoas) |
0

xeV

for large times ¢ and large volumes V. The natural way to control such objects is to
invert the generator of the process L, i.e., to solve the equation

Lu=Y tuw (7.7)

zeV

in the Hilbert space .77 | induced by the asymptotic space-time variances, perhaps
withu =3 ___y .up for some cylinder function uo. Our goal is to show that we can
approximate, in a proper weak sense, the solution of Eq. (7.7) by such functions in
a diffusive space-time scaling limit.

In contrast with the previous chapters, where we solved the equation Lu = w
in . for cylinder functions u, w, there is now a spatial sum. This ingredient
modifies the scalar product between cylinder functions and consequently the dual
relations and the associated #/{ and ¢ | spaces. We introduce in Sect. 7.1 the new
framework. In Sect. 7.2 we characterize the functions w such that the corresponding
asymptotic space-time variance is finite and then show that any such function can
be approximated in .7#Z| by a function in the domain of the generator. This result
leads to the proof of the fluctuation—dissipation theorem in Sect. 7.3. In Sect. 7.4 we
show that the fluctuations of the density field can be understood as part of the linear
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response theory and are related to the fluctuations of a special particle, called the
second class particle. We conclude this chapter by presenting some properties of the
diverse parts of the generator in Sect. 7.5.

We hope that we have convinced the reader that the fluctuation—dissipation theo-
rem is the main step in the proof of the equilibrium fluctuations of the density field.
A complete proof of this result for gradient models can be found in Chap. 11 of Kip-
nis and Landim (1999) and in Chang et al. (2001) for asymmetric simple exclusion
processes in dimension d > 3.

7.1 Duality

Consider the simple exclusion process defined in Chap. 5. For mean zero cylinder
functions f, g, define the scalar product ((-, -)) by

(fr8) =Y (T f &uas

xeZd

where (-),, stands for the expectation with respect to the measure v,. That { f, g))
is in fact an inner product can be seen by the relation

1
(/. g) =lim mEua [Z T f Z Tygi|,

xeV yeV

where the limit is carried over an increasing family of finite sets V which eventually
contains all sites of Z¢. Since {f —tcf,g) =0 for all x in 74 and mean zero
cylinder functions f, g, this scalar product is only positive semi-definite. We will
show later that these gradients are the only elements of the kernel of ((-,-)). Denote
by 2% = £?(v,) the Hilbert space generated by the mean zero cylinder functions
and the inner product ((-, -)).

In order to prove the fluctuation—dissipation theorem we need to analyze the
resolvent equation Afy, — Lf, = W. As in the previous chapters, duality will be
an important tool to reduce the problem to a random walk estimate, similar to the
ones encountered before.

Recall from Sect. 5.4 the definition of the orthonormal basis {¥4 : A € &} of
L?(vy). Fix two mean zero cylinder functions f, g and write them in the basis
{WA, Aeé }I

F=Y H A=) f(A¥a, g=) a(APa=Y Y a(A)¥a.
Ae& n>1 Aeé, Ae& n>1Aeé,

The sum starts from n = 1 because f and g have mean zero so that (@) = g(@) = 0.
An elementary computation shows that

(feh=Y_ Y > HAgA+x),

xeZd n>1 Aeé,
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where B + z is the set {x + z: x € B}.

We say that two finite subsets A, B of Z? are equivalent if one is the translation
of the other. This equivalence relation is denoted by ~ sothat A~ Bif A=B +x
for some x in 74, Let &, be the quotient of &, with respect to this equivalence

relation: &, = &, /~, & =& /~. If §: &, — R is a summable function,
Y )= Z f(A)
Aeé, Aeé&

where, for any equivalence class A and summable function f: & >R,

(A=Y fA+2).

ze74

A being any representative from A.In particular, for two mean zero cylinder func-
tions f, g,

= > Y Y ia+osAa+x+a=Y Y fAid.

x.zeZd n=1 jeg, nzl ieé,

We say that a function f: & — R is translation invariant if f(A + x) =f(A) for
all sets A in & and all sites x of Z¢. Of course, functions f on & are the same as
translation invariant functions on &. Fix a subset A of Z¢ with n points. There are
n sets in the equivalence class of A which contain the origin. Therefore, summing
a translation invariant function § over all equivalence classes A in &, is the same as
summing f over all sets B in &, which contain the origin and dividing by n:

> i) = i > )
Acé, Aeé,
A>0

provided that f(A) = f(A + x) for all A, x. Let &* be the class of all finite subsets
of Z¢ = 7\ {0} and let &, be the class of all subsets of 7¢ with n points. Then, we
may write

fg>—Z > HAEA) = Z - D H(Aufona(a o).

n>1 Ae(" n>0 Aerp*
A>0

In conclusion, if for a finitely supported function §: & — R, we define
Mf: &* — R by

(Mf)(A) =F(AU{0}) = Y F([AU{0}] +2), (7.8)

ze74
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for every mean zero cylinder functions f, g, we have that

1 1
(f.gh= ZO — Zg MJf(A)Mg(A) = ZO g (T, Mg s (7:9)
n> Aes n=

where p, is the counting measure on &*, (-, - ),,, the scalar product on L%(u,), and
IT,4 the restriction of a function b : &* — R to &*: (IT,h)(A) =h(A)1{A € &}.

We call (MF f)(A), A € &*, the M-coefficients of a mean zero cylinder function
f and f(A) = (Ff)(A), A € &, the Fourier coefficients. The M-coefficients of a
mean zero cylinder function f, g are denoted by the symbols f, g, while the Fourier
coefficients are denoted by the symbols f, g. Observe that M transforms a function
on &, into a function on &"_|.

Remark 7.2 Recall the definition of 9, A, A € §*, x € fo, given in (6.24). Not every
function f: &* — R is the image by M of some function § : & — R since (Mf)(A) =
(Mf)(6—;A) for all z in A. In contrast, if f: &* — R is a finitely supported function
satisfying

f(A) =f(6_,A) forallze A, (7.10)
define f: & — R by
_[IBI7'#(B\ {0}) if B30,
1(B) = { 0 otherwise. (7.11)

An elementary computation shows that Mf = f. With this choice, which is natural
but not unique, §(0) = ().

Remark 7.3 The transformation M maps &, into & | lowering the degree of a
function by one. Thus, the translations in the inner product (-, -)) effectively reduce
the degree by one while replacing the space Z¢ by Z<.

Formula (7.9) shows also that a mean zero cylinder function f is in the kernel of
the inner product ((-, -)) if and only if Mf vanishes, i.e., if and only if

> HA+x)=0

xeZd

for all finite subsets A such that |A| > 1. Examples of such functions are the trans-
lations of a cylinder function: f — 7, f.

To examine how the generator L acts on the M-coefficients Mf of a cylinder
function f, recall the definition of the operator £, introduced in (5.16), which per-
mitted to commute the operator § with the generator L, §L = £,F. In the present
context, where the scalar product of two cylinder functions f, g is expressed in
terms of their M-coefficients MF f, MFg, as shown in (7.9), we need to find an op-
erator £, o for which MI§FL = £, M. We first consider the symmetric part of £, .
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Fix a function f of degree n > 1 and denote by f§ its Fourier coefficients. Recall
the definition of the operator G introduced in (5.17). An elementary computation,
based on the fact that

> H[BU ] +2) = Mp©-,B)

ze74

for all subsets B of Z¢

¢, sites y ¢ B and finitely supported functions f: & — R,
shows that

M&§ = £, ,Mj, (7.12)

where £, s = G, + £4 5,2, and G,, £y ;2 are the operators defined by

(6.0H(A)=(1/2) Z s(y = 0)[f(Ax,y) = £(A)],

x,yezd

(L£9,5.20)(A) = s(0)[F(0_ A) — £(A)].

xX¢A

The operators &, and £y ;2 appeared in (6.25) and (6.26) in the previous chapter
when we defined the operator £, 4.

This computation should be understood as follows. We introduced an equivalence
relation in & when we decided not to distinguish between a set and its translations.
This is the same as assuming that all sets contain the origin. If n particles evolve
as exclusion random walks on Z¢, one of them fixed to be at the origin, two things
may happen. Either one of the particles which is not at the origin jumps or the
particle we assumed to be at the origin jumps. In the first case, this is just a jump
on Z;f and is taken care of by the generator G,. In the second case, however, since
we are imposing the origin to be always occupied, we need to translate back the
configuration to the origin. This part corresponds to the operator £ ; 2.

‘We now turn to the asymmetric part of the operator £,. Let £, , be given by

2*,0( = S*,s + (1 - za)s*,a + v X(O{){s*,—l- +3*,—},

where £, , =N, + £4.4.2, and, for a finitely supported function f: &* — R and
A€ &*,

OLhH(A) = Z a(y —x){f(Ay,y) —f(A)}
xeA,y¢A
y#0
(£9.a.20(A) = Z a(){fO-,A) —f(A)},
o

@D =2 Y aly —0f(A\(y})

x€A,yeA
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+2) " a(){f(A\x}) — £(6_.[A\(x}])}.

xeA

QDA =2 > aly—n0f(AU{y}).
x¢A,y¢A
x,y#0

A long but simple computation shows that
MEqT = L4 o Mf

for all finitely supported functions f : & — R. All operators in the decomposition of
L.« also appear in the definition of the operator £, , introduced just before (6.25):
Ju+ =J0,+ + 230,a,4 and Ju,— = Jo, -

Some Hilbert Spaces In view of (7.9), it is natural to introduce the Hilbert space
L%(u*) generated by the finitely supported functions f: £* — R endowed with the
scalar product (-, -),, ,, defined by

1

1
€ =D D fARA) =} — (LA Ty
n=0 Aeéy n=0

The norm of L2(u,) is denoted by || - l+. s, - By (7.9), MF is an isomorphism from
L% to L2(11,).

Denote by .#,, n > 0, the closed subspace of LE(,u*) of all functions f: & — R
for which (7.10) holds and let

7 =P s (7.13)

n>0

More generally, let L%(,u,,), k > 0, be the Hilbert space generated by the finitely
supported functions f: &* — R endowed with the scalar product (-, -)¢ ., defined
by

(£ =Y (n+D* Y HA)gA) =) 1+ D L, 11,8) .,

n>0 Aeéy n>0

The norm of L2 (u,) is denoted by || - llk ., -

Recall from the end of Sect. 6.7 the definition of the Hilbert spaces $9,1, $0,—1
associated to the symmetric operator G,. The norms of $¢ 1, 0 —1 are represented
by || - llo,1 and || - [lo,.—1, respectively. Denote by H. 1, Hx,—1, k > 0, the graded
Hilbert spaces generated by the finitely supported functions f : £* — R and the
norms

IR = D00+ DX ITAG

n>0

WENE, =D (n+ D* TG .

n>0

(7.14)
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7.2 Approximations in S, _;

The main goal of this section is to show that finitely supported functions f: £* — R
can be approximated in §); _1 by finitely supported functions in the image of the
operator £, o. We start by proving that all finitely supported functions f: &* — R
such that f(&) =0 are in i 1.

Lemma 7.4 A finitely supported function f: &* — R belongs to $H. _1, k > 1, pro-
vided £(2) =

The previous result states that M f belongs to £ —1 for any cylinder function
f orthogonal to the functions of degree one. The degree has to be greater than or
equal to 2 because by (6.27) and (7.8) M§ f vanishes in )9, ; for a cylinder function
f in 7. Hence, MI§ f belongs to 9, —1, f € @4, only if MF f (@) =0, i.e., only if
f vanishes in .£2.

Proof The proof of this lemma is similar to the one of Lemma 6.15. Fix a finitely
supported function f: &* — R such that f(&) = 0. In view of the explicit formula
(7.14) for the $);, 1 norm, it is enough to show that for every n > 1

£,y = sup{2(TT,f. 84, — (8, (—G)g),, } < o0,
g

where the supremum is carried over all finitely supported functions g : £ — R.
The linear term is bounded by

-~ Z (A +y Y 1{f(A) #0}g(A)*

Aeé”’* Aedy

for every y > 0. By Lemma 5.26, n particles evolving on fo, d > 3, as symmetric
random walks with exclusion is a transient process. Hence, by Proposition 5.23,
the second term is bounded above by Cy(g, (—&.,)g) ., for some finite constant Cy
depending only on the size of the support of I7,f. To conclude the proof of the
lemma it remains to set y = C I O

Recall the definition of the set . C LE(M*) introduced in (7.13). Recall also
the set-up of Sect. 2.7.4 with the measure 7 and the sets €, L?(rr) replaced by
the measure u, and the sets €, .#; and with the following correspondence between
operators:

So—> 6., Byp— (1- 20{),8*’“ + 249,&,2’
Ly = Vx(@)3Js+, L= x(@)Js -

The hypotheses of Sect. 2.7.4 hold. Assumption (2.39) is clearly satisfied. By
Lemma 7.11, the operator £, , is anti-symmetric in L2(y,). By Corollary 7.12,
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Jw.— + Ju.+ is anti-symmetric in .#. Hence, since by Lemma 7.10 £g ;2 is a non-
negative, symmetric operator in L2 (1), for every finitely supported function f in .#,

0<(f (-60f),  <(f[~(&.+L,0]f), , = (L., .

Assumption (2.40) is therefore in force. Finally, by Lemma 7.14, condition (2.50)
with 8 = 1/2 is fulfilled.

Lemma 7.5 Fix a finitely supported function w : &* — R in & and such that
w(&) = 0. For each A > 0, there exists a function u,, in % which solves the re-
solvent equation

)»ll)L — ,Q*ﬂllk =W. (715)

Proof This assertion requires a proof because £, , is not the generator of a Markov
process. The obvious approach also does not work due to the presence of the trans-
lations in the scalar product. One would proceed as follows. Since w belongs to .7,
to given by (7.11) with w replacing f is such that Mitov = w. Let w be the cylinder
function w =) , w(A) W4, consider the resolvent equation

)»MA — LM)L =w,

and set u, = MFu,. It is not clear, however, that u, belongs to #? and that we may
define Mi§u; . In the proof below we examine (7.15) directly without relying on the
lifted resolvent equation.

Since w is a finitely supported function, there exists ny > 1 such that w(A) =0
for all A ¢ U;"’:O &F. Let IT,7, n > 1, be the projection on J}_o &/ I, =

> 0<j<n I1j and let M, = IT," (Ju + + Jo,—) 1,7 We first prove the existence of
a solution in L%(/L*) of the truncated resolvent equation

)\u)»,n - {S*,s + (- za)st,a + v X(a)mn}u}»,n =W (7.16)

for each n > ny.

Fix n > ng. By Lemma 7.9, the operators £, s, £, , and 9, are bounded in
(It fe L%(/L*)}. There exists, in particular, a solution for A large enough. Since
w belongs to .#, by (7.30), u,,_, also belongs to .#. On the other hand, £, ; is a sym-
metric, negative, semi-definite operator while, by Lemma 7.11 and Corollary 7.12,
Leq and Ju 4 + Js,— are anti-symmetric in .. Since H,j’ is a projection, for any f in
L2(w), (f, M) s e, = L, Jut + Ju )T )y 1, =0, so that 01, is also anti-
symmetric in .#. Therefore, taking the scalar product on both sides of the previous
identity with respect to uy , we obtain by Schwarz inequality that

M'uk,n ”*,,u, = “W”*,/Lw

By the proof of Proposition 1.2.8(b) in Liggett (1985), there exists a solution to
(7.16) for every A > 0.
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Up to this point we have proved the existence of a solution of Eq. (7.16) which
belongs to .#. The previous estimate shows that the sequence {u, _,,n > 1} is uni-
formly bounded in L%(u*) for each A > 0. Moreover, in view of the discussion pre-
sented before the statement of this lemma and by Lemma 2.21, since w is finitely
supported, for every k > 1, there exists a finite constant Cy, depending only on w
and p such that

Y G DTk, < C
j=0

uniformly over n. Let u, be a limit point of the sequence {u, ,,n > 1}. u, inherits
the previous bound and belongs therefore to the domain of the operators £, 5, £4 4,
Jx,+. Furthermore, taking scalar products with finitely supported functions, it is easy
to show that any limit point of this sequence is a solution of Eq. (7.15). Finally, u,,
belongs to .# because each function u,_, belongs and .# is closed. This proves the
lemma. O

Let u,, be the solution of the resolvent equation (7.15). Since the assumptions of
Lemma 2.21 are in force, for each k > 0, there exists a finite constant Cy such that

sup {Allualle e, + lualle1} < Crllwlle, -1 (7.17)
0<Ar<l1

Moreover, by Lemma 7.15 and Theorem 5.19, for all £ > 1, there exists a finite
constant Cj such that

sup I€satille,—1 < Crllvolliso,—1. (7.18)
0<A<l1

We are now in a position to prove the main result of this section.

Theorem 7.6 Fix a finitely supported function w : &* — R in & and such that
w(D) = 0. For each ¢ > 0 and k > 0, there exists a finitely supported function h :
&y — R such that

£y ch+ Wik, -1 <e.
We may take h in .% and h(2) = 0.

Proof Fix a finitely supported function w : &* — R in .# and such that w(&) = 0.
By the proof of Lemma 2.16, there exists a sequence {v; : j > 1}, obtained as a
convex combination of uy, for which £, ov; converges strongly in $; 1 to w:

lim €40V + Wllk,—1 =0.
j—0

It remains to show that for each fixed j and ¢ > 0, there exists a finitely supported
function v on &* such that

|||2*,avj - 2*,aV|||k,—1 <e.
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To prove the existence of such a function v, assume that v vanishes on | J = & and
recall the decomposition of the operator £, , to write that the left-hand side of the
previous inequality is bounded above by

et (v = V) iy + M= v = V) [y A+ e (v = V)

[ €as v = 1LVl + 1 €a (T = )il -
(7.19)

We estimate each term on the right-hand side separately. By (7.31), Lemma 7.14
and Lemma 7.13, there exists a finite constant Cp depending only on the probability
measure p such that

n
s v = VI = Do+ DX 3oty = v 7
=1

n+1
< Co €+ ety = viig
=1

n+1
< Coy (+ ¥ mev—v ..
=1

The second term of (7.19) is estimated in the same way. By Lemma 7.13,

n
e =mivi)lli - = 2+ D* [ Sealev = vpl5
=1

n
<Y e+ M-y,
(=1

for some finite constant Co. The fourth term is estimated by exactly the same argu-
ments. Finally, since v; is a convex combination of the solutions of the resolvent
equation (7.15), by Lemmas 7.10, 7.14 and 7.15,

St = VS5 -y = Co D€+ VP NS ealTev I

{>n

<Co Y (+1* | Tev;l5,

{>n

+Co Y (L+ X mew|F

>n

for some finite constant C¢ which changes at each line.
For ¢ > 0 fixed, since w is finitely supported, by (7.17) there exists ny > 0 large
enough for the last quantity to be bounded by ¢. For this fixed ng, find a finitely sup-
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ported function v : _J & — R for which all previous expressions are bounded

n<ng
by &, which is possible because v; belongs to L%(M*).

It remains to check that we may take v in .# with v(&) = 0. The first property
follows from (7.30) which asserts that the operators £, s, £ 4, Js. 4> J+,— map the
closed subspace .# of L%(u*) into .. In particular, the solutions of the resolvent
equations, as well as their convex combinations, belong to .# so that v can be taken
in 7.

The second requirement follows from the fact that (£,g)(&) = 0 for any finitely
supported function g in .#, where £, stands for any of the four operators £, ,
Lras Jx 4> Jx,— and from the fact that (J. +g)({x}) =0 for all x in fo. These
two properties show that we may set the value of v at & to be 0 without changing
LeaV. O

7.3 The Fluctuation—-Dissipation Theorem

The next theorem asserts that a cylinder function f in ¢;° has a finite space-time
variance in the diffusive scaling. Denote by ||G || 2(gay the L? norm of a function
G :R?Y - R:

2 _ 2
161 g —fRdG(x) dx.

Theorem 7.7 Assume that d > 3. Fix T > 0, a smooth function G : [0, T] X RY —
R with compact support and a cylinder function f in 9;°. There exists a finite
constant Cy, depending only on p, such that

t 2
limsup]Eva|: sup <S(d/2)1f Z G(s,sx)rxf(nsg_z)ds> :|
0

e—0 0<t<T
xez! (7.20)

T
<Co /0 1G5 32 gy IV, .-

Proof Fix a smooth function G : [0, T] x RY — R with compact support and a
cylinder function f in ¢;°. By Lemma 2.4,

' 2
Eva[ sup (s(d/z)_lf Z G(s,sx)f(rxnsgz)ds) i|

0=t=T xezd

T
< 24sd/0 leGs, )|, ds.

where g(s,n) is the time-dependent cylinder function given by g(s,n) =
> . G(s,ex) 1, f. The factor ¢~! multiplying the sum over x has been canceled
with the factor £ =2 speeding up the process.
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Since the spaces /7 1 and J#1(6), introduced in Sect. 5.4, are isomorphic, by
(5.25) the previous expression is equal to

T T
248‘1/0 ||g(s,-)||2_1ds=24’>‘d/0 2 Iugts. 0|, ds.

n>2

where g(s, -) = §g(s, -). The sum starts at n = 2 because we assumed f to be or-
thogonal to .71 . Recall from Sect. 5.6 the definitions of the space .2; = (Z%)", and
of the operators =, G, presented in (5.33), (5.34), respectively. By (5.41), the pre-
vious expression is less than or equal to

T
Cogd/(; ZnHEH,,g(sw)||,2fz;,,—1ds

n>2

for some finite constant Cy. Denote by &¢(-,-) the Green function associated to
the generator & on 2. & corresponds to the Green operator of n independent
random walks with jump rates s(-), defined in (5.6), evolving on Z-. By (5.36), the
previous expression can be written as

T
1
Cogd/ Z — Z g, (s, X)&0(x,y)g, (s, y) ds,
0 (n—D! e,
where g, (s, -) = &11,9(s, -).
Replacing g(s, -) by its value, we obtain that the expectation appearing in (7.20)
is bounded above by

T
COgd/ Z G(s,e2)G(s, ew)A(z, w)ds, (7.21)
z,weZd
where
1 _ ) - ~
A2 =,§ (n—1)! YZX (Efn) (X = 2DE; (X, ) (Efa) (y — wD),

1 represents the n-dimensional vector with all coordinates equal to 1 and §, =
IT,§ f. A change of variables shows that A(w, z) = A(0, z — w). We may rewrite
(7.21) as

T
Coe? [ Y {G(s.elz+wl) — G(s, ew)} G(s. ew) A0, 2) ds

z,weZd

T
+ Coed/ Z G (s, ew)ds Z A0, 7). (7.22)
0

weZd ze74
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We claim that the first term is bounded above by C(f, G)el/ 2 for some finite
constant C(f, G) depending only on f and G. Indeed, since G has a bounded
derivative, the difference G(s, e[z + w]) — G(s,ew) is absolutely bounded by
Coe'/?|z|'/? for some finite constant Cy, whose value may change from line to
line. For ¢|z| < 1, this estimate follows from the boundedness of the derivative of
G, while for ¢|z] > 1, it follows from the boundedness of G. Hence, the first line of
the previous expression is less than or equal to

CoTe' Y " 12]'/2]A(0. 7).

z€74

After some change of variables, this sum becomes

Y
(n ) ze74 X,yeZn

1
CoTe'?y" D12 DT (ER) @650,y —x — ZD(FF)(Y).
n>2
Since f is a cylinder function, §, vanishes for sufficiently large n and =¥, is a
finitely supported function for all n. The previous expression is thus bounded by

CoTel/? sup Z|z|1/2053(0,x—zl),
xeF(f)Zezd

where the supremum is carried over the set I"(f) of all sites which can be written
as the difference of two points in the support of Zf: I'(f) = {y — x, Ef(X) Ef(y) #
0}. Since & (0,z) is the Green function of n independent random walks on 74,
it decays as |z|>~"¢. The sum over z is thus finite, uniformly over X, as soon as
(n — 1)d > 5/2, an inequality which is fulfilled because we are assuming d > 3 and
n>2.

We now turn to the second term of (7.22). After a change of variables, the sum
>_. A(0, 2) becomes

71 ol o ~
Yot 2 sy — @)
n=2 €74 x,ye Zn

Fix n > 2. For a finitely supported function §: 2, — R, define M°f: 2,1 - R
by

(M) (x1, .y Xp—1) = Z f(z, X1+ 2, .y Xno1 + 2).

z€Z4

Clearly, for every finitely supported function f: &, — R,

MC E§ = Z*Mj. (7.23)
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A computation, similar to the one which yielded (7.9) and (7.12), shows that for
each n > 2, and finitely supported function f, g : 2, = R,

Y Y - (@ gm= Y (MF)®)(L Mg)x. (7.24)

774 xe 2y XeZn_1

where £7 ( is the operator defined on the finitely supported functions §: 25,1 — R
by

(L= D> s@fix+ze)—f}+ Y s@fix—z1 —fm}.
lsjgznd—l 7€74

In this formula, {e; : 1 < j < n} stands for the canonical basis of R", and x + ze;
for (x1,...,Xj_1,X;+2,Xj41,..., X)) if X =(x1,...,X,), x; € R4 In contrast with
(7.9), there is no factor 1/n on the right-hand side of (7.24) because we are setting
here the first coordinate to be the origin.

For m > 1, denote by || - || 2;, 6,1 the 7#{ norm associated to the generator £7 (:
for each finitely supported function §: 2, — R,

171%; 6.1 = Z f0) (—£2,H) ().
xe£n1
A computation gives that
1 1
115,00 =5 > s@[ix+zep) =]+ D s@{fx—zD =)
1<j=m z€Z4

zezd

Denote by || - ||2£ g the dual norm defined by

1
11,01 = — 2 F®(SL) ),

XeZm

where &,° is the Green function associated to the generator £  restricted to 2. It
follows from (7.24) that for each pair of finitely supported functions f, g : 2, — R,

> Y fwenxy—zham =Y. (MF)®6; x y)(Mg)y).
7€Zd x,ye X X, Y€ Zm_1
Hence, by (7.23),

ZA(O =y —— 7 1), > (MOEF)®6;° (%, y) (M Ef,)(y)

n>2 X,YEZn—_1

= Z ”M[)Ef” o101 = Z “ E"Mjy ”?%_.,9,—1'

n>2 n>2
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By (7.33) and since M/[T,,f = IT,_1MJ, this sum is less than or equal to

D MTLMFIG = IMFIG .

n>1

Therefore, the second line in (7.22) is bounded above by

T
CollMfI3 _, & /0 S G5, ewpds,

weZd

which concludes the proof of the lemma. g

Fix a cylinder function w in ¢;° and let w = MFw be its M-coefficients. For
each A > 0, let uy (v, -): &* — R be the solution of the resolvent equation (7.15).
In Sect. 8.5, we prove the existence of a subsequence A, for which the sequence
uy, («, {z}) converges, as k 1 oo, uniformly in « in [0, 1], to some limit, denoted by
D, (x):

De(e) = lim w, (o, {2})

for each z in Z‘,f . We are now in a position to prove the fluctuation—dissipation
theorem.

Proof of Theorem 7.1 Fix T > 0, a continuous function G : R¢ — R with com-
pact support, and a mean zero cylinder function w orthogonal to <. Let b(z, @) =
a(z) D;(«) so that

Wi =w — Luy + /3 (@) Y _ a@@)D;(e){¥; — ¥}.

z€Z4

Since w belongs to ¢;°, by Theorem 7.6 with k = 0, there exists a sequence of
finitely supported functions v, : &* — R such that v, (&) = 0, v,, belongs to .
and

mli—r>noo W —LeaVmllo,—1 =0.
Since vy, satisfies (7.10), in view of (7.11), there exists a finitely supported function
v, : & — R such that My, = v,,. Moreover, v,,(A) # 0 only if A contains the
origin and v, ({0}) = 0 because v,, (&) = 0. Let v, be the cylinder function defined
by U = sce Om(A)¥4 and let W, be the cylinder function in ¢;° defined by

Wm =w — {Lv,, — I1T) Lv,}.
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By Theorem 7.7,
t R 2
limsupEvu[ sup <8(d/2)]/ Z G(sx)erm(nm_z)ds) :|
e—>0 0<t<T 0 ez (7.25)
2 7 2
= COT”G”LZ(Rd) IME Wi ll5,

for some finite constant Cp. An elementary computation based on (5.16) gives that
for every cylinder function f,

1
M(Lf) =~ > s =0ff) — F Wy — ¥

x,yezd
1 -2«
——— 2 a0 =00 +imHY -
x,yeZd
+Vx(@ Y aly —xfte, Wy, — ¥
x,yeZd

if f(-) represents the Fourier coefficients of f. To obtain the difference ¥, — ¥, in
the second line we used the fact that Zx a(x) =0. Since v,,({x}) = 0 for every x
inZ4, v,,(A) #0 only if A contains the origin, and v,,(A) = |A]" v, (A {0}), we
have that

M (L) = V(@) Y (@) ()% — W),

xeZd

which vanishes in 2?2 so that MFIT;(Lv,,) = 0. In particular, MSWW, =w —
L.« Vm and the right-hand side of (7.25) is bounded above by

2 2
CoT G112 gy W = SeaVm 3 ;.-

Since this expression vanishes as m 1 oo, all we need to prove is that

t 2
limsuplimsupEva[ sup <£(‘1/2)_1/ Z G(ex)thm(nss_z)ds> ]:0,
0

m—0o0 <t<
e—0 0<t<T ez

where
Wi =TT Lvy —/x (@) Y a(2) D (){¥, — ).
z€74

By the explicit formula for IT; Lv,, obtained above,

Wi =/x(@) Y a@){v,u(x) — Do(@) }{¥: — ).

xeZd
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Since vy is a stationary state, by Schwarz inequality, the previous expectation is
bounded above by

2
e!°T2E,, [( > Glen)r, Wm(n)> }

xeZd

A change of variables shows that this expression is equal to

2
e x@T? Y (D am{G(elx — y1) — Glex) H{vm(y) — Dy(a)}> .

xeZd “yezd

A Taylor expansion shows that this expression converges, as ¢ |, 0, to
2
x(a)TZfd{(VGxx).Rm} dx,
R

where Ry = (R}, ..., RE), Rl =Y 70 a(»)y;j{Vm(y) — Dy(e)}. By the defini-

tion of Dy (a), R,];, — 0 as m 1 oo because v,, is constructed as convex combina-
tions of uy,, the solution of the resolvent equation (7.15). The integral therefore
tends to 0. O

7.4 The Second Class Particle

The macroscopic evolution of the density field can be reinterpreted as a central limit
theorem for a special type of random walk, called the second class particle. This is
also generally known as linear response.

Given two continuous functions F, G : RY — R with compact support, we can
compute the correlation

Sligg)]Eua[Yf(G)Yf(F)] = x (@) /Rd F(q)G(q)dq,

where x (o) = a(1 — @) is the static compressibility of the exclusion process. Hence,
for any ¢ > 0, the sequence of random fields Y (-) converges in law to the centered
Gaussian random field with covariance x («)8(g — ¢’), which is the standard white
noise on R multiplied by +/x (@).

More generally, as we have seen in the introduction to this chapter, in the
mean zero case, m =y xp(x) = 0, the rescaled density field ¥/ converges to the
Ornstein—Uhlenbeck process Y; satisfying

dY (x,t) =(LY)(x,t)dt +dB(x,1) (7.26)
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where o7 is the differential operator &7 = (1/2)V - D(«)V and 8 is the white noise,
known as the Gaussian free field, with space-time covariances given by

E[Bc(1)Br (5)] = x () min{s, t}fd VG - D(@)VHdx, (7.27)
R

for smooth functions G, H with compact support.

Similarly, in the asymmetric case, m = ZX xp(x) # 0, in dimension d > 3, the
centered rescaled density field Z; defined in (7.6) converges in the diffusive scale
to the Ornstein—Uhlenbeck process Y; satisfying (7.26) for a white noise S with
covariances given by (7.27). The diffusion matrix D(«) in the asymmetric case is
however different from the one obtained in the mean zero case.

The centered density field Z; coincides with the density field Y/ if the mean
displacement m vanishes. We may therefore examine simultaneously the mean zero
case and the asymmetric case in dimension d > 3 by considering the centered den-
sity field Z?.

It follows from the previous results that the correlations of the density fields Z?
converge:

lim By, [Z5,(G)ZE (F)] =X(a)/ f F()P(x —y,0Gx)dydx, (1.28)
e—0 R4 JRd

where

I » }
P(x,t) = —x-D(@) 'x¢,

1
@t D(@)) p{ 2
and |D(«)]| is the determinant of D(«).
On the other hand, computing the time correlations and keeping in mind that the
process is translation invariant, we obtain

Ev [Z74, (G Z; (F)]
=g Z G(ex)F(ey)E,, [{778—2;()6 + 8721)1‘) — a} {no(y) — a}]
x,yeZd
=g Z G(ex)F(ey)R(e vt +x — y, e_zt),
x,yezd

where R(x,1) =E,, [1:(x)no(0)] — o? and v is the velocity v = (1 — 2«)m. There-
fore, in view of (7.28), in a weak sense,

lim s_dR(s_lz + vts_z, s_zt) = x(a)P(z,1).

e—0

In particular,

1 1
5 Dij(@) = lim o ijdx,-x,-R(x +vt, 1). (7.29)
xe
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The correlation function R(x,t) may be expressed in terms of the probability
transition of a second class particle, an extra particle added to the exclusion process
which has the same jump rates of the other particles. Its dynamics however differs
from the others. When an original (first class) particle attempts to jump to the site
occupied by the second class particle, the two particles exchange site. In contrast,
when the second class particle attempts to jump to a site occupied by a first class
particle, the jump is suppressed. The evolution of the first class particles is therefore
unaffected by the presence of the second class particle. In other words, the first class
particles evolve as the original exclusion process, as well as the superposition of the
first class particles and the second class particle.

In the symmetric case, the dynamics of the exclusion process can be seen as
an exchange dynamics: the occupation variables n(x) and n(y) exchange at rate
p(x —y) = p(y — x). It is clear that in this case the second class particle moves
like a symmetric random walk with rate p, unaffected by the presence of the other
particles.

If p is not symmetric, the motion of the second class particle is altered by the
presence of the other particles. That the second class particle has a drift equal to v =
(1 — 2a)m is easy to understand. The second class particle moves for two reasons:
when it tries to jump and when a first class particle attempts to jump to the site
occupied by the second class particle. In the first case, the jump is performed if the
site chosen by the second class particle is empty, which happens with probability
1 — «a, since the density of first class particles is «. These jumps entail a drift equal
to (1 — a)m. In the second case, the second class particle jumps to the site occupied
by the first class particle. Since the density of first class particles is «, this second
type of jump causes a drift equal to —am, showing that the total drift of the second
class particle is (1 — 2a)m.

The next result shows that the asymptotic evolution of the second class particle is
closely related to the equilibrium fluctuations of the density. Let v(}[ be the Bernoulli
measure v, conditioned to have a particle at the origin. Tag the particle at the origin
and let it evolve as a second class particle. Let X;, t > 0, be the position at time ¢ of
the second class particle. There is an exact relation between the transition probability
of the second class particle and the correlation function R(x, t).

Lemma 7.8 Forallt >0, x €79,

P [X, =x]=x(@) "R(x,1).
Proof Fix t >0 and x € Z¢. By definition,
Ey, [ (0)mo(0)] = / 1 (O)Ey [0 ()]va ().

Denote by ogn the configuration which coincides with 1 outside the origin and
which has no particle at the origin: (o9n)(x) = n(x), x # 0, and (o¢n)(0) = 0. The
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previous integral can be rewritten as
[ 1O 1:00] = Ea L]} + [ 000 Ea 0]

Replace the measure v, by the measure v! in the first integral and perform the
change of variables & = n — 0¢, where 0, is the configuration with only one particle
at x, to rewrite the previous expression as

p / [Ey [0 ()] = B[ 0) ] }0l () + % / [1 - £O)]Be [0 (x) v (d8).

The expression inside braces in the first integral is equal to P, [X; = x], while the
second integral is equal to (1 — &) ™' {or — Ey, [17: ()no(0)1}.
Therefore, up to this point we have showed that

o
l—«

Ey, [1:()10(0)] = P [X, = x] + {a =By, [n:(0)no0)]}.

It remains to reorder the terms to conclude the proof of the lemma. g

It follows from this result and from (7.29) that the diffusion matrix D(«) is the
asymptotic covariance matrix of the rescaled process e[ X,—2, — vte ™).

7.5 Estimates on the Operators £¢ ¢ 2, £, and J, +

In this section, we prove some estimates involving the operators £, s, £, 4, and Ju +.
To avoid long sentences when a property holds for some of them, we represent these
operators by the symbol £,. Recall that all functions f: &* — R which come from
a cylinder function f through the transformation M of the Fourier coefficients § f
of f are such that f(6_,A) =f(A) for all z in A. Recall also the definition of the
spaces .%, given in (7.13).

A simple computation shows that the space .# is left invariant by the operators
£,: For every n > 1 and every finitely supported function f in .#,,

2*,Sf€ fﬂnv St,afe jn, J*,—fe jn—lv 3*,+fe jn+l- (730)

This claim can be proved in two different ways: either by a direct computation or
by reconstructing a cylinder function f from f. More precisely, to prove that £, (f
belongs to .#, if f belongs to .7, let f be given by (7.11) so that Mf =f. By (7.12),
MG&§ = £, f, which proves that £, (f belongs to .7,.

We turn now to an elementary identity to illustrate the fact that the space .
carries some special properties. For every f: &7 — R,

Fe-D(@) = -2 a(0f({x}).
x#0
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In particular, (J.,—f)(@) =0 for all f in .#; because in this space f({x}) = f({—x})
and a(-) is anti-symmetric. In contrast, (J,,+&)({x}) = 0 for all functions g : é’o* —
R so that, for all fin .} and all g : é’(;k - R,

Juf=0,  J.4g=0. (7.31)

We turn now to the proof of some estimates involving the operators £,. The first
lemma states that for each n > 1 the operators £, are bounded in Lz(é’n*) ={f:
&% — bbRY N L2 (1wy).

Lemma 7.9 There exists a finite constant Cy such that
2 2 2
1812, < Con? 12,
for each fin Lz(é‘)n*), where the operator £, stands for £, s, £x ay Ju,+ OF Ju,—.

Proof We prove the estimate for J, _, the other ones being elementary. Fix a func-
tion f: & — R in L2(u,) and keep in mind that J, _f maps &* , in R. By the
explicit expression for J, —,

2
1312, =4 ) {Z a(y—x)f(AU{y})} :

Acsy | xyA
x,y#0

Since ) .74 a(x) =0, the previous expression is less than or equal to

8 Y. {Za(y)f(Au{y})}2+8 > { > a(y—x)f(AU{y})}z.

Ae&r | P y¢A Aedr | T y¢A.y#0
y#O xXe€A

By Schwarz inequality, since a(-) is absolutely bounded and ), .54 |a(x)] is finite,
this expression is less than or equal to

con Y. S AUy’

A8 | yEA
y#0

for some finite constant Cp. To sum over A in &) | and over y #0, y ¢ A is the
same as to sum over B in &, with a multiplicity factor n because all sets are counted
n times. The previous expression is thus equal to

Con> Z f(A)?,

AcEy

which concludes the proof of the lemma. g
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The next result asserts that the operator £g ;2 is symmetric and non-negative
in L%(u*). The proof is elementary and left to the reader. The last assertion is
Lemma 6.16.

Lemma 7.10 For every finitely supported function f, g: &, — R,

(£, £9.5,28) 11, = (Lo.5.2f, 8, -
Moreover,
1 2
(£(=Sos), =5 > D s[fO-cA) —fA)],
Aeéy x¢A

and (£, (=Los ), < Conllfilg,,
for some finite constant Cy which depends only on the probability p(-).

It follows from the next statement that the operators £, , and J,. + + J. — are
anti-symmetric on ..

Lemma 7.11 For every n > 1 and every finitely supported functionu, v: & — R
<£*,au» V);L, = —<ll, 2*,QV>,LL,,'
For every finitely supported function f, g in .%,_1, .9, respectively,

1 1
—~* f1 :__f’~*— .
n—i—l(d’—i_ 2. n< T8
Proof The first identity is elementary and relies on the fact that ) xyead(y —x) =
0. Note, however, that both pieces of the operator £, , are needed.
The proof of the second statement is more demanding. Fix finitely supported
functions f, g in .%,_1, .%,, respectively. By the explicit form of J, 4,

(304D =2 ) Y aly—0g(AI(A\ (v})

A& x,yeA

+2 ) Y agA{f(A\ (x)) — (0. [A\ (x}])}.

AeéF xeA

Since _x[A \ {x}] =0_xA \ {—x} and since g(6_, A) = g(A) for x in A because g
belongs to .%,, a change of variables B = 0_, A, x’ = —x in the second part of the
second term permits to rewrite the second term on the right-hand side as

43 ax) Y g(AF(A\ {x})

x#£0 A6}
Asx
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because a(—x) = —a(x). We claim that

D a) Y g(AF(A\ {x})
x#£0 Aeé}
A>sx

1
i Y oaly—x) Y gAE(A\ (). (7.32)
x’y;é() Aegn*
A>3x,y

We conclude the proof of the lemma assuming (7.32), whose proof is presented
at the end. This identity, which states that A = (n — 1~'B can be written as
A =n"'A 4+ n!B. It follows from identity (7.32) written in the latter way and
the previous expression for (g, J. +f),, that

1
(8 Ju D). =2<1+;> Y aly —0gE(A\ ()

Aeéy x,yeA

1
+2<1 +;) D D aWgM(A\ {x).

A€y xeA
The first term of the right-hand side, which can be written as

2(1 T %)z > (AN ) Y a0,

y#0 Aeé)f x€A
A>y

is equal to

1
2145 ) Ta0) T wr(ar )

y#0 Aed
A>y
1
—2(1+—) Y a-n Y s@4\ ()
" x,y#0 A&

A3y, AFx

because } 4 a(y —x) = —a(y) — > .0 ¢4 @(y — x). The first term of this for-
mula cancels with the second one in the last expression for (g, J,, +f) ., . Therefore,

1
(8 Ju D). =—2<1 + ;) Yoa-x) Y gAE(A\ ).

x,y#0 Aeéy
A>y,AFx

To conclude the proof of the lemma, it remains to change variables B = A \ {y} and
to recall the definition of the operator J, —.
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We turn now to the proof of (7.32). Since for y in A, g(A) = g(6—,A) and since
|A| = n, the left-hand side of (7.32) is equal to

L a0 YYD s (A ()

x#0 Ae&* yeAU{0}
Asx  y#FX
1 1
=— 6_,Af(A — Af(A .
=2 at) 30 gO (AN D) + Y a0 Y g(AF(A\ (x))
x,y#0 Aeéy x#£0 Aeéy
Y#X A>sx,y A>x

Notice that the second term on the right-hand side is precisely the original one.
Consider the first term. Perform a change of variables B =6_y A, rewrite (6, B) \ {x}
as 6y (B \ {x — y}) and recall that (8, (B \ {x — y})) =f(B \ {x — y}) if —y belongs
to B because f is in .%,_1, to rewrite this expression as

1
~ Do a3 sAF(AN{x - ).

x,y#0 Aeé
y#x Adx—y,—y
A change of variables x’ = x — y, y' = —y, shows that this expression is equal to
1
=D ale—y) Y g(AF(A\{x}).
x,y#0 Aeé
A>3x,y
To prove (7.32), it remains to recollect all previous identities. 0

Corollary 7.12 The operator 3 + + Ju,— is anti-symmetric in & :
(£, Qe +30008), . = ~(Qus +300E8), .

for all finitely supported functions £, g in & . The same statement remains in force
if 3w+ + Ju.— is replaced by 17”"'(3*,+ + J*,_)H;’" for every n > 1, where Hlf =
205 j<n 1.

The proof of Corollary 7.12 is elementary and left to the reader, one needs only

to recall identities (7.31). The next result states that £, , and £, are bounded
operators from Lz(gn*) to H0,—1(&).

Lemma 7.13 There exists a finite constant Cg, depending only on the probability
measure p(-), such that for each n > 1 and for any finitely supported functions f,
g:6" >R,

(C.f. 8y, < Covnliglo 1 lIfll.,,

where £, represents the operators My, £9. 4.2, £o.52 and &,. In particular,

I1€.fll0,—1 < Cov/nlifll,, and |fllo,1 < Con/nlfll,,-
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Proof We prove the lemma for £, = £y 2. Fix n > 1 and two finitely supported
functions f, g : &7 — R. Since L4 is a symmetric operator, (£g s of, )y, =
(£, £9,5,28) 1, - By Schwarz inequality and since Z¢A s(x) <1, this scalar product
is bounded above by

y Y f(A>2+% 33 s0[g6-iA) - g

Ae&¥ Ae&r x¢A

for every y > 0. The second term is a multiple of (g, £g s 28),,, Which, by
Lemma 6.16, is bounded by Con||g||g 1~ To conclude the proof of the lemma we
minimize over y. O

We conclude this section with the estimates needed in order to prove that the
solution u,, of the resolvent equation (7.15) satisfies the bound

2
sup ||uA||0,_1 < 0.
0<A<l1

The first result follows from Lemma 6.17 since J, 4+ = Jo0,+ + 2J0.4,+ and J, — =
Jo,—

Lemma 7.14 There exists a finite constant Co depending only on the transition
probability p such that

(Ju.+h. )% < Con|hg,llglg,;-

(h. Ju—8)%. < Conlhl,llgllg ,

for ?ll n > 1 and all finite supported functions h: & — R, g: &7 | — R. In par-
ticular,

I3e+hl5_; < ConlhlF,,  13e—glf_; < Conliglg,.
The second result follows from Lemma 6.19 since £, , =M, + £4,4.2.

Lemma 7.15 Fix a finitely supported function w : &* — R in & and such that
w(D) = 0. Let uy, be the solution of the resolvent equation (7.15). There exists a
finite constant Co depending only on p(-) such that for alln > 1,

n+l
2 2 3 2
1T, Sv qwi 1§,y < ConllWlig,_y + Con® Y 1w 5 ;.
j=n—1

The proof of the last result of this section is similar to the one of Lemma 6.20.

Lemma 7.16 There exists a finite constant Cy, depending only on p, such that for
every n > 1 and every function f: & — R in 9,1,

15131 < | 8*F1%: 4.1 < Conllfld 1.
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It follows from this result that

1 a2
C—Onnfné,,1 <&l 6.1 < IFlG,—1- (7.33)

7.6 Comments and References

The bulk diffusion of the density in systems with conservation laws is a classic prob-
lem in the study of hydrodynamic limits. We refer to Kipnis and Landim (1999) for
complete references on the problem in equilibrium. We look here only at small per-
turbations (fluctuations) from equilibrium in the exclusion processes. As we have
seen, by the attractive properties of the exclusion processes, these fluctuation can be
traced by the movement of a second class particle. In the symmetric case the prob-
lem is trivial, as the second class particle moves exactly like a symmetric simple ran-
dom walk. In the asymmetric case, the problem falls in the class of non-gradient sys-
tems (cf. Kipnis and Landim, 1999, Chap. 7). In this chapter, we followed (Landim
et al., 2004a).

The Fluctuation—Dissipation Theorem The main step in the derivation of equi-
librium fluctuations is the so-called fluctuation—dissipation theorem, also referred to
as the Boltzmann—Gibbs principle in the gradient case, which allows the replace-
ment of local fields by the density field in the fluctuations regime. Brox and Rost
(1984) stated the Boltzmann—Gibbs principle, presented a proof in the case of one-
dimensional zero range processes, and deduced the equilibrium fluctuations of this
model. Spohn (1986) derived the equilibrium fluctuations of interacting Brownian
motions. De Masi et al. (1986) proved the Boltzmann—Gibbs principle for speed
change exclusion processes and deduced the equilibrium fluctuations.

Chang (1994) proposed a general method to prove the Boltzmann—Gibbs princi-
ple in equilibrium. He deduced from this result the equilibrium fluctuations of gra-
dient interacting particle systems. The method was extended by Lu (1994) to non-
gradient models. The fluctuation—dissipation decomposition of the density current
for asymmetric exclusion processes in dimension d > 3 was first proved in Landim
and Yau (1997). Sellami (1999) examined the equilibrium fluctuations of general-
ized exclusion processes and Chang et al. (2001) proved the equilibrium fluctuations
for asymmetric exclusion processes in dimension d > 3. Olla and Tremoulet (2003)
considered the equilibrium fluctuations for interacting Ornstein—Uhlenbeck parti-
cles and Benois et al. (2003) proved the equilibrium fluctuations for lattices gases.

Hydrodynamic Limit of Non-gradient Models The replacement of the current
by the sum of a gradient of type 17(0) — n(z) and a cylinder function in the range of
the generator is one of the main steps in the proof of the hydrodynamic limit of a
large class of interacting particles systems. It has its origins in the articles (Quastel,
1992; Varadhan, 1994a). Kipnis and Landim (1999) presents the method and dis-
cusses the literature up to 1999. Recent developments concern the hydrodynamic be-
havior of systems in random environment, Faggionato and Martinelli (2003); Quas-
tel (2006), and dynamics with more than one conserved quantity, Sasada (2010).
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Diffusive Behavior of the Asymmetric Exclusion Process Similar arguments to
the ones presented in this chapter permitted to derive the so-called Navier—Stokes
equations for stochastic lattice gases. We refer to Esposito et al. (1994, 1996);
Landim et al. (1996, 1997).

Second Class Particle in the Asymmetric Exclusion Process in Dimensions 1
and 2 van Beijeren et al. (1985) conjectured that the diffusion coefficient of the
second class particle in the asymmetric exclusion process diverges as ¢!/3 in dimen-
sion 1 and (log#)?/3 in dimension 2. Landim et al. (2004b) proved that the diffusion
coefficient diverges, in the resolvent sense, at least as fast as t1/4 in dimension 1
and as +/log? in dimension 2. The method relies on two ingredients: estimates of
the resolvent associated to the generator restricted to low degree functions in terms
of the resolvent associated to the full generator, and a comparison between the re-
solvent associated to the generator of the asymmetric exclusion process restricted
to functions of a fixed degree with the resolvent associated to the generator of free
particles. Yau (2004) obtained a lower bound of the correct order in dimension 2
for nearest neighbor asymmetric exclusion processes totally asymmetric in the first
direction and symmetric in the second one. In dimension 1, a lower bound of the
correct order is a simple consequence of the scaling limit for the two-point function
established in Ferrari and Spohn (2006) for nearest neighbor asymmetric exclusion
processes. Using the resolvent method of Landim et al. (2004b) and the estimates of
the 5771 norms obtained in Sethuraman (2003), Quastel and Valko (2007) extend
the lower bound of Ferrari and Spohn (2006) to general finite-range asymmetric
simple exclusion processes. The convergence of the second class particle properly
rescaled is an open problem.

Non-equilibrium Fluctuations Ravishankar (1992) prove the non-equilibrium
fluctuations for symmetric simple exclusion processes, a model in which the
Boltzmann—Gibbs principle is not needed. Chang and Yau (1992) extended the
method introduced in Chang (1994) to prove the Boltzmann—Gibbs principle to
the non-equilibrium context in dimension 1. Landim et al. (2008) proved the sta-
tionary non-equilibrium fluctuations for boundary driven exclusion processes. Non-
equilibrium fluctuations in higher dimension is still an open problem.
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Chapter 8
Regularity of the Asymptotic Variance

Consider the exclusion process {5 : s > 0} associated to a finite range probability
measure p(-) on Z%. Fix 0 <« < 1 and a mean zero cylinder function V in the
Hilbert space 777 introduced in Sect. 5.2. By Theorems 5.4 and 5.14, if the proba-
bility measure p has mean zero or if the dimension d is greater than 2, the additive
functional ¢~ 1/2 f(; V (ns)ds converges to a mean zero Gaussian variable with vari-
ance 02(V) = 2limy_ || f1|3, where fj is the solution of the resolvent equation
(5.8). In this chapter, we examine the dependence of the variance o2(V) on the
density «.

We assumed in Theorems 5.4 and 5.14 that the cylinder function V belongs to
the Hilbert space .7#Z1 which clearly depends on the parameter «. To stress this de-
pendence, in this chapter we sometimes denote .77 by ¢ («). We also required
the cylinder function V to have mean zero with respect to the product measure v, .
Therefore, to investigate the problem stated in the previous paragraph we have to
consider cylinder functions V which have mean zero with respect to all measures
vy and which belong to all spaces 77 («), 0 < @ < 1. According to Lemma 5.12,
the function V (n) = n(1) —n(0) is a cylinder function which satisfies these assump-
tions.

Since we are interested in the dependence of the variance o%(V) on the density
o, it is natural to weaken the previous assumptions to include in our considerations
cylinder functions which also depend on the parameter «, as 7(0) — o which has
mean zero with respect to all measures v, and, by Lemma 5.12, belongs to 721 («)
in dimension d > 3.

Consider, therefore, a family V («, ), 0 < o < 1, of cylinder functions. Assume
that, for each 0 < o < 1, V(w, ) has mean zero with respect to v, and belongs
to the Hilbert space 2 1(«). Denote by 02(01, V) the variance of the central limit
theorem for r—1/2 fot V («, ns)ds. The main result of this chapter states that o2(a, V)
is a smooth function of « under further assumptions on V («, 1).
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276 8 Regularity of the Asymptotic Variance

Recall from Sect. 5.4 the definition of the orthonormal basis {¥4 : A € &} of
L?(vy). Let V(a, A), A € &, be the Fourier coefficients of V (, -) so that

Vi, =) Ble, A)Wa.
Ae&

For each 0 <« <1, U(a, ) : & — R is a finitely supported function. We shall
assume that

the functions U («, -), 0 <« < 1, have a common finite support. (HD)

To prove smoothness in « of the asymptotic variance o2(a, V), we clearly need
to assume that

for each A in &, (-, A) is an infinitely differentiable function. (H2)

Denote by U (a, -) the j-th derivative of U (e, -) in a:
: d’/
VD (a, A) = —V(a, A)-
da’

The last assumption requires U(c, -), as well as its derivatives, to belong‘to the
Hilbert space .7 1 (&) introduced in Sect. 5.4: Foreach j > 0,0 <a < 1,0 (a, 1)
belongs to 71 (&) and

sup BV (e, )||_, < oo. (H3)
0<a<l

Theorem 8.1 Fix a function V(a, n) satisfying hypotheses (H1)-(H3). If the proba-
bility measure p is symmetric, the limiting variance o (a, V), as function of o, is of
class C™ in the interval [0, 1]. If the probability measure has mean zero or if d > 3,
the limiting variance is of class C* in the open interval (0, 1).

8.1 The Resolvent Equation

Consider the resolvent equation associated to V: for A > 0, denote by f) the solution
of the resolvent equation:

Mila, ) = Lfu(a, ) = Vi, ).

We use the dual representation to carry out the estimates. Recall the notation intro-
duced in Sect. 5.4 and let f; = § f;. € L?(u) which clearly depends on «. Applying
§ on both sides of the resolvent equation, we obtain

Mrle, ) — Lafaler, ) =V, ). (8.1)
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Theorems 5.4 and 5.14 give an explicit formula for the variance in terms of the
solution of the resolvent equation:

(1/2)0*(V) = Ang})nm% = lim (V, fi)y, = lim (. 1),

= lim Z Z V(ar, A)fy(a, A).

n>1 Aeé,

The sum starts from n = 1 because U («, ¢) = 0. Moreover, all but a finite number of
terms vanish because the cylinder functions V (¢, -) have a finite common support.
In view of this identity, to prove Theorem 8.1 in the asymmetric case we just need to
show that for every ¢ > O there exists a subsequence Ak | O for which the sequence
of functions ) ,. &, V(. A)fy, (-, A) converges uniformly in the interval [e, 1 — €]
to a smooth function for each n > 1.

To prove the existence of such a subsequence, it is enough to show that

the functions f, (-, A) are smooth foreach A >0, A € & (8.2)
and that
sup  sup V(a, A)fr(a, A)| < 00
O<i<le<a<l—¢ d J Z

foreach e > 0, j >0, n > 1. To prove this bound, it is enough to show that

> 8D (@, AP (@, 4)

Aeé,

sup  sup <00

O<i<le<a<l-—¢

foreach e > 0, j,k > 0,n > 1. Here, g'/) stands for the j-th derivative of a function
g:[0, 1] x & — R with respect to the first coordinate. To prove Theorem 8.1 in the
symmetric case we need to extend this estimate up to the boundary of the interval
[0, 1].

In the following sections we prove that fik) (a, -) belongs to L?(u) for each A > 0,
k>1,0<a <1. We assume this property for the moment and we claim that

3 0D (e, P @, A)] < Co|| TafP (. )], ®3

Acé,

for some finite constant Cp depending only on j, the probability measure p and V.
Fix j, k > 0 and assume first that nd < 2. Since V (¢, -) belongs to 5”1 («), by
Lemma 5.12, ZAeo@n U(a, A) = 0. In particular,

Z B9 (@, A) = 0.

Aeéy
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Denote by S(0) the common support of the cylinder functions V (¢, -): S(U) =
{Ae& :U(a, A) #0 for some o}. By the previous identity,

3 9@, AP @ A)
Acé,
1 . .
=— Y PB4 -89 @ B))
A,Be&,NS(V)
1 .
= 2 Wanilen-iles)
A,Be&,NS(V)

where M stands for the cardinality of &), N S(¥). By assumptions (H1), (H2) and
by Schwarz inequality, the square of this expression is bounded by

k k 2
c Y AP - ).
A,Be&,NS(V)

In this formula and below, Cj represents a finite constant which depends only on
J» V and p, and which may change from line to line. Since S(*U) is a finite set,
constructing paths from A to B and applying Schwarz inequality, we obtain that the
previous expression is less than or equal to

Co Y Y i@ B) — i @ n).

Aeé, B~A

The second sum is carried over all sets B which may be obtained from A by moving
a single particle: A ~ B if B = Ay, for some pair {x, y} suchthat x € A, y ¢ A,
s(y —x) > 0. It is easy to see from the explicit formula (5.24) for the 54 norm, that
the previous expression is bounded by C0||anik) (a, -)||%. This proves Claim (8.3)
in the case nd < 2.

Assume now that nd > 2. In this case, by (5.45), the evolution of n symmetric
exclusion particles in Z is transient. In particular, by Proposition 5.23 there exists
a finite constant C(p), depending only on the probability measure p(-), such that
for any finitely supported function g : &, — R and any set A in &,

a2 =c(p Y Y sk —0{aAxy) — 8} =4C(p) | Mage. ) |}

x,yeZd Aeé,

This estimate can be extended to any function g in L?(w). Therefore, since U (-,-)
is a finitely supported function, smooth in the first coordinate, and since f;k) (o, )
belongs to L2(,u) foreachk>0,1>0,0<a <1,

> 8@ A @, 4)

Aeé,

<ciG.v) Y |iP@ 4

Ae&,NS (V)
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<CU V. )| iP @],

because S(*V) is a finite set. This proves Claim (8.3) in the case nd > 2.
In view of (8.3), to prove Theorem 8.1 in the asymmetric case we need to show
that {f, (-, A) : » > 0, A € &} are smooth functions and that

sup  sup H f\j)(a, -)H1 < 00 (8.4)

e<a<l—e0<ir<l
for all € > 0, j > 0. In Sect. 8.2, we prove this bound with ¢ = 0 for symmetric
simple exclusion processes. In Sect. 8.3 we consider the mean zero case and in
Sect. 8.4 asymmetric processes in dimension d > 3.

8.2 The Symmetric Case

Recall the definition of the operator £, introduced in (5.16). In the symmetric case,
the operator £, = & does not depend on the parameter o and the proof of (8.2),
(8.4) with ¢ = 0 is elementary.

We say that a function b : [0, 1] — L?(u) is differentiable at o if y ~![h(a + ) —
h(c)] converges, as y — 0, strongly in Lz(,u) to some function denoted by b(l)(a).

By assumption, for each A € &, *U(-, A) is infinitely differentiable, and the
cylinder functions U(e, -), 0 < a < 1, have a common finite support. In particu-
lar, o — Y(a, -) is infinitely differentiable, 6 («, -) belongs to L?(u) for each
Jj = 0 and we may examine the resolvent equation for Dty >(oe, J.ForA>0,j>1,
0 <a <1, denote by g, () the solution of the resolvent equation

Aghj(@) — &gy (@) =BV (). (8.5)

Recall that f, («) stands for the solution of (8.1). We claim that o — f, («, -) is
infinitely differentiable and that fij ) (a) = gy, (@) forall j > 1. In particular, f;j ) (@)
belongs to L2(,u) for j > 1,1 >0,0<a <1, as claimed in the previous section.

Indeed, let us first prove the claim for j = 1. For h #0, let v, = h~ ' {f; (@ +h) —
(@)}, By = Y0« + h) — V(). By assumption, U, converges to B (a) in
L%(u) as h — 0. Since

Mop —gn1@) = &{op — g1 (@) = {B — BV (@)},

taking the scalar product on both sides with respect to v;, — g, 1(), we obtain
that v, converges to g, 1(«) in L?(w) as h — 0. Therefore, fo. () is differentiable
and its derivative is equal to g, 1(). An induction argument permits to extend the
statement to j > 2.

We have just shown that f, () is a smooth function of «. Since f;j )(oz) is the
solution of the resolvent equation (8.5), taking the scalar product on both sides with
respect to fij ) and applying Schwarz inequality, we obtain that

I @l < [8V@]_,
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forall j >1,A>0,0 <« < 1. Hence (8.4) with ¢ =0 follows from assumption
(H3) and the proof of Theorem 8.1 is complete in the symmetric case.

8.3 The Mean Zero Case

In this section, we assume that the probability p has mean zero: ), xp(x) =0 and
that it does not charge the origin. We have seen in Sect. 5.3 that such probabilities
can be written as convex combinations of cyclic probability measures and that the
generators of the simple exclusion process associated to such probability measures
satisfy a sector condition.

Recall the definition of the operator £, introduced in (5.16). Since the coeffi-
cients of £, are not smooth at the boundary of [0, 1], we reparametrize the family
of equations by & = sin®z, ¢ € [0, /2], to get

£(t) = S + cos(2)I + sint costy,
where § = J+ + J—. Consider the resolvent equation
Ay (1) — £(1)g:. (1) =(1), (8.6)

where 20(¢) = U(a(t)). Of course, since £(t) = Lu ), 9o (1) = fa (@ (?)).

To prove that the functions {f; (-, A) : A > 0, A € &} are smooth in any compact
interval of (0, 1), it is enough to show a similar statement for the functions {g; (-, A) :
A >0, A € &}. On the other hand, to prove (8.4) for some ¢ > 0, it suffices to show
that

sup  sup ||g§;/)(t, I, <00 8.7)
0<t<m/2 O0<i<l

for all j > 0.

We now begin the proof that g, is a sequence of smooth functions with deriva-
tives in J#. Fix f in Lz(u). Denote by h, (1), 0 <t < /2, the solution of the
resolvent equation

Aha(0) — L@0)h,. (1) =F.

It is by now well known that

Oslipl{xnm(z)ui +]0. 0|} < ColfI12, (8.8)

for a finite constant C independent of ¢.
Lemma 8.2 Suppose that 3 : [0, 11— L*(w) is a differentiable function such that

sup  [U@)|_, < oo, sup  [W(@)|_, < oo.
0<t<m/2 0<t<m/2



8.3 The Mean Zero Case 281

Let ;. (t) be the solution of the resolvent equation

A (1) — £@)hy (1) = U(@). (8.9)

Then, for each 0 < A <1, 0 <t <m/2, h)(¢t) is differentiable and its derivative
b’ (t) is the solution of

AhS (@) — L (1) =W (1) + £ (Db (D), (8.10)
where

£ (t) = —=2sin(2)N + cos(21)J.

Proof Fix 0 < A <1, 0 <t <m/2 and denote by v,(¢) the solution of equation
(8.10). We have that

Mos® |2 + [ox 0] < &0 0) + £ b)) .

By Lemma 8.3 and (8.8), the right-hand side is bounded above by Cof||Ll'(¢) ||2_1 +
||LL(2) ||2_ 1} for some finite constant C independent of ¢ and A. Therefore,

Moo|2+ o] < Cof Jwo |2, + a2, }- (8.11)

For h #0, let aj, = h™'{cos2(t + h) — cos 2t}, by, = h~ {sin(¢t + h) cos(t + h) —
sintcost}, vy = h~ .t + k) — (1)}, L, = A~ YU + h) — (1)} so that

Mop — 00D} — L@ {on — 02(1)}
= [ty =D} + hapNfoy — 02D}
+ hbp3{on — 0:.(1) } 4 £1(W)NV;. (1) + £2(M)J0,.(2),

where €1(h) = a;, — ao(t) + hay, ex(h) = by, — bo(t) + hby, ag(t) = —2sin(2t),
bo(t) = cos(2t). Take the scalar product on both sides of this equation with respect
to v, — v, (¢) and recall that )1 and J are asymmetric operators to get that

Mow = va®], + [on = v
=ty —W(®), 00 — 02.D),,
+e1(M(Mor(1), 05 — 02.(1)) , + £2(M){T0: (1), 0 = 0:2(1)) .
By Schwarz inequality and Lemma 8.3,

2
1’

1
Mow =020, + [on = 020§ = b = LD, + ) o)

where ¢(h) vanishes as & — 0. It remains to recall the a-priori estimate (8.11) to
conclude the proof of the lemma. g
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Proof of Theorem 8.1 in the mean zero case By assumption (H3), for every j > 0,

sup WP ()], < oo (8.12)
0<t<m/2
Hence, by (8.8),
sup  sup ||g)t(t)||l < 0. (8.13)
0<t<m/20<r<l1

By Lemma 8.2, g, (¢) is differentiable and its derivative gil)(t) satisfies the re-
solvent equation

1 () — L0a” ) =WV (1) + £V g (1),

where £()(¢) stands for the j-th derivative of £(r). Let 201(r, ») = WD (1) +
£ (1)g;.(1). By (8.12), (8.13) and Lemma 8.3,

sup  sup Hm]l(t,)n)”f] < 00.
0<t<m/20<xr<1

To iterate the argument, we just need to prove by induction the existence of con-
stants {a, ;,n > 1,0 <i < n} such that

2y (0 — £0g O =W 0+ a9V 0g ).
i=0

This is elementary and left to the reader. This procedure yields (8.7), which con-
cludes the proof of the theorem. d

We conclude this section with the proof of a sector condition for the asymmetric
operators 91 and .

Lemma 8.3 There exists a finite constant Cy depending only on the probability
measure p such that for all finitely supported functions f, g : & — R,

N, 9) = Coliflliligl, (IF, @ = Collfllllgll-

In particular, there exists a finite constant Co such that |91 < Collfll1 and
135111 < Collfll1 for all finitely supported functions §: & — R.

Proof In view of Lemmas 5.6 and 5.7, it is enough to prove the lemma for operators
associated to cyclic probability measures. Fix, therefore, an irreducible cycle C =
(Y0, ¥1, -+, Ye—1, ye = yo) and assume that the probability measure p appearing in
the definition (5.1) of the generator of the exclusion process is the cyclic probability
measure pc introduced in (3.18).

Recall the explicit formula of the operator 91 given in (5.17). Since 2a(x) =
pc(x) — pc(—x) and since the probability measure p¢. defined by pf.(x) = pc(—x)
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is also a cyclic probability measure, it is enough to prove the sector condition for
the operator 1 with a replaced by pc.

The proof is similar to the one of Lemma 5.8. Since A, y = Aif x, y € A, in the
definition of 91, we may replace the sum carried over y ¢ A by a sum carried over
y € 74 . In this case, in view of (3.18) and after the replacement of a by pc, the
operator 91 becomes

1 -1
ONA) =D D [FAx i) —FA)].

i=0xeA

Let Ty ;: & — &,0<i<l—1,x eZ% be the operator Ty ;A = Axty, x+yis,
and let Ty = Ty y—1 o --- o Ty . Note that T¢~'A = A if T? is the identity and
It =T, o T/, j > 0. With this notation, the Dirichlet form can be written as

-1
(—&h.1), = éZ 3N [[(Tei ) - FA)]

=0 erd Aég

plus a similar term in which the cycle (yo, y1, ..., Yn—1, Y» = Yo) is replaced by its

adjoint (o, Yn—1, -- -, Y1, Y0)-
Fix finitely supported functions f, g : & — R. In view of the explicit formula for
N presented above and a change of variables,

-1
1
O =5 > D M+ € AY[f(Teid) = F(A)]a(A).

i=0 erd AE(g)
Perform a change of variables to rewrite the previous sum as

=24£-1

ﬁzz Z Zl{x+yo€A}g(Tx,i_1 o"'oTx,OOijA)

j=0i=0 xezd Ac&

X [{(Txio--0TeooT!A) = §(Txi10---0Tego T A)].

Since T)f_l is the identity, if we had g(A) instead of g(7y ;—10---0Tx 00 T! A) the
expression would vanish due to the presence of the telescopic sum in the variables
i, j, in which the first and the last term coincide. Therefore, we may rewrite the
previous sum as

=201
1

Do 2 Dt yoe Alfa(Ti- 00T oo T{A) —g(A)]

j=0i=0 xe7d Ac&

X [((Txio--0Teoo T A) = {(Txi—10---0Te oo TLA)].

To conclude the proof it remains to proceed as in the end of the proof of Lemma 5.8.
This argument shows that the operator 1 satisfies the sector condition claimed in the
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statement of the lemma. Since the symmetric part & of the generator £(¢) clearly
satisfies a similar sector condition, the sector condition for the operator Jj follows
from the one of 1, the one of £(¢), proved in Lemma 5.9, and the isomorphism §
introduced in the beginning of Sect. 5.4. 0

8.4 The Asymmetric Caseind >3

In this section, we examine the asymmetric case in dimension d > 3. The proof
relies on the graded sector estimates obtained in Lemmas 5.15 and 5.20 and on
Lemma 2.21 which provides bounds for the triple norms of the solution of a resol-
vent equation.

Recall the definition of the triple norms || - lx.a, K > 0,a = —1, 1, u, introduced
in (2.48) and denote by .7, the Hilbert space generated by finitely supported
functions § : & — R endowed with the norm || - [|x... The next result follows from
Lemma 5.15 and Lemma 2.21.

Lemma 8.4 Fix k > 0 and § in LZ(,u) N 5. —1. Denote by h,(t), 0 <t < m/2,
A > 0, the solution of the resolvent equation

M () — L(Oh (1) =F. (8.14)
Then,
Osgpl{AH!th)Hﬁ,ﬂ + 10Ol ) = COnIz

for a finite constant C (k) independent of t.

The proof of the next result is similar to the one of Lemma 8.2 but involves the
triple norms. We give the full proof instead of referring to one of that lemma.

Lemma 8.5 Suppose that 31 : [0, 1] — L*(w) is a differentiable function such that

sup |4 l; -y < oo, sup [, -y < oo
/2 0<t<m/2

<t<mw
Let ), (t) be the solution of the resolvent equation
A () — £(O)hy (1) = LU(@). (8.15)

Then, for each 0 < A <1, 0 <t <7 /2, h,(¢) is differentiable and its derivative
bi (¢) is the solution of

ABL(0) — LB (1) = U (@) + (b (D). (8.16)
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Proof Fix 0 < XA <1, 0 <t <m/2. Denote by v,(r) the solution of (8.16). By
Lemma 2.21,

Mlos |3, + lox® ]}, < Coflw® + £ @b @] _,

for some finite constant Cp, which may change from line to line. By Lemma 8.6
below, the right-hand side is bounded above by

’ 2 2 2
Co{ IOl _; + IOl _; + A5, }
By Lemma 8.4, ||, (¢)]l|3,1 is bounded above by [|£l(¢)][3,—1. Hence,
2 2 . 2 2
Mlox®Ily . + llox iy < Colll Ol +Ieo 5 i} @17

For h #0, let aj, = h™ {cos 2(t + h) — cos 2t}, by, = h~ {sin(¢t + h) cos(t + h) —
sint cost}, v, = h~ ;. (t + h) — ba(0)}, L = A~ 14Ut 4+ h) — U(r)} so that

Mop — 020} — L@ {on —02(1)}
={tp = @O} + hanDtfon —vr(1)}
+ hbypJ{on — 02.(0)} + £1(W)N, (1) + £2(M)Jvx (1),

where e1(h) = a; — ao(t) + hay, e2(h) = by, — bo(t) + hby, ap(t) = —2sin(2t),
bo(t) = cos(2t). Take the scalar product on both sides of this equation with respect
to v, — v, (¢) and recall that 91 and J are asymmetric operators to get that

Mon = o2, + o — 020
=ty = (®), 0p = 02.(D),,

+e1 (N3 (1), 0y = 02.(1)),, + e2()(I0a(1), 0y = 02.(1)) -

By Schwarz inequality and Lemma 8.7, we obtain that
/D on =02 + o — 00}

1
< Al =2 O[] + 461 lo: 7, + 4e2?[los O], )

By (8.17), the right-hand side is less than or equal to

1 2 Coe(h) 2 2
It =@ [, + ==& Ol + O3 -}
where ¢(h) vanishes as & — 0. This proves the lemma. Il

Proof of Theorem 8.1 By assumptions (H1)-(H3), for every k, j >0,

sup [0V @), _; < o0 (8.18)
0<r<m/2
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Hence, by Lemma 8.4, for all k > 0,

sup  sup |||Elx(f)|“k’1 < 00. (8.19)
0<r<m/20<r<l1

By Lemma 8.5, g, (¢) is differentiable and its derivative g)(\l)(t) satisfies the re-
solvent equation

1 () — L0a ) =WV (1) + £V g (1),

where £ (r) stands for the j-th derivative of £(¢). Let (¢, A) = WD) +
£ (1), (r). By (8.18), (8.19) and Lemma 8.6,

sup  sup |||QH1(I,)»)H|k’_1 <00
0<r<m/20<r<l1

for all k > 0. The rest of the proof is exactly as in the mean zero case. g
We conclude this section with two estimates on the operators 1, J.

Lemma 8.6 Fix { in L2(w) such that Ifllx,—1 < oo for all k > 0. Let b, be the so-
lution of the resolvent equation (8.14). For each k > 0, there exists a finite constant
Ck, depending only on k and on the probability measure p, such that

13650k, —1 < Cillballe+1,1 1900k, ~1 < Crffllks1,—1 + N llks2.1}-

Proof The first assertion is a restatement of Corollary 5.16, while the second one is
the content of Lemma 5.20. 0

Lemma 8.7 There exists a finite constant Cy depending only on the probability
measure p such that

9%l < 2nllfll,  and  |I£flle <2+ DIfll 4
forall §: &, — Rin L*(1).

Proof Fix a function in §: &, — R in L?(u). By the explicit expression of the
operator 1 given in (5.17) and by Schwarz inequality,

912 <n Y Y s —0{f(Ary) = F(D)

Aeé;, xeA
yEA

because |a(z)| < s(z) and erA’mAs(y — x) < |A| = n. It remains to bound the

square by Z{f(Ax,y)2 + f(A)z} and to perform a change of variables B = A, y to
conclude the proof of the first claim.

The proof of the second assertion is similar. One just needs to rewrite the opera-
tor J— as (J_f)(A) = -2 Zy¢A,xeA a(y — x)f(A U{y}), which is allowed because
> . a(z) =0. The details are left to the reader. O
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8.5 Regularity of the Diffusion Coefficients

The method presented in the previous sections permit also to show that the self-
diffusion and the bulk diffusion coefficients, introduced in Chaps. 6 and 7, depend
smoothly on the density. In this section, we examine the bulk diffusion whose regu-
larity was used in the proof of the fluctuation—dissipation theorem.

Recall the set-up and the notation introduced in Chap. 7 and that we are con-
sidering exclusion processes in dimension d > 3. Fix a finitely supported function
w: & — R in .# and such that w(@) = 0. Since by Lemma 5.26 a random walk
on fo, d > 3, is transient, by Proposition 5.23, w belongs to $)p —1 and therefore to

e, —1:
Iwllx.—1 <oco forall k> 1. (8.20)

For each A > 0, let u), be the solution of the resolvent equation
Ay — L, U =W,

whose existence is asserted by Lemma 7.5. In this section, we prove that for each
& > 0, there exists a subsequence A; such that for each z € Zf,f, uy, (-, 7) converges
uniformly [, 1 — 8], as well as all its derivatives, to a smooth function D,(-).

To prove the existence of such subsequence it is enough to show that u, (¢, {z})
are smooth functions of « for each A > 0 and each z, and that

sup  sup |uf\j)(a, {z})| < o0,
2>08<a<l—8

where u;j ) (o, {z}) stands for the j-th derivative of u,,.
By Proposition 5.23 again,

Jui” (e (23)] = CofJu” @, ) ]y,

for some finite constant Co depending only on p(-). With the iterated use of (7.17),
we will prove that, for any k and j,

sup sup [[ui” e )], < oe.
A>08<a<1-$

Since the coefficients of £, , are not smooth at the boundary of [0, 1], we
reparametrize by o = sin? t,t € [0,27], as done in the previous sections. We ob-
tain in this way the operator £, (¢) given by

Lot) = Lay + (cos®t —sin? 1) L4 4 + (5in7 cOS (T4 + Ju—)-

Consider the equation

AVy(t) — L. (D)v(t) = w. (8.21)
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Sinqe w does not depend on «, we have u, (x(f)) = v, (¢). So if we prove that
|||v§\j )(t)||| k.1 are uniformly bounded, we obtain the boundedness in the same norm
for u, () for « in the interior of [0, 1].

Differentiating formally £,(¢) in ¢, we obtain
£ (t) = —4(sint cos 1)L, o + (cos® £ — sin? ) {Ju+ + Ju,—}-

By (8.20) and Lemma 8.5, v, (¢) is differentiable in ¢, and its derivative V; () satis-
fies

AV, (1) — Lo (V5 (1) = £, 1)V (2). (8.22)

Recall the estimate (7.18). By (7.17) and Lemma 7.14, this bound holds for the
operators £, s and J, + in place of £, 4. It also holds therefore for the operator
£,.q. In particular, by the explicit form of £/ (¢) and since v, (¢) solves the resolvent
equation (8.21),

[€.@vi®|l _; < CellWllxsz,—1-

If we now apply (7.17) to Eq. (8.22), we obtain a bound for ||V} (t)|lx,1 uniform in
t and A. The argument can be iterated exactly as before, yielding similar bounds for

all the derivatives vij ) (1).

One can extend the regularity up to the boundary and prove the existence of a
subsequence A, for which uy, (-, z) converges uniformly in [0, 1], as well as all its
derivatives, to a smooth function D,(-). We refer to Landim et al. (2004a).

8.6 Comments and References

Varadhan (1994b) proved that the self-diffusion coefficient is Lipschitz continuous
in dimension d > 3. In this chapter, we followed (Landim et al., 2001), who proved
smoothness of the self-diffusion coefficient for symmetric simple exclusion pro-
cesses, and for asymmetric exclusion processes in dimension d > 3. The method
was extended in several directions.

Diffusion Coefficient Landim et al. (2004a) proved the regularity of the diffusion
coefficient of asymmetric exclusion processes in dimension d > 3. Bernardin (2002)
proved the smoothness of the diffusion coefficient of a non-gradient exclusion pro-
cess, reversible with respect to Bernoulli product measures. Sued (2005) extended
the regularity of the diffusion coefficient to mean zero exclusion processes. Naga-
hata (2005, 2006, 2007) proved the regularity of the diffusion coefficient for several
lattice gas models. In the last article the reference measure is not a product and sub-
stantial modifications of the original arguments are required. For example, the basis
used is formed by the functions [ [, 4 n(x), for finite subsets A of Z-.

We mention also that Beltran (2005) proved the smoothness, with respect to the
drift, of the asymptotic variance in the central limit theorem for additive functionals
of one-dimensional nearest neighbor reversible asymmetric exclusion processes.
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Tracer Particle Carlson et al. (1993a) examined the self-diffusion coefficient of
a one-dimensional simple exclusion process where a particle jumps from site x to
site x + y at rate c(|y|) if all sites between x and x + y are occupied. They proved
that the self-diffusion diverges as the density increases to one if the non-increasing
function c(-) has a sufficiently slow decay.
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Chapter 9
Diffusions in Random Environments

9.1 Diffusions with Periodic Coefficients

We start with a simple example of a one-dimensional diffusion with periodic co-
efficients whose generator is in a divergence form. It is convenient to think about
the state space of such a process as a one-dimensional torus. In this setting the nor-
malized Lebesgue measure is invariant and the generator satisfies the spectral gap
estimate. The central limit theorem is a consequence of Theorem 2.14.

More precisely, assume that a, U : R — R are two 1-periodic functions that are
C? smooth and such that a(x) > ¢ for all x € R and some positive constant cg.
Suppose that {X7, t > 0} is a diffusion that starts at x with the generator

ZLfx):= %eU(X)% (e_U(x)a(x)%), feCiR). 9.1)

For m > 1 we use the notation C" (R), C'(R) (resp. C°(R)) for the spaces of
m times continuously differentiable functions and its subspace consisting of com-
pactly supported functions (resp. the subspace of infinitely differentiable compactly
supported functions). This notation will be extended in an obvious way to an arbi-
trary dimension d. Process {X7,t > 0} is the unique solution of the It6 stochastic

differential equation
dX; =V(X})dt +a'* (X )dw,, X§=x, 9.2)
where

Vx):=—1/D)[U'x)a(x) +a'(x)]

and {w;, t > 0} is a standard, one-dimensional Brownian motion given over a prob-
ability space (X, 7, P). Under regularity assumptions made about the coefficients
the solution to (9.2) is unique and has the strong Markov property, see e.g. The-
orem 5.3.4, p. 112 of Friedman (1975). The corresponding probability transitions
have densities with respect to the Lebesgue measure p;(x, y), which are strictly

T. Komorowski et al., Fluctuations in Markov Processes, 293
Grundlehren der mathematischen Wissenschaften 345,
DOI 10.1007/978-3-642-29880-6_9, © Springer-Verlag Berlin Heidelberg 2012
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positive and C'! smooth jointly in (¢, x, y) variables and of C? class in both x and y.
The transition probability semigroup for the diffusion equals

Pf(x) = /Hé POy, f € By(R).

Here B, (RY ) is the space of bounded and measurable Borel functions on R4,
It follows from (9.2) that the trajectory of the particle can be written as a sum of
the additive functional

/Ot V(X7)ds

and the martingale

t
/ a'?(X7)dws.

0
Note also that

/ ZLfx)e V®dx =0, VfeC*R)
R

thus e~V dx is an invariant measure of infinite mass. This prevents us from ap-
plying directly the results of Chap. 2. To deal with this issue we work with the
diffusion induced by X; on the one-dimensional torus T := R/~, where the equiv-
alence relation x ~ y, for arbitrary x, y € R, means that x and y are equal mod 1,
or equivalently x — y € Z. Denote by x € T the equivalence class corresponding to
agiven x € R.

The process {X f ,t > 0} is Markovian on T and its transition probability densi-
ties, with respect to the normalized Lebesgue measure on the torus, and the genera-
tor are given by

pi&,3) =Y pi(x,y)>0, %yeT ©.3)
yEY

and
Lf(x)= %e‘”’")D(e—U@)a(x)Df(Je)), f e Cx(T).

We shall identify 1-periodic functions with the functions on the torus T and when

there is no danger of confusion we denote them by the same symbols. By D™,

where for simplicity D! = D, we denote the m-th derivative of a given function on

the torus. Let { P, 1 > 0} be the transition semigroup corresponding to {X{‘ ,t>0}.
Let 7 be the probability measure on T given by

1 .
7(dx) = ze_U(")dfc,
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with

2= [ Vs,
T

/Lfdn:O
T

for all f belonging to C2(T)—the class of functions on the torus that are C> smooth.
The above implies 7 is an invariant measure for {P;, 1 >0} and the semigroup can be
extended to a strongly continuous semigroup of contractions on L (). Since C?(T)
is dense in L?(T) and invariant under the semigroup, it is a core of the generator.
Suppose that a Borel set A C T satisfies 14 = P, 14 for some 7 > 0. Then,

Note that

0= Lac () 14(F) = / Lac D) py (i, $)d5, Vi e T,
A

This, together with (9.3), implies that A is of trivial Lebesgue, thus also, 7 measure.
Hence we conclude ergodicity of 7z under { #;, 1 > 0}. As an immediate consequence
of the ergodic theorem and the law of large numbers for martingales, see e.g. Theo-
rem VII.9.3 of Feller (1971), we obtain that for r — 400

1 1 4 .. ! ..
—Xf:—[x+/ v(x;‘)ds+f a1/2(xf)dws}
; ; A : A :
tends to
-1 .
/V()'c)n(dfc)z—/ D(a(®)e V®)di =0
T 27 Jr

for a.e. x and P a.s. realization of {X7, t > 0}. The last equality follows from inte-
gration by parts.

In order to prove the central limit theorem we look for the solution x of the cell
problem

—Lxy=V. 9.4
The above equation reads

—%eU(X)D(efu(j‘)a(fc)DX()'c)) = %eU(X)D(efu(x)a()%)),

hence
Dx(x)=—14Ci1e"Pa=1(x) 9.5)

for some constant C;. It has to be chosen in such a way that

/ Dx(#)di =0,
T
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which is consistent with the property of a gradient, due to the integration by parts
formula. This, in turn yields

—1
Ci= (/ eUO")a—l(x)dx) )
T

X
x(X)=—%+Ci f Va1 (y)dy +C,
0

From (9.5) we deduce

where C is another constant, which we choose in such a way that fT x(xX)dx =0.
Note that

—Zxx)=VXx). 9.6)
Applying It6’s formula to x (X;) we conclude that

t t
2 (X5) = x(0) + / Ly (X)ds + / a2 (X5) Dy (X5)dws.
0 0

Combining the above with (9.6) and (9.2) we obtain
t
XF =x+4 x(x) — x(X7) +/ a'?(XX)[Dx (XF) + 1]dws.
0

Denote by M, the martingale term appearing on the right-hand side. Its quadratic
variation satisfies

1 [t .. ..
;(M),:;/O a(X;“)[DX(X;‘)+1]2ds.

By the ergodic theorem we obtain that the limit of the above expression, as ¢ —
~+o00, equals

a= /T a(@[C1e?Va~ ()] (dh) = %cl, ©.7)

for P a.s. realization of {X;,¢ > 0} and a.e. x € R. The martingale central limit
theorem (see Theorem 2.1) implies that

dx =0

i [ B () = [ 1)@t
t—+00 J1 R

for any f € Cp(R). Here @; is a density of a zero mean normal distribution with
the variance given by (9.7). We conclude therefore that if {X;, > 0} is a diffusion
with the generator (9.1) and the initial data whose law is absolutely continuous with
respect to the Lebesgue measure then

Ep[f(X: /N1 | Fo] - Lf(Y)%(Y)dy‘ =0.

lim Ep
t—+00
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The multidimensional case can be handled quite similarly. The only significant
difference comes from the fact that in a higher dimension we cannot in general write
an explicit solution to the cell problem (9.4). To deal with this difficulty we use some
basic estimates from the multidimensional calculus.

Assume that a(-) is a d x d matrix valued function defined on R¥, whose symmet-
ric part a® (x) := 1/2[a(x) + a’(x)] is uniformly positive definite, i.e. a*(x) > coly
for some c¢g > 0 and all x € R?. Here 1, is the d x d identity matrix. Furthermore
we suppose that a(x), U (x) are C 2 smooth and 1-periodic in all variables.

Denote by {X},¢ >0} an R?-valued diffusion that starts at x with the generator

d
Lf(x)= %eu(x) Z 3i(e7VWa; ;)0 f(x), feC(RY). (9.8)
i,j=1

It can be viewed as the solution of the stochastic differential equation

dX; =V (X )dt +c(X])dw,, X§=x, 9.9)

where c(x) is the square root of a®(x) and the drift V = (V1, ..., V) is given by
Vi(x) == lel’@f)Ed:a-(e*l”%-k(x)) k=1 d (9.10)

=3 2 J 7, , yeead. .

The process {w;,t > 0} is a standard, d-dimensional Brownian motion over the
probability space (X, <7, P). Analogously with the one-dimensional situation we
identify a d-dimensional torus T¢ with RY/~, where x ~ y iff x — y € Z¢. We also
maintain the conventions of denoting by x the equivalence class of x and identify-
ing the notation for 1-periodic functions and their counterparts induced on T¢. The
partial derivative on the torus Dy can be introduced as the partial of the respective
periodic function in the direction of the k-th vector of the canonical base.
Let 7(dx) := Z 'e UM dx and let

Li(m):=[f e L*(n): {f)x =0].
For each direction £ € RY we formulate the corresponding cell problem
—Lxe(x) = Ve(x), 9.11)
where Vi (x) := V (x)-£. Here L is the generator of the transition semigroup (P, 1>

0} corresponding to the diffusion (X {‘, t > 0} on T¢. The operator is the closure in
L2() of

d
L) = %eU@) Y Di(eVPay(hHDif (1), feCT?). (9.12)
k=1
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Here C™ (T¢) denotes the class of all m times, continuously differentiable functions
on the torus. Using the classical Poincare inequality one can show, see the proof
below, the following spectral gap estimate: there exists a constant Ao > 0 such that

ro(If Iz = (A D7) <IVFIZ. Vfec!(T?). (9.13)
Analogously with the one-dimensional situation we can argue that
p,(Cc*(T%)) c c*(1T9), Vvi=0

and, since 7 is invariant (P,f, 1) =0forall fe L(z)(n). Inequality (9.13) implies
that for any f € Cz(']Td) N L%(n) we have

d . L
SVEIR = (LB f ) Z/ Uay Dy, f D1, fd

kl 1
< —col VB 112 < —coroll fII3-
In consequence
1P fllz < e M2 fllp, V20

This estimate can be easily extended by density to the entire L(z)(n). Therefore

+oo
Xe =/ P Vydt
0

is well defined and solves uniquely (9.11) in L(z)(']I‘d). Standard regularity results
from the theory of elliptic partial differential equations, see e.g. Chap. 8 of Gilbarg
and Trudinger (1983), imply that x, € C*>(T¢). From this point on the proof of the
central limit theorem for {X7/+/,t > 0} goes along the same lines as in the one-
dimensional setting. We conclude therefore the following.

Theorem 9.1 Suppose that {X;,t > 0} is a diffusion with the generator given by
(9.8) such that the law of X is absolutely continuous with respect to the Lebesgue
measure. Then, for any f € C,(RY) we have

lim Ep
t——+00

Ep[f(X:/ND|F0] - /Rd f(y)%(y)dy‘ =

where @ is the density of a d-dimensional, zero mean normal random vector with
the covariance matrix a determined by the quadratic form

az-e:/ a(l+Vye) - (L+Vyxdr, £eR?. (9.14)
Td
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Proof of estimate (9.13) We prove it first in case d = 1. It is clear that

=5 | [Lrer = e v asas

1 2
=//U ;‘/4t‘/4(x—y')f’(tx+(1—z)y')dt] e VDU gidy.
TJTLJO
(9.15)

Using Cauchy—Schwartz inequality we can estimate the utmost right-hand side by

/ f} fdt{/ /(x = ?[f (i + 0 —z)y')]zeW)U@)dxdy’}.
(9.16)

Then changing variables according to 7' :=rx + (1 — #)y, ¥’ := ¥ and dropping
primes in our notation we obtain, due to [x — y| < 1, that (9.16) can be estimated by

U dt 1, . .
2/ _/ / [/ @ eV -0V gzq5. 9.17)
0 \/; TJT

Since U is bounded, we can find C such that
U (=1 -03)+UG) 2UE —C, Vj.2eT

and the inequality follows for d = 1. The generalization of the above argument to
an arbitrary dimension d is straightforward. We replace f(x) — f(y) by

1
/ V(i +1=03)- (k- y)dt
0

and perform the calculation as before. g

9.2 Remark About the Quasi-periodic Case

Before dealing with diffusions with random coefficients we briefly discuss the quasi-
periodic case. What distinguishes it from the previously considered periodic situa-
tion is the fact that the solution of the cell problem need not exist in the L? space cor-
responding to the invariant measure. A similar situation occurs for diffusions with
random coefficients and as it turns out the quasi-periodic case can be treated within
the same framework. We shall pursue this subject in the following sections. Here
we limit the scope of our discussion only to the description of the set-up needed to
deal with quasi-periodic coefficients. To simplify our presentation we assume also
thatd = 1.

Suppose that N > 1 is an integer, a(-), U(-) are two functions that belong to
C2(TN) and a(w) > cp for all w € TV and some ¢y > 0. Assume also that the com-
ponents of A = (A1,...,AN) € TV, are rationally independent, i.e. for any rationals



300 9 Diffusions in Random Environments

r1,...,ry such that Z;v:lrj)»j =0wehave ry =---=ry =0. Forany x,/ € R
we let x; := [x. Define quasi-periodic functions

a(x):=an,...,5y) and UX):=U(,,..., %), xR

The process { X}, ¢t > 0} is the diffusion on R that starts at x with the generator

Lfx) = %eﬁ(x)j—x(e_ﬁ(x)&(x)%) feCX®).  (9.18)

Define a diffusion on TV by 5, := (Xf’kl, ...,X;"AN), where Xf”\ := AX7}. Here,
as we recall, x denotes the mod 1 projection of x onto T. The generator of {r;, t > 0}
equals

1
Lf(w) = EeU(“’)D(e_U(“’)a(a))Df(a))), fec*(1V), (9.19)
w=(wi,...,0y) € TV, where D is defined by the formula
N
Df (@)=Y _%;d; f ().

j=1
and 9; is the partial in the directioq w;. The transition semigroup {P;, 1 >0} of the
diffusion has Feller property, i.e. P,(C(T"V)) c C(T"V) (see e.g. Proposition 8.2.4

in Ethier and Kurtz, 1986), and C2(T") is a core of its generator. On TV define a
probability measure

1
7(dw) = Ee_U(‘”)da),

where Z is a normalizing factor and dw is the normalized Lebesgue measure on the
torus. Since

/ Lfdmr =0, YfeC*(TV)
TN

the measure 7 is invariant and the semigroup can be extended to L2 ().
Suppose that f € C'(TV). Then

Df(w) =i Z k- A fk)exp(2mik - w), (9.20)
keZN

where

fk) :=f e 7k f(wydw, keZN
TN
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are the Fourier coefficients of f. Let H ! be the completion of the space consisting
of functions f for which f(0) =0 in the norm

1F120= Y 02| F .

keZN

Operator D can be continuously extended to the entire H'!. Since the components
of A are rationally independent Df = 0 implies that f (k) for all k € ZN \ {0}, thus
f is constant 7 a.s.

Integration by parts show that

(f.(=L)f), = %Z(a(Df)z)ﬂ, fec*(TV). (9.21)

Recall that (-), and (-, -), are the expectation with respect to 7 and the scalar prod-
uct in L2 (), respectively. From (9.21) we deduce that D(L) C H !, Furthermore,
for any f € D(L) that satisfies Lf = 0 we conclude, from the above formula, that
Df = 0. This in turn implies that f is constant r a.s. Hence, measure 7 has to be
ergodic.

In analogy with the periodic case we formulate the cell problem (9.4) for the
corrector, which leads to the equality

Dx =F, (9.22)
where
F=—-1+ (eUa_l>;leUa_l
(cf. (9.5)). From (9.22) we obtain that the Fourier coefficients of x satisfy

A F (k)

X (k)= T for k #0.
We also let x(0) = 0. In contrast with the periodic case this time one cannot guaran-
tee, without putting additional restrictions on a and U, that ), | X (k) |> < 4+00. The
solution of the cell problem (9.4) need not exist in L?(). As a result the argument
made in the periodic setting cannot be directly applied. We explain how to deal with
this problem in the following sections. At this point we only remark that it suffices to
work with the corrector that is an object whose gradient D x belongs to L2 (;). This
situation occurs also for diffusions with random and stationary coefficients that will
be examined later on. In fact, as we have already mentioned at the beginning of this
section, it turns out, see Remark 9.5 below, that the diffusions with quasi-periodic
coefficients can be treated within this framework as well.

9.3 Diffusions with Stationary Coefficients

Suppose that {a(x; w), x € R4} and {U (x; w), x € R} are d x d matrix and scalar
valued random fields respectively, given over a probability space (£2, .%, Q). For
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a fixed w € §2 denote by {X;"“, t > 0} a diffusion starting at x whose generator is
given by

Lo f(x) 1= =l @) Z B (e U (v )0y, £(x)), € CEHRY), (9.23)
k=1

where a(x; w) = [ax (x; w)], k,I =1, ...,d. In what follows we present a general
framework that allows to prove the central limit theorem when the coefficient fields
are stationary and ergodic. The main idea is to represent the trajectory of the diffu-
sion as a sum of an additive functional of a Markov process, taking values in £2—the
space of possible “realizations” of the environment—and a martingale with station-
ary and ergodic increments. For a diffusion whose generator is in a divergence form
we can identify an invariant and ergodic probability measure corresponding to such
a process that is absolutely continuous with respect to Q. This in turn allows us to
apply the techniques developed in Chap. 2 very much in the same spirit as it has
been done for random walks in random environment, see Chap. 3.

9.3.1 Preliminaries on Stationary Environments

We assume that (§2, d) is a Polish metric space, i.e. the metric d is complete and
separable. Denote by . its Borel o-algebra and by € (£2), resp. 65(£2), the space
of all continuous, resp. bounded continuous functions on £2.

Suppose that {7,, x € R} is a measurable group of transformations acting on £2,
the so-called shifts t : 2 — §2:i.e. Ty 0Ty =Ty4y forall x,y € R and for each
A € F the mapping (x o) = 14(tyw) is jointly measurable with respect to the
o-algebra %(Rd) ® 7. This in particular implies that 7, (A) € % for each A € &
and x e R?.

Let Q be a Borel probability measure on (§2,.%) that is invariant under the
group, i.e. Qot, =Qforall x € R4, Furthermore, its action is ergodic and stochas-
tically continuous: i.e.

(1) QA , or 1 for any event A such that Q[AA7,(A)] =0 forall x € R4 and
(2) for any 6 > (0 and f € B(£2) we have

Jim Q(: | f(me) - f(@)] = 8) =0,

respectively. Here A denotes the symmetric difference of sets and B(£2) is the
space of all bounded, Borel, real valued functions on §2.

For any f € L*(Q) we let Ty f := f o 1. The family {7, x € R?} forms a d-
parameter group of unitary operators on L2(Q). Stochastic continuity implies that
the group is strongly continuous. On the other hand from hypothesis (1) we conclude
that the group of operators is ergodic in the following sense: any f € L?(Q) that
satisfies T, f = f for all x € R has to be Q-a.s. constant.
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Remark 9.2 Suppose that {(a(x) U(x)), x € R?} is a random field defined over
some probability space (£2, Z,Q), where each a(x) is a d x d random matrix and
U (x) is a scalar valued random variable. We assume furthermore that the realiza-
tions of the field are almost surely C”-regular componentwise for some m > 0.
When m = 0 the above simply means that the fields are continuous.

The field is called stationary if for any integer kK > 1 and x1,...,xx, h € R the
law of

@y +h), UG +h),....a0x+h), Ul +h)

and that of

(@), U@, ..., a0, Uxp))

are identical.
. 2 .
Let £2 be the space of all C"-regular mappings w = (a, U) : R? — RT*1 Tt is
a Polish metric space, when equipped with the standard Fréchet metric

+ool

d(w1, w2) = Z %
k=1

lor — @2k, m
1+ lwr — @2llk,m

for any w1, wy € £2 and

d

lolem =D lannlem + 10U lkm.
I1,l=1

Here

f llx,m I=|S?pk[}f(x)\+ > |3{"f(X)|}

li|l=m

and the summation extends over all non-negative integer valued multi-indices i =
(1 ...siq), with [i] ;=i +--- +ig and 3" := 8;‘1 . B)l{f, The probability measure
Q is defined as the law of the random field over £2, i.e. it is given by

QIA1=P[(a(). U(")) € A]

for A belonging to .# —the o -algebra of Borel subsets of §2. The group of measure
Q preserving shifts on £2 is given by 7, (-) := w(- + x) for any x € R?. It is easy to
see that the action of the group is jointly measurable and stochastically continuous
with respect to Q. We say that the random field is ergodic if the measure is ergodic
under the group action.
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9.3.2 Spaces of Smooth Functions

The generators of the group {7, x € Rd} correspond to differentiations (in Lz((@))
in the canonical directions e; and are denoted by

Dy :2(Dy) — L*(Q), k=1,....d.

Since T, are unitary the generators are anti-self-adjoint and we have the following
integration by parts formula

(Drf,8)o=—(f Diglo, Vf.g€P(Dy), k=1,....d. (9.24)

For a fixed positive integer k denote by Hé‘(.Q) the subspace of L?(Q) that is an
intersection of the domains of operators D" := D'ln1 ...D:I"d corresponding to all
integer multi-indices m = (m1, ..., my) with |m| = k. On this space we introduce a
semi-norm given by

1F 1= Y D" f]5.  feHE®) 9.25)

|m|=k

and consider the equivalence relation: f ~ g iff f — g is constant. The quotient
space, denoted by the same symbol, is pre-Hilbert. Let H¥(£2) be its completion
with respect to the norm defined in (9.25). We identify H 0(£2) with L%(Q). Differ-
entiation operators D™, |m| = k extend continuously to H*(£2).

By Lé(@) we denote the space of d-dimensional random vectors whose com-
ponents belong to L?(Q). We define the abstract gradient operator V : H'(£2) —
L%(Q) by letting V := (Dy, ..., Dy).

Suppose that f is a random element taking values in some measurable space.
The corresponding stationary random field shall be denoted by

fx;w) = f(ryw), xeR%

Let CK(£2) be the subspace of H*(£2) consisting of those random variables for
which the corresponding random field possesses a C¥ regular modification. By
C é‘(.Q) we denote its subspace consisting of those f for which

1 flkoo = Y D™ f] o < +oo.

|m|<k

Here || - ||oc denotes the essential supremum norm on £2. Let

C®(2):= ﬂ Ch(2) and CP(2):= ﬂ C(£).
k>1 k=1

Proposition 9.3 The space C;°(£2) is dense in H k($2) for any k > 0.
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Proof Suppose that g € HX(£2). Let ¢ € C2°(R?) be such that [p, ¢ (x)dx = 1. Let

>0 and
—d X\ -
gs(w):=4 ol < )g(x; w)dx.
R4 1)
Then,
tim | D"~ D"gy = lim |(D"g), ~ D]y =0
for any multi-index |m| < k and the conclusion of the proposition follows. U

Remark 9.4 Suppose that {(a(x), U(x)),x e R} is a C™-regular, stationary, ran-
dom field as considered in Example 9.2. Let (£2,.%,Q) and {t,, x € Rd} be the
probability space and the group of transformations constructed in that example. De-
fine f(w):= w(0) for w € 2. Let a(w) and U (w) be the d x d matrix and scalar
components of f(w), respectively. Both U and all the entries of a(w) belong to
C™(82). The random field

{(a(tyw), U(ry)), x e R}, (9.26)

defined over (£2,.%,Q), has an identical law with that of {(d(x), U(x)), x € R?}.
In fact, since any statement involving statistical properties of the field depends only
on its law, with no loss of generality we may and will assume that the random fields
of coefficients corresponding to a diffusion given by (9.23) is of the form (9.26).

9.3.3 Ito Equations with Stationary Coefficients

We suppose that a random variable U and matrix a = [ax ], k,[ =1, ..., d satisfy
the following hypotheses:

(R1) Both the random variable and entries of the matrix belong to CZ(.Q);
(R2) a is uniformly positive definite, i.e. there exists a (deterministic) positive con-
stant ¢g > O such that

d
Y ari(@)Eé = olel’,  VE €RY, Q-as.; 9.27)

ki=1

(R3) The probability space (£2,.%,Q) and the group of shift transformations
{t,, x € R¥} satisfy assumptions formulated in Sect. 9.3.1.

Let {(@(x), U(x)), x € R¢} be the random field given by (9.26). We define a random
vector V = (Vq,..., Vy) by

d

1
Vi = 5IZI:(—ak,DlU+D,ak,), k=1,....d. (9.28)
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Let ¢ be the square root of the symmetric part of a and
\7(x; w) = V(tyw), cx;w):=c(tyiw). (9.29)

Suppose that {w; = (wtl, e wld), t > 0} is a d-dimensional, standard Brownian
motion over a probability space (X, <7, P). For a given w € §2 we define a process
{X;"“,t > 0} as a solution of the It6 stochastic differential equation

X = V(X )+ (X5 o),

Xy =nx.

(9.30)

A simple calculation shows that the generator of the process is given by (9.23). By a
diffusion in a random environment we understand the stochastic process {X;"“, 1 >
0} defined over the product probability space (2 x ¥, . # ® &7/, Q ® P). As in the
case of random walks we omit writing the superscript corresponding to the starting
point if x = 0. The superscript denoting the random argument » will also be omitted
when its value is obvious from the context.

Remark 9.5 Diffusions with periodic, as well as quasi-periodic coefficients, con-
sidered in Sects. 9.1 and 9.2 are included in the above framework. Assume that we
are given C 2 smooth, 1-periodic, d x d matrix valued function a(x), with the uni-
formly positive symmetric part, and a scalar function U (x). Let c(x) be the square
root of the symmetric part of a(x) and let Vi (x) be given by (9.10). Define £2 := T
and set Q to be the normalized Lebesgue measure on £2. The shift transformation
Ty 1 £2 — £2 is given by

() =% Dw for(x,w) R x 2.

Here @ denotes the usual modulo summation on T¢. Spaces H k (£2) coincide
with the usual Sobolev spaces of periodic functions having square integrable weak
derivatives up to order k. For a given x we denote by [x] and (x) the vectors con-
sisting of the integer parts of x and their remainders (x) := x — [x] correspondingly.
We also let

V(x;0) = V(te(o)), &(x; w) 1= (e (@)). 9.31)
Then, {X;,t > 0}—the solution of (9.9)—satisfies

X5 =x" +[x] (9.32)

and
X=X 40, Vi 0)eR'xT, (9.33)

where Xf’w solves (9.30). With some abuse of notation, we identify w € T¢ with
the corresponding vector in [0, l)d, $0 x + w is well defined in R?.
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In the quasi-periodic setting, discussed in Sect. 9.2, we let £2 := TV with Q the

respective normalized product Lebesgue measure. For w = (w1, ..., wy) and x € R
we let

Tw:= (i, ®wi,..., X, ®oy),
where x; := Ax for a given A € R and (A1,...,AN) € TV is a vector with ratio-

nally independent coordinates. The generator D of the corresponding unitary group
{Ty, x € R} is given by (9.20). We let X;"“ be the solution of (9.30) where V (x),
¢(x) correspond to

V =1/2(—aDU +DU) and c=a'/?.

9.4 Environment Process and Its Properties

The environment process corresponding to diffusion {X{,¢ > 0} is an §2-valued
process over (X, <7, P) defined by

ni=1txew, t>0. (9.34)
Non-degeneracy and boundedness of the coefficients of the diffusion imply, see e.g.
Theorem 6.4.6, p. 142 of Friedman (1975), the existence of continuous transition

probability densities p{°(x, y) with respect to the d-dimensional Lebesgue mea-
sure.

Lemma 9.6 We have
P, y) = pP(x +2,y+2), forallt>0, x,y,zeR, we 2. (9.35)
Proof Since Vix; Tyw) = Vix+ ¥; ) and ¢(x; Tyw) = ¢(x + y; w), by the unique-
ness of solutions to (9.30), we obtain that X : );u +y = X{’c4,. The respective tran-
sition probability functions P (x, -) satisfy therefore
PPC(x,A)=P’(x+y,A+y), YAecB(R?), we . (9.36)

The equality for transition probability densities follows from their continuity. [

Proposition 9.7 The process {n;,t > 0} is Markovian. Its transition probability
semigroup is given by

P f(w) =/p§"(0,x)f(x;a))dx forall f € B(£2), we 2. (9.37)



308 9 Diffusions in Random Environments

Proof The proof is almost the same as for random walks, see Lemma 3.1. It uses
Kolmogorov—Chapman equations for p{’(x, y) and homogeneity of transition prob-
ability densities, see Lemma 9.6. 0

In the next step we identify the invariant probability measure for the environment
process and its generator. We can easily find an invariant (non-probabilistic) mea-
sure for the diffusion process corresponding to a fixed w. Denote by { P/, t > 0} the
respective transition probability semigroup. Suppose that m,,(dx) := e~V * @) dx,
A direct calculation, see (9.23), shows that

d

— / PP f(x)mg,(dx) = / Lo f(x)my,(dx) =0 (9.38)
dt =0

for all f € Cf(Rd). Hence, m,, is an invariant measure for the semigroup, non-
probabilistic Q a.s., see Theorem 8.2.5, p. 373 of Ethier and Kurtz (1986).

Proposition 9.8 Let Z := (e"Y)q. Then,

7(dw) = %e—U @Q(dw) (9.39)

is an invariant and ergodic probability measure for the semigroup {P:;,t > 0}.
Therefore, it extends to a strongly continuous semigroup of contractions on L*(1).
The set Cbz(.Q) is a core of its generator, given by the formula

d

1
Lf = EeU “2::1 Di(e Var D f), VfeCHR). (9.40)

Next, we describe the adjoint semigroup and show that C,f(.Q) is also a core

of its generator. Suppose that {)A( 7.t > 0} is a diffusion that starts at x € R? and
corresponds to the generator whose coefficient matrix is the transpose of a(x), i.e.

d
A 1 gexe Trw) ~
Lo f (@)1= 570D Y7y (VA w)dy f0). f € CERY).
k=1
(9.41)
Let {n;, t > 0} be the environment process that corresponds to this diffusion. Using
Proposition 9.8 we conclude that 7 is also an invariant and ergodic measure for its
transition semigroup { P, t > 0}.

Proposition 9.9 The operator P, is the L%(n)-adjoint to P,. In consequence, the
set le(.Q) is a core of the dual of the generator L*, given by the formula

d

1
L*f = EeU Z Di(e VaixDif), Vfe Cy ().
k=1



9.4 Environment Process and Its Properties 309

Due to the technical nature of this and the previous proposition we postpone their
proofs until Sect. 9.7.
Let a’ be the transpose of a matrix a and

a’=1/2(a+d'), at = 1/2(a —a’)

be its respective symmetric and anti-symmetric parts. An immediate consequence
of the results formulated above is the following.

Corollary 9.10 The set C,f(.Q) is a common core of L, L* and the respective
Dirichlet form. The operator L satisfies sector condition (2.36) and its symmetric
and anti-symmetric parts are correspondingly equal to

d
1 _
Sf = EeU Z Di(e Vay Dy f) (9.42)
k,l=1
and
1 d
Af=5eV > Di(eVal,Dif). feCi). (9.43)

k,I=1

Remark 9.11 (Isomorphism of 77 and H 1(£2)) Note that

2_ vy C($2 9.44
||f||1—§<a LV, [eCh), (9.44)
where
d
(f.8)x = (fir8)x
i=1
for any vectors f = (f1,..., fa), 8 = (g1, ..., g4) with components from L ().

We introduce the spaces 7 and 71, as in Sect. 2.2. It can be easily seen that
2 is isomorphic to H'(£2) defined in Sect. 9.3.2. We can define therefore the dif-
ferentiation operators Dy : S — Lz(n), k=1,...,d.Denote V:=(Dy,...,Dy).
Then,

1
(=L)f.8), =5(aV [ Ve, Vge i, feDL), (9.45)

and formula (9.44) extends to the entire .777.
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9.5 Martingale Decomposition and Central Limit Theorem

Equation (9.30) yields the decomposition of the trajectory into a martingale and an
additive functional of the environment process

t
X, =M ~|—/ V(ns)ds, (9.46)
0

where
M, = /Otc(ns)dws
and V = (V1,..., Vy) is given by (9.28).
Proposition 9.12 V), € L>(x) N3 foreachp=1,...,d.

Proof By (9.44) we obtain

1
(Vp flx=5(aVf-ep)n <Clifl1, Vf€CHS2) (9.47)
for some constant C > 0. The conclusion follows from density of C,%(.Q) in J4.
O
Let A >0and p=1,...,d. The solution of the resolvent equation
—=Lx" =V, (9.48)

is called the A-corrector in the direction e,.
From Corollary 9.10 and the assumptions made about the coefficients we con-
clude that generator L satisfies the sector condition. We can apply therefore the

results of Sect. 2.7.3 and conclude that xip Ve,

. 2 _ . P _ ()
1 A = 1 = . 4
A—1>r(r)1+ ” . ”” 0 and A—1>r(r)l+ X3 X in A ©49)

The limit x P is called the corrector corresponding to e »- 1t need not belong to
L2%(7). Since it is an element of .74, we have qu(/’) eL*n)forg=1,...,d.

Proposition 9.13 The following decomposition holds

t
fo V(ng) ds =my ) + Ry, (9.50)

where {m; j,t > 0} and {R; ), t > 0} are processes with components given by
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' )
mZA = / C(US)VXXP (ns) - dws,
0

t
R, == x" (o) — p)(m)+)»f xPmods, p=1,....d.
0

Proof Proposition 9.8 implies that for any A > 0 there exists a sequence { f,, n > 1}
of elements of C7(£2) such that Lf, — Lx(p) and f, — X/{p) in L2(7), as n —
+00. Using It6 formula for fn (X¢) = fn o Tx, We obtain

Fa) = fa(o) = fu(X7) = Fu(X7)

f Lo Fu(X2)ds +/ E(X2)Vy fu(X2) - dws. (9.51)

Note that .%,, f,(X®) = Lf, (1) and
E(XO)Ve fu(X) =)V fu ().
Letting n — +o00 in (9.51) we obtain
(p) ., _ (p)
X (M) X (no) = /(; Ly, (ns)ds + mt A

Formula (9.50) follows then from (9.48). O

We let A — 0+ in (9.50). Using the argument from the proofs of Lemmas 2.9
and 2.10 we obtain

t
f V(ns)ds =m; + Ry, (9.52)
0

where m; = (mtl, e mf), given by

t
m{ :=f c)Vx P () -dws, p=1,....d,
0

is an RY-valued, square integrable martingale and R; = (Rl, el R;’) satisfies
Ep|R;|?
lim (EPIRx (9.53)
t— 400 t

Formula (9.46) can be rewritten therefore in the form
X =M;+ R;, (9.54)

where M, = (M}, ..., M,d ) is an R¥-valued, square integrable martingale given by
M, :=M; +m,;. We have

t
M,”z/ cs)(ep + VX P () -dws, p=1.....d.
0
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The quadratic covariation of the martingale equals

13
<M"’,Mq)t=/0 a‘Y(ns)(ep+Vx(p)(ns))-(eq—i—Vx(q)(ns))ds, p.g=1,...,d.

Let @; denote the density of a d-dimensional Gaussian random vector with zero
mean and the covariance matrix a = [ap 4], where

apg = (as(ep + Vx(p)) . (eq + Vx(q))>ﬂ. (9.55)

From Proposition 9.8 and the ergodic theorem we conclude that

lim

t——+00

Ep(MP, M),
. T Aapgq

t

> —0. (9.56)

By virtue of Theorem 2.26 the martingale {M;, t > 0} satisfies the central limit the-
orem. In fact taking into account its statement we can formulate the following defi-
nition.

Definition 9.14 We say that random variables X, /+/7 satisfy the central limit theo-
rem in probability with respect to the environment if for any f € Cj,(R?) we have

X
EIP’f(%) - /Rd f(y)¢a(y)dy'>Q =0. 9.57)

Summarizing our considerations in this section, we have proved the following.

lim <
t—+400

Theorem 9.15 Suppose that a random matrix a and variable U satisfy the assump-
tions (R1)—(R3). Then, X;/+/t satisfy the central limit theorem in probability with
respect to the environment.

Remark 9.16 Using (9.28) and (9.48) we can write
0={0. = L)x” + V. 7,
= 0, + lae + V") V),
Letting > — 0+ we obtain that
0=(a(e, + Vx(p)), Vx(q))n.
Using (9.55), we conclude an alternative formula for the limiting covariance matrix

c_zp’q=<a(ep+VX(p))-eq>n, p.g=1,....d. (9.58)
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Remark 9.17 From (9.53) and (9.56) it follows that the covariance matrix can be
also characterized by the limit

Ep(XP x4
apq = lim M, pog=1,....d.

9.6 Homogenization of Solutions of Parabolic Partial
Differential Equations

The question of the central limit theorem for a diffusion in a random environment
is closely related to the problem of convergence of solutions of partial differential
equations with random, fast oscillating coefficients. More precisely, suppose that
{X;"“,t > 0} is a diffusion given by (9.30). For a function ug € Cp(R?) consider a
solution of the Cauchy problem

du®(t,x) = L2Ou® 1, x), for (1, x) € (0, +00) x R,
(9.59)
u® (0, x) = ug(x),
where

d
1 75 . 7 .
.Zf)f(x) = EeU(x/s,w) § 3xk |:eU(x/8’“’)6~lk,1<§; a)) 3xlf(x)] (9.60)

k,I=1

for f € Cﬁ (Rd). It is well known, see e.g. Sect. 1.7 of Friedman (1964), that there
exists a unique solution to (9.59) that has continuous and bounded derivatives: one
in ¢t and two in x, in (0, +00) X R9 and is continuous in its closure. Let

XO0 .= o X /59, 9.61)

t,e 1/52

It solves the Itd stochastic differential equation

1. /X5 X5
ax;y’ =—V< L ;cu)dt+5< Le ;a))dw,,
’ €

e e (9.62)

X,
XO’S =X,

with V (x; ) and &(x; ) given by (9.29). The generator of the process is given by
(9.60). Using It6 formula we find that u® (¢, x) can be expressed with the help of
the diffusion process as follows:

u®t, x; ) = Ep[uo(X;)] (9.63)

(see Theorem 5.3, p. 149 of Friedman 1975). Since Vix + VW) = Vix; Tyw) for
all x,y € R? from uniqueness of solutions of (9.62) we conclude that for P a.s.
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realization of diffusion and Q a.s. w
X5 =x+ X", V(t,x) [0, +00) x RY. (9.64)

‘We maintain our convention of omitting the superscript if the diffusion starts at 0.
Define u(t, x) as the solution of the Cauchy problem for a diffusion with constant
coefficients

d
_ 1 _ -
8;14([,)6):5 E ap,qaxp,xqu(t,x),
p.q=1
u(0, x) =up(x),

with ap, 4, given by (9.55). It is well known, see Sect. 1.2 of Friedman (1964), that
the unique bounded solution of (9.65) is given by the formula

(9.65)

it x) = /R o+ VD@ (1), 9.66)

where @;(y) is the density of a normal vector of zero mean and the covariance
matrix a = [apg|

9.6.1 Random Coelfficient Case

The following result is a direct consequence of Theorem 9.15.

Theorem 9.18 Suppose that ug € Cp(R?) and assumptions (R1)—(R3) hold. Then,

11%1 (|u® @, x) — e, x)|>Q =0, V(,x)€[0,+00) x R?. (9.67)
e—>0+

Ifug € L”(Rd)for some p € [1,+00), then

SE)I(I)1+<Hu(8)(t) — a0}, ga)g =0, Vi =0. (9.68)

Proof Using (9.63) and (9.64) we can rewrite the expression under the limit in
(9.67) in the form

Ty /e®

(luo(x + X, ) —ar, x)})Q = (|uo(x + SX;‘)/E_Z) — i, x)|)Q — 0,
as ¢ — 04, by virtue of Theorem 9.15 and formula (9.66).
Now we prove (9.68). Assume first that the support of u(-) is contained in a

ball of radius K > 0, centered at 0. In light of the already proved formula (9.67) it
suffices only to show that for any p > 0 there exists R > 0 such that

limsup< / |u<€>(z,x)y”dx> <p. (9.69)
=0+ \J[|x|=R] Q
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The formula follows then from (9.67) and a straightforward observation that

lim |i(t, x)|"dx =0.
R=+o0 Jiix|zR)

Using (9.63) for any p > 0 and R > 2K the expression under the limit in (9.69) can
be rewritten as:

/[~|sz](“5]?[“0(3€ +X "/5‘0)

rx/gco

dx.

’>R ZK:H )Q

Applying Jensen inequality the above expression can be estimated by

Ty/e®
t,e

/ (E[P[|u0(x+Xt“/Fw) ZR—ZK])de

=<EP[/ Juo(x + X72,)["dx, | X | = R —ZKD
R4 ’ ’ Q

= lluoll}, a, Q®P[| X7, | = R —2K] < p,

provided that R is sufficiently large. The last estimate is a consequence of tightness

of the laws of Xg”g, as ¢ - 400, for a fixed ¢ > 0. Hence, (9.69) follows.

To extend (9.68) to an arbitrary ug € LP (Rd ) note that for any p > 0 there exists
uy € Ce(RY) such that

AN ug —ur 1], pay < /37 and () — a1 @7 gay < £/37-

Here u1(#, x) is given by (9.66), where u( has been replaced by u;. We denote by
(8) (t, x; w) the respective solution of (9.59). Then,

(160 = uP O] g < 21={[1@ @O =7 O, 0 )

where mw)(dx) — ¢~UG/50) gy is an invariant measure under Xf;”, see (9.38).
Using this fact and (9.63) the right-hand side can be further estimated by

62||U||00</1¥d EP|M0(X;C”8(D) — ul(Xiéw)|pmg)(dX)>

— 2Vl p 4HUlloo
=e ug—u <e
” 0 l”L’(mﬂ?)

Q

luo — u; ”ZP(R‘]) < p/3p

Hence, by the already proved formula (9.68) for solutions with the compactly sup-
ported initial data we have
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limsup(|[u® (1) — @) ip(Rd))Q
e—0+

e—0

= 3 timsup{ ([ ) = 7O 7, g ) + 710 =GO L g} <
+
for all p > 0. Thus (9.68) follows. O

Since the limiting procedure described in the above theorem removes inhomo-
geneities appearing in the formulation of Eq. (9.59), leading to a constant coeffi-
cient (thus homogeneous) Eq. (9.65), it is sometimes called homogenization. The
central limit theorem for diffusions with random coefficients allows us to conclude
homogenization results for the solutions of the corresponding scaled Kolmogorov
equations. We return to this issue, taking a more analytic approach, in Chap. 14.

9.6.2 Periodic Case

Assume that u® (¢, x) is the solution of
qu®t,x) = L9u9 @, x) (9.70)

with

d
g(é‘)f(x) — %eU(x/s) Z an |:€U(x/€)ak,l (z)a)r]f(x)} , f c Cz(Rd),
k,i=1
9.71)

where coefficients a(x) = [ak (x)], k,l =1,...,d and U(x) are 1-periodic func-
tions satisfying the same conditions as in Sect. 9.1. We suppose furthermore that the
initial condition uq(-) belongs to LP(RY) for some p e [l,+00).

The solution u® (¢, x) can be represented as

u(t,x) = Eefuo(eX;/5)] = Epfuo(e X)) +elx/el) ], (9.72)

where the last equality follows from (9.32).

On the other hand for @ € T¢ consider the process X;“ that is the solution of the
stochastic differential equation with “randomized” coefficients, i.e. it solves (9.30)
with coefficients that are random fields obtained from periodic functions via (9.31).
The solution of the corresponding parabolic equation (9.59) is given by

u® @, x; ) = Ep[uo(eXf//;z’w)]

and from (9.31) and the second equality in (9.72) we conclude that

w® (1, x; 0) = Epfug(eXO57 + elx /e + 0] — 0)]. (9.73)

t/e?
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The results of Theorem 9.18, translated to the periodic case, read as follows

lim [ [u® @, x;0) =i, x)|do=0, V(t,x)e[0,+00) x R (9.74)
e—0+ Jd

and

lim/ u®(t, x; 0) —ii(t, x)|"dxdw =0, Vt>0 (9.75)
e—>0+ JRd Jd

for any p € [1, +00). In what follows we show that from this result the classical
homogenization of parabolic equations with periodic coefficients can be concluded.

Theorem 9.19 If ug € L?(R?) for some p € [1, +00), then

; (&) - _
6111;1)1+Hu @) —u() HLP(Rd) =0, Vt>0. (9.76)
Here u(t) is given by (9.66).

Proof Using a density argument it suffices only to show (9.76) for ug € C.(RY). An
elementary consideration invoking the L? continuity of u (¢, x) in the x variable and
invariance of the Lebesgue measure under spatial translations reduces the proof to
showing that

lim / |u®(t, x + ew) —ii(t, x)|"dxdw =0, ¥t >0. 9.77)
e—0+ Jrd JTd

From the uniform continuity of u, equalities (9.72) and (9.73), we conclude that

lim / |u(8)(t,x; ) —u®(t, x —l—sa))}pdxda)
e—>0+ JRda Jd

< lim/ / E]p|u0(sX(X/28+w)—i—e[x/s—}-a)]—sa))
e—>0+ Jpd Jd t/e

— uo(sX(x/Hw) + x) ’pdxda) =0.

t/e?

Combining the above with (9.75) we conclude (9.77). O

9.7 Proofs of Propositions 9.8 and 9.9

This section is devoted to the proofs of technical results characterizing the generator
of the environment process and its adjoint announced in Sect. 9.4.
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9.7.1 Proof of Proposition 9.8

Lemma 9.20 We have P;(B(£2)) C Cg(.Q) for any t > 0. In addition, for a multi-
indexm = (my, ..., mg) with |m| <2

D" P, f(w) = / VP20, y) f(tyw)dy, VYfeB(2), Qas., (9.78)
R4
where the gradient operator acts in the x variable of p{’(x,y).

Proof According to (9.37) we have

P f(ty0) = /};{d (0, y) f(Typxw)dy = /Rd pe(x,y) f(ryw)dy = PP f(x).

(9.79)
Recall that f (x; w) = f(ryw). The second equality follows from homogeneity of
transition probability densities, see (9.35), and the substitution y := y + x. The
regularity of P; f and formula (9.78) are easy consequences of differentiability of
pP(x,y) in the x variable and Gaussian bounds of the respective derivatives: for
any T > 0 we have

Ix —y?
Ct

C
|V;"p?)(x,y)|fmexp{— }, Vte[O,T],X,yE]Rd

for any multi-index m satisfying [m| =0, 1, 2. The constant C > 0 does not depend
on m,®, but may depend on T, see e.g. Theorems 6.4.5 and 6.4.7 of Friedman
(1975). 0

Forany f € Cg(.Q) and t > 0 we can write
t
P =Fw+ [ Zpe feods 9.80)

and P, f = P? f (0). Here .%,, is given by (9.23). From Lemma 9.20 we deduce that
P, f € C2(£2). In addition it follows from (9.79) that P® f € C2(R¢) and

P2 fll caguay < 1P S lzoen Q-as.
Using (9.80) and the dominated convergence theorem, we conclude that the limit

Pyt f (@) — P f(w)
h

LP f(@):= lim =.%,P" f(0),

understood in L2(Q), exists for any ¢ > 0. The above equality implies that

d

1
LP f(w)= EeU Z Di(axie”UDiPif), YfeCi). (9.81)
k,l=1
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Using this formula we deduce that

d
d 1 _
TP f)x ={LPif)r =7 k;lwk(akle YDiPif))g =0. (9.82)
This implies the invariance of measure 7 and, as a consequence, allows to extend
the semigroup to L (). To show its strong continuity it suffices only to prove that

hlirgl+ |Pnf — fllz =0 forany f € C;°(£2). (9.83)
From (9.80)

| P f (@) = f(@)| < hmax{l|c]lco, ||b||oo}||f||cg(g)s Vh > 0.

The limit in (9.83) follows from the dominated convergence theorem.
To show ergodicity suppose that A € .# satisfies P;14 = 14 for some 7 > 0.
From (9.37) we have

0= (lyge, leA)Q=/Rd<1Av(w)p§"(0,X)lA(fxw)>QdX-

Since p{°(0,x) > 0forall x € R? and Q-a.s. w we conclude that (14¢14 o ) =0
for all x € R. This however means that A is invariant under the group of spatial
shifts, thus it has to be Q-trivial thanks to ergodicity of the group action. Since 7 is
equivalent to Q this, in turn implies that A is 7 -trivial and ergodicity of the invariant
measure follows.

The formula for L f—the generator of { P, t > 0}—can be obtained from (9.81),
substituting there ¢ = 0. From Lemma 9.20 we conclude that C}%(.Q) is invariant
under the semigroup. Therefore, it is a core of L, see Proposition 1.3.3 of Ethier and
Kurtz (1986).

9.7.2 Proof of Proposition 9.9

The following result permits to identify a formula for the transition probability den-
sity of the diffusion that corresponds to the formal adjoint given by (9.41).

Lemma 9.21 The transition probability density of{)A(f’w, t > 0} equals

P, y) =explU(x) — UM} p¥(y,x), Vx,yeR? t>0. (9.84)

Proof Suppose that f belongs to Cg(Rd)—the space of functions twice continu-
ously differentiable with bounded derivatives. Then

vty x) = / PPy ) f )y
Rd
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is the unique solution in C ;’2([0, +00) x R?)—the space of functions that are con-
tinuously differentiable, once in ¢, twice in x with bounded derivatives—of the

Cauchy problem
atvw([» -x) = g(jvw(ta x)a

1,(0, x) = f(x),

where

d
1 T i) ~ e
L f(x):= > E 3xk{e_U(x’w)a1,k(x; )y, [eU(x’w)f(x)]},
k,I=1

see e.g. p. 149 of Friedman (1975). Let
ot )= D0, = [Ty f .
It satisfies the Cauchy problem
ity (t, X) = Loy (1, %),

(0, x) = U9 £ (x),

(9.85)

(9.86)

(9.87)

with 92%0 given by formula (9.41). Using the fundamental solution of the above equa-
tion, see Theorem 6.4.6 of Friedman (1975), we can represent u,(f, x) as follows

ot, ¥) = /R el )y,
Comparing the above formula with (9.86) we obtain (9.84).

For any f, g € B(£2) we have

1
(P f.8)x = §</ pr(0, )’)f(fyw)g(a))eu(w)dy>
R4 Q

1

z Q

= _<fRd pT—yw(l, 0, y)f(a))g(-c_yw)e—U(ryw)dy> .

(9.88)

Using homogeneity of transition probability densities and substituting y := —y we

can write that the utmost right-hand side of (9.88) equals

1
_<A{" eU(w)—U(ryw)pw(t, y, O)f(a))g(-fyw)e—U(w)dy>

4 Q

o84 1

Z< /R P70, y>f<w)g(ryw>e—U<‘”’dy> = (f, Pig)x.

Q
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9.8 One-Dimensional Case

In dimension d = 1 we have an explicit formula for the limiting variance. In fact the
random matrix a reduces to a random variable such that
—1
cg = a(w)>co

for some constant ¢y > 0 and Q a.s. w. We shall also assume that a, U € C,%(.Q).
Since the gradient operator has only one component we denote it by D.

Theorem 9.22 Under the above conditions we have
eVa™!
Dy=——-7—-—1. 9.89
X= U= o (9.89)
The limiting variance appearing in Theorem 9.15 equals

a=[{e"a " gle V)] (9.90)

Proof Denote by v the right-hand side of (9.89). A simple calculation shows that

%eUD(e_an) =-V.
Hence,

A=L),= —%eUD(e_Ual//).

Multiplying both sides of the above equality by an arbitrary f € L>(r) N %] and
integrating with respect to the measure 7 (see (9.39)) we obtain

{ay, Df )z

| =

1
A, in + §<aDX)u Df)r =

Since Dy, — Dy and Ax; — 0, strongly in L?(7r), as A — 0+, we obtain
(@D, Df)x ={a¥.Df)x, Y[ e€L(x)NA.
In consequence,
eUafl(DX —y)=const, Qas.

Note however that (Dx — )@ = 0 thus the constant on the right-hand side has to
vanish and (9.89) follows. Formula (9.90) follows directly from (9.89) and (9.55). O

Remark 9.23 Note that from the Cauchy—Schwartz inequality we obtain

(0_1/2%2@=<a—1/2eu/2e—U/2>é§<eUa—1> (e_U)

Q Q
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On the other hand, Jensen inequality gives

<a_l/2>(52§(a1/2)?@§ (a)g.

Summarizing, we have proved that
a < {a)qQ.

In fact equality can only hold when a is constant. The limiting variance is therefore
always bounded from above by the average of the diffusivity coefficient.

Remark 9.24 Let us consider again the case of a diffusion with quasi-periodic coef-
ficients discussed in Sect. 9.2. Suppose that X" is the diffusion that starts at 0 and
corresponds to the generator (9.18). We can use Remark 9.5 together with Theo-
rem 9.15 and conclude that for any density u,(w) with respect to the normalized
Lebesgue measure dw on TV and f € Cp(R) we have

2
lim | [Eu»f(X,w/x/?) - /Rd f(y)%(y)dy] ux(@)dw =0.

t——+00 T

Here

—1
a:[/ eU<w>a*‘(w)dw/ eU(“’)da):| ) (9.91)
TN TN

9.9 Diffusions with Time Dependent Coefficients

In this section we consider the situation when the diffusion coefficients depend on
the temporal variable. Some complication comes from the fact that the generator
of the respective environment process does not satisfy the sector condition. We can
however consider it as a bounded perturbation of a normal operator, that corresponds
to the generator of a suitable constant coefficient diffusion, and apply the results
of Sect. 2.7.5. The arguments are for the most part analogous to those made in
the time independent case. We discuss only those points where more significant
modifications are required.

9.9.1 Space-Time Stationary Environments

Suppose that {z; x, (¢, x) € R?*1} is a measurable d + 1 parameter group of transfor-
mations of the space §2 preserving a Borel probability measure Q. In the same way
as in Sect. 9.3.1 we define a d + 1 parameter strongly continuous group of unitary
operators T; x f = f ot on Lz((@). The generator corresponding to eg = (1, ..., 0)
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shall be denoted by Dy, while the generators corresponding to the other directions
e; shall be denoted by D;, i =1,...,d.

Suppose that k1, k> are non-negative integers. Spaces C¥1-¥2(£2), resp. Cﬁ‘ k2 (£2),
consist of random variables that are k; times continuously differentiable, resp.
boundedly and continuously differentiable, in eg and k> times differentiable in the
spatial directions. On this space we define, in the obvious way, the norm || - ||, k,,00-
Let

C¥@)= () c"P@) and CF@)= () chl ).
k1,k2>0 ky,kp>0

We can also introduce the spaces H*1*%2(£2) consisting of those elements that
possess respectively ki and k; derivatives in ep and the spatial directions e,
p=1,...,d. The norm on Hkl’k2(.{2) is given by

k 2
1 i = Y D5 D™ f g (9.92)
|m|=ka
where D™ = D{"' ... D)}* for a multi-index m = (mj, ..., mg). Analogously as in

Proposition 9.3 we deduce that C;°(£2) is dense in HFkik2 (£2) for any ki, kp > 0.
We assume that the entries of the random matrix a and random variable U belong
toC ;’2(.(2), cf. condition (R1) of Sect. 9.3.3 and that the matrix is uniformly positive
definite in the sense of condition (R2). Condition (R3) is replaced by an analogous
hypothesis concerning the group of time-space shifts. Furthermore we assume that:

(R4) U does not depend on shifts in the ¢ direction, i.e. U o 7,0 = U forall r € R.

Let a(z, x; ) and U (x; w) be given by a(t; yw) and U (79 xw) respectively. For
any (s, x) we define {X;"""“, ¢ > s} as the solution to

dX;0C =V(t, X7 w)dt +8(t, X0 w)dwy, X9V = x. (9.93)
Here {w], t > s} is the Brownian motion given by
w; i=w—y,  t>s,

where {w;, t > 0} is a standard, d-dimensional Brownian motion. We shall omit, as
usual, writing the subscripts corresponding to the initial data if (s, x) = (0, 0). From
uniqueness of solutions to (9.93) and space-time stationarity of the coefficients it
follows that

X, Th,y )
thx h”w+y=Xfi£l’xﬂ’w foralltzs,x,y,heRd, we 2, Pas.

Define the environment process over (X, <7, P) by

ng =1 xew, t>0. (9.94)
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Most of the facts concerning this process follow from the respective properties of
diffusions with time dependent coefficients in the same way as for their time inde-
pendent counterparts, see Sect. 9.4. We shall list them below without proofs. The
arguments presented in the time independent case require only minor adjustments
and we leave them as an exercise.

Suppose that s < 7. Let p?,(x, y), x,y € R? be the transition probability density
functions corresponding to the process given by (9.93). Since

P, Y) = Pl n X+ 2.y +2) (9.95)
for all (i, z) € R we conclude the following.

Proposition 9.25 The process {n;,t > 0} is Markovian. Its transition probability
semigroup is given by

P f(w) = / p(“)ft(O, X)f(y xw)dx forall f € B(§2), we S2. (9.96)
The probability measure
7(dw) = %e—’”@@(dw),
with Z = (e_U)Q, is invariant and ergodic for the semigroup.

In analogy with the time independent situation the transition probability semi-
group extends to a strongly continuous semigroup of contractions on L (7). Using
1t6’s formula we conclude the formula for its generator. For f € C ;’2(.(2) we have

Lf (@) = (3 +-Z,) £(0,0)

d
= Dof @)+ 3¢" 3 Dule ™V @)Dy ). O97)
k,l=1

Here ay j(w), k,I =1, ..., d are the entries of the matrix a(w). Adapting the respec-
tive part of the proof of Proposition 9.8 we conclude that

P(B(2)) CCy2(2), Vi>0.

Thus C;’Z(.Q) is a core of the generator.
To describe the adjoint semigroup { P;*, t > 0} we introduce the transition proba-
bility densities p’,(y, x) that correspond to the time inhomogeneous diffusion with

the generator d; + .,2%0, where

d
~ 1 #~,.. T
L f(t,x) = Ee‘”’““’) > O (e VO (=1, x; )y £ (£, X))
k,l=1
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for feC ;’Z(RH"{). Repeating the calculations done in the proof of Proposition 9.9
we obtain the following.

Proposition 9.26 For any t > 0 we have
Pl f(w) = / P0.:(0,x) f(t— xw)dx, [ € L*(m). (9.98)

Also, a straightforward modification of the proof of Lemma 9.21 allows us to
conclude that for any s < ¢, x, y € R? we have

P2, (x,y) =exp{Ux) — U }p2 _s(y,%). (9.99)

Therefore, we conclude the following.

Corollary 9.27 The space C;’Z(Q) is a core of L* and for any f € C;’Z(Q)
1 d
L*f=—Dof + zeU > Di(e YarDif). (9.100)
k=1

The symmetric and anti-symmetric parts of the generator equal respectively

d

1 _U s
Sf = 5eU > Di(e Ya Dif) (9.101)
k=1
and
1 d
Af =Dof +5¢" > Di(e7Val Dy f). (9.102)
k=1

where a®, a’ denote the symmetric and anti-symmetric parts of matrix a.

We can introduce the spaces 571, ¢~ as in Sect. 2.2. Note however that, in
contrast with the time independent situation, the generator L need not satisfy the
sector condition. Indeed, any f that is invariant under the subgroup of spatial shifts
{rox,x € R?} but depending on temporal shifts {t; o, 7 € R} satisfies Sf = 0 but
Af #0. This, of course, contradicts the sector condition.

Remark 9.28 Similarly to the time independent case, discussed in Remark 9.11, one
can see that the space .7#] is isomorphic with H%!(£2). Using this isomorphism we
candefine Dy, k=1,...,d on JA4.
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9.9.2 Central Limit Theorem

From (9.93) we obtain decomposition (9.46). Using the argument from the proof of
Proposition 9.12 we immediately conclude that V,, € 57| foreach p=1,...,d.

For any A > 0 we can define XAP ) belonging to D(L)—the A-corrector 1n the direc-

tion e ,—as the unique solution of the resolvent equation (9.48). Since cr b (.Q) isa
core of the generator L formula (9.50) holds. For a given constant cg > 0 we let

d
1
Sof = ECOeU E Dk(equkf)
k=1

and

d
e’ Y Dile Y (ars — codk) Dif]

1
7 k=1

for f € Cbl’z(.(?). Let also r{°(x, y) be the transition probability density for the dif-
fusion corresponding to the generator

Sy f) = cer(“’)Za (e V=@, f(x), feClRY).

On C;’Z(Q) we can write that L = Lo + B, where Lo := Dg + So. The symmetric
and anti-symmetric parts of Lo on C ;’2([2) are given by So and Dy correspondingly.
The closures of L and Sy are the generators of the respective semigroups {R;, t > 0}
and {Q;, t > 0} given by

sz(w)=/ (0, y) f (ty yw)dy
R4
and
Q1 f (@) = /R O f o)y, f el )20

while the closure of Dy generates the unitary group {70, € R}. One can easily
verify the commutation relation

[Q¢, T501=0, Vt>0,seR.

This in turn implies that the resolvent operators corresponding to the semigroups
commute, from which we deduce the commutation of the spectral resolutions of
their generators, see Sect. 2.7.5. Thus, Lq is normal in the sense of the definition
used in that section.
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Since

[(f. B&)x| = 5|((@ = oDV £, Vg), |

N =

=

lalloo/co)lf. (=Lo)f),1"2g. (~Lo)g),”. V1. € €, ()
(9.103)

—~

condition (2.56) holds with € = C ;’2(!2). Verification of the remaining hypotheses

made in Sect. 2.7.5 is straightforward. As a consequence we obtain the 77 conver-

gence of X)Ep ) to x P, as A — 0+. Thus, we conclude the following result.

Theorem 9.29 Under the assumptions made at the beginning of Sect. 9.9.1, random
variables X;//t satisfy the central limit theorem in probability with respect to the
environment.

9.10 Comments and References

The central limit theorem for diffusions with periodic, almost periodic, or random
stationary coefficients is a well-established subject that can be approached from
both the probabilistic and analytic points of view. In the latter case, the respective
question concerns proving that the limit of the Green functions corresponding to
the random operators with fast varying coefficients is the Green function of an op-
erator with constant coefficients (the so-called G-limit). Since the limiting operator
does not depend any longer on the inhomogeneities of the medium the procedure
of taking this limit is referred to as a homogenization. There exists a vast literature
concerning the subject. We refer the reader to monographs Bensoussan et al. (1978)
and Zhikov et al. (1994) and references therein. More detailed discussion of analytic
aspects of homogenization is presented in Chap. 14.

The first proofs of the central limit theorem for diffusions with stationary and
ergodic coefficients are due to Kozlov, Papanicolaou-Varadhan and Osada. In Ko-
zlov (1979) and Papanicolaou and Varadhan (1981) diffusions with generators in a
divergence form have been considered. It has been shown there that the respective
generators G-converge to the limiting constant coefficient “homogenized” operator.
The results contained in this chapter are essentially covered by Osada (1983) al-
though the argument presented here is quite different. The proof in Osada (1983)
has more analytic flavor and relies on estimates of the Holder modulus of continu-
ity of the fundamental solutions corresponding to the parabolic differential operator
0; — L%, where Z® is given by (9.23).

The homogenization method can be applied to deal with other classes of random
operators. It is possible to incorporate random elliptic operators, whose principal
part is in a divergence form and contains a zero order potential term. In this case
one can use Feynman—Kac formula to identify the limit. This question has been
considered in Lejay (2001), see also Campillo et al. (2001); Iftimie et al. (2008);
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Pardoux and Piatnitski (2006) for further results on the subject. The method can
also be used to prove a non-central limit theorem for processes whose generators
are given by non-local operators with random characteristics, e.g. the solutions of
stochastic different equations driven by a Levy noise, whose jump measure is either
periodic or random, see Franke (2007); Rhodes and Vargas (2009).

The proof of homogenization for diffusions with time dependent coefficients con-
tained in Sect. 9.9 comes essentially from Landim et al. (1998b), see also Rhodes
(2007, 2008).

A central limit theorem for diffusions in random environments, whose genera-
tors are not in a divergence form, is quite difficult to prove due to the fact that in
general an invariant measure, absolutely continuous with respect to the probabil-
ity measure corresponding to the “randomness” of the environment, is not known.
In Papanicolaou and Varadhan (1982) the central limit theorem is proved for dif-
fusions whose generator is symmetric and without a drift term. The corresponding
diffusion is then a martingale and the question of showing the central limit theorem
can be reduced to the problem of proving the law of large numbers for the quadratic
covariation of those martingales. See also Lawler (1982) for the discrete case of a
random walk in random environment. Somewhat special in this context is the case
of spatial dimension d = 1. Then one can characterize the conditions for the exis-
tence of an invariant measure in terms of the properties of coefficients. The central
limit theorem can be obtained using the method based on the environment as seen
from the particle process, described in this chapter, see Schmitz (2009). In a higher
dimension an invariance principle has been shown by a different approach in case of
isotropic diffusions in a random environment that are small perturbations of Brow-
nian motion, when the space dimension is three or more, see Sznitman and Zeitouni
(2006). Results establishing the existence of an invariant measure and the central
limit theorem can be obtained for non-divergence form diffusions using coupling
techniques, provided that the coefficients are sufficiently strongly mixing and there
exists a deterministic drift, sufficiently large so that the diffusion trajectory in the
future explores the regions where it has not been in the past. Mixing of the environ-
ment assures then sufficient decorrelation properties of the path so the central limit
theorem follows. This type of problem has been considered e.g. in Komorowski and
Krupa (2004); Schmitz (2006); Shen (2002, 2003).
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Chapter 10
Variational Principles for the Limiting Variance

In Chap. 9 we have shown a central limit theorem for a class of diffusions with
stationary and ergodic coefficients. Formula (9.55) expressing the limiting covari-
ance matrix of the particle trajectory involves taking the limit of the resolvent (at the
bottom of the spectrum of the generator), which makes it not very useful in actual
computations. In this chapter we derive upper and lower bounds for the quadratic
form corresponding to the limiting covariance matrix. They are stated in terms of
variational principles formulated using the language of stationary random vector
fields.

Somewhat similar bounds have already been obtained in Chap. 4 for the vari-
ance of an additive functional of a Markov process. Recall that functionals of this
type are given by integrals over the path. They are invariant therefore under time
reversal transformation s — ¢ — 5. On the other hand, the displacement of a particle
considered in Chap. 9, defined as X; — Xy, is anti-symmetric with respect to such a
transformation.

10.1 Spaces of Vector Fields

We begin our considerations by introducing some spaces of random vectors that
will later appear in the formulations of variational principles. Let Lﬁ (Q) be the
space of all d-dimensional random vectors with square integrable components. For
fge Ltzi((@) we introduce the scalar product (f, g)g := Zgzl (fk» gk)@ and the cor-

responding norm ||f]|g := (f, f)gz. Gradient operator V = (Dy, ..., Dg) extends to

an isometric embedding of H 1(£2) into Lﬁ((@). The range of this operator shall be
denoted by H, and the fields belonging to this space shall be referred to as gradient
fields.

Denote by H, the space of constant fields in Lé(@), i.e. H. :=span{ey, ..., eq}.
We introduce also the space of all divergence free (or solenoidal), zero mean fields
H,;, that is defined as the LLZJ(Q) -orthogonal complement of H. @ H,. The name of
the space is justified by the following.
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332 10 Variational Principles for the Limiting Variance

Proposition 10.1 Suppose thatf = (f1, ..., fq) belongs to Hgj, and its components
are from H'($2). Then,

d
V-f:=ZDkfk=O. (10.1)

k=1
Proof We conclude, using integration by parts formula (9.24), that
0=(f, Vg)g=—(V-f.g)g, VgeH' ()
which proves (10.1). O

The space Hg;, can also be described as the closure of fields that are given as a
divergence of an anti-symmetric random matrix. More precisely, let b = [b),] be a
d x d random matrix whose components belong to C é (£2). We define its divergence
V - b as the vector field whose k-th component equals Z’[’l,:l Dpbyp. Let A(d) be
the space of all d x d anti-symmetric random matrices with entries belonging to
C}(R2),i.e.be A(d), when by = —byp and b, € CL($2) forall p,g=1,...,d.

Proposition 10.2 Hy, is the closure of H\y == [V -b: b € A(d)] in L(Q).

Proof Suppose that f € Hy;, and f= ( fl, e fd) is the spectral measure that is the
Fourier transform of the homogeneous random field (see Sect. 10.4 below)

f(ryw) = / N M(dh; w).
Rd

Condition (10.1) is equivalent to (see Theorem 10.14 below)

d
> apfpldn)=0. (10.2)

p=1

For any § > 0 we let
bg?; = i/ |)L|—2[Aqu(dx) — prq(dk)].
[IA]=3]

Note that bgsq) = —b[(;i,) and bﬁfq) e H'(2) forany p,q =1, ...,d. Using (10.2) we
obtain

ZD b = - Z/ Ap AT [Ag fp(dr) — Ap fy(dD)]

[1A]=8]

_ / fod)
[|A]>4]
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which tends to f; in L*(Q), as 8 — 0-+. Using regularization we can in fact ap-
proximate b in H'(£2) by anti-symmetric matrices from A(d), see Proposition 9.3,
and the conclusion of the proposition follows. g

Assume that a(-) and U (-) are respectively matrix and scalar valued random
fields satisfying the hypotheses (R1)~(R3) of Sect. 9.3.3. Denote by P, the orthogo-
nal projection onto H. For a given f € L(% (Q) we let g := P,f. Its spectral measure
8=1(21,...,8q) is given by

gj(A) = Z/ e P fp(dr), YAeBRY), j=1,....d.

By convention we admit that the value of the integrand, appearing on the right-hand
side, at 0 equals 0.
Let £: Lfl((@) — L2 2(Q) be a bounded linear operator given by

of:=e Vaf, VfeL3(Q). (10.3)
The operator is coercive, i.e. there exists ¢, > 0 such that
(£f.fg > c*||f||%2, Vfe 12 2(Q). (10.4)

Its LEI(@) adjoint is given by £*f := e~Ua'f, where, as we recall, a’ is the trans-
pose of a. The symmetric and anti-symmetric parts are respectively given by
&f=eVa'f and £ = e Ya'f for f L?Z(Q). Here a* and a' are the corre-
sponding symmetric and anti-symmetric parts of matrix a. Note that £° is a linear
automorphism of L2 2(Q) that satisfies

1 s 2
VLV g =11 VfeA, (10.5)
where Z = (e7V)q. Its inverse is given by (£5)~'f = Y (a*)~!f. The corrector
fields xV, ..., x@ can be characterized as follows.

Proposition 10.3 For each p=1,...,d the fieldh, :=V xP) is the only solution
in Li (Q) of the system of equations

PyL(ep +hp) =0,
(10.6)
(I — Pyh, =0.

Proof We verify first that h,, satisfies (10.6). We recall (see (9.49)) that x (P) belongs
to 7, so its gradient is well defined as an element of Li (Q) and of course h;, €

Hy. The second equation of (10.6) thus follows. Let h,  :=V X)Ep ) The resolvent
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equation (9.48) written in the weak form reads
1
M ¢) + ﬁ<£(ep +hy,), Vo)y =0, Ve eCh(2). (10.7)

Thanks to (9.49) we conclude that h,, , — h, in L2(Q) and 1x.”’ — 0 in L2(Q),
as A — 0+. In consequence,

(£(ep +hp), g)Q =0, VgeH,. (10.8)

Hence, the first equation of (10.6) holds.

We prove the uniqueness part. For this purpose suppose that h”;, € H, is another
solution of the system (10.6). Then both h,, and h’; satisfy (10.8). Let 6h,, := h*,; —
h,,. As a consequence of (10.8) and the coercivity of £ we obtain

(10.4) )
O=(£8hp,8hp)(@ > C*||8hP||L§(Q)

and 6h, =0. O

For any vector £ = (I1,...,1q) € R? we let Xe = Zi:l X(”)lp. The following
simple corollary of Proposition 10.3 holds.

Corollary 10.4 For each £ € R? the field hy := V y; is the unique solution of the
system of equations

Py (¢ +hy) =0,

(10.9)
(I — Po)hy =0.
Define a bilinear form:
_ 1
Ay, £2) = (S + Ve, 2+ Vinlg, 4,6 e RY. (10.10)
The limiting covariance matrix a = [ap 4], p,g =1, ...,d (see (9.55)) can be writ-
ten as
_ I._ _
ap’q=5[a(ep,eq)+a(eq,ep)]. (10.11)

10.2 Upper Bound

Suppose first that random matrix a is symmetric and coercive. Then £ given by
(10.3) is symmetric and coercive as well. Introduce a scalar product

<1, £ > = (L1, b, Vi, el3(Q),

with the respective Hilbert space norm || - |||



10.2  Upper Bound 335

Theorem 10.5 For any vector £ € R? we have

1
all):=a(,f) =— min |||f|||2 (10.12)
Z feHy+¢

Proof 1t is clear that the minimum on the right-hand side of (10.12) is attained at
f:=¢ — P¢, where P is the orthogonal projection onto H, in the scalar product
introduced above. Vector P¢ satisfies (10.9), which is the Euler—Lagrange equa-
tion for the quadratic functional appearing on the utmost right-hand side of (10.12).
Uniqueness of solutions of (10.9) implies that hy = P¢ and the conclusion of the
theorem follows from formula (10.10). In addition, we deduce that

_ 1 ~
a(l) = §|||£ — Pe)%. (10.13)
U

In the non-symmetric case we need to first conduct a symmetrization procedure
and then follow the argument made for symmetric matrices. For that purpose con-
sider the adjoint Euler—Lagrange system

P, " (¢ +h}) =0,
(10.14)
(I — Pohi =0.

The existence and uniqueness of solutions can be justified in the same way as has
been done for (10.6). We just replace the random matrix a(-) by its transpose a’(-)
and repeat word by word the argument used there.

Lemma 10.6 For any £ € R¢ we have

_ | .
a(€)=z(£ (€+D, £ +g), (10.15)
where £, g can be equal to either hy, or h’l‘f.

Proof Since both hg and hj belong to H, we have
P;hj =hj, Pshy =hy.
From (10.14) and the above equalities we further conclude that

(£*(¢+h}), £ +hj)y = (£*(¢ +hj), ¢)

Q Q

= (€ (£ +h}), £ +hy)g
=(¢+h}, £ +hy)g. (10.16)
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Repeating the argument, this time using (10.9) instead of (10.14), we obtain that the
utmost right-hand side of (10.16) can be written as

(€, £ +h)y = (£ +he, £ +he))y = Za(0)
and the conclusion of the lemma follows. O
Let us define
g:=£¢+hy) and g":= 2*(£+h2‘) (10.17)
and furthermore

+

gt = (he £ h}). (10.18)

NS

(g+g%), ht =

| =

Using this notation and Lemma 10.6 we write

1
ae) = Z[(g —g" he —hy)o + (g + g% he +hi +2¢) ]
=(g".h7 )y +{g" h" + 0. (10.19)

From (10.17), (10.18) and the definitions of £ and £“ we obtain the following
system of equations

gh:=2"(h" +¢)+ £,
g =h +£h" +¢).
Using a block matrix notation, where each entry corresponds to an action of an

appropriate operator on a copy of Lfl (Q), we can express b :=[g",h™] by a:=
[h™ + ¢, g~ ] as follows

b’ =&a’. (10.20)

Column vectors a’ and b are the transposes of the row vectors a and b, and &,
mapping L% Q) = Li (O)X) Lz((@) into itself, given by
o8 _Qa(SS)—ISa £a(£S)—l
6= (10.21)
_(S‘v)—lga (2&)—1

is a bounded and symmetric operator. Note that G is also coercive. Indeed, for h :=
[f, gl e L%d((@) and any « € (0, 1) we can write

(6h", h), = ('f. ),

+ (1= o?){(2) gy — (07 = (&) Lot
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+H{(£) (ag—a '), (ag — " 2h))y, (10.22)
Suppose that « is chosen sufficiently close to 1 so that
(@72 = 1){() et 2, < %(sz, flg. Ve L(Q.

The right-hand side of (10.22) can then be estimated from below by

1 _
S(E Lty +(1-)((2) e g)y = AIBIR

for some 8 > 0.
Equality (10.19) implies that

a) = %(GaT,a)Q.

Obviously, we have (I — Pg)hJr = 0. From definitions (10.17) and Egs. (10.9) and
(10.14) we get

1
Pg™ = E(ng + P,g*) =0.

Similarly,

P,gt=0 and (I—Pyh™ =0. (10.23)

P 0
(5 10)

be an orthogonal projection of L% 4(Q) onto #"—the direct product of Hy and its
orthogonal complement H;. It is the closure of

Let

Hy:=[h:h=[Ve,V-b+ul,¢eCh),be Ad),uecR’].

Equation (10.23) can then be rewritten as 8Ga’ = 0. From this equation and
the symmetry of & we conclude that the quadratic form h > (Sh’, h)@ achieves
at a its minimum, on the linear manifold £y + %, where £ := [£, 0] € R%? (see e.g.
Proposition 6 p. 70 of Zeidler 1995). Summarizing, we conclude the following.

Theorem 10.7 For any £ € R? let £y :=[£,0] € R?“. Then,

:h—ﬁoef]

ac) = %min[(GhT, h)g,

= % inf[(&(h + £o)7, h)Q he %) (10.24)
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The second equality in (10.24) follows directly from the definition of the space
0 and Proposition 10.2. We can further reformulate the above variational principle
taking first the infimum over the divergence free fields. For that purpose we will need
the following auxiliary result.

Lemma 10.8 Suppose that the components of g belong to H'(§2) and
fi=1/2e"V - (Lg).
Then, f belongs to 71 and

1

IFI12, = 57 nf[(S*h. h)g the 7], (10.25)

Q
where

C=[h:h=g— (€)' (V-b+u),beAWd),u k).

Proof Let¢p € C g (£2). A simple calculation shows that

1
A s s
2(f, 9 — ol = ZZ[ 2(¢'g, V¢)Q (£'ve, V¢)Q]- (10.26)
On L%(Q) introduce a scalar product < f, f> > := (£°f|, f2)g with the respective
norm denoted by || - [|. The right-hand side of (10.26) can then be written as
1 2 2
— — g — VolI*].
77 [ligl* — llg — Vel*]

The maximum of this expression over ¢ € Cg (£2) equals (22)~! |||[~’g|||2, where P
is the orthogonal projection onto H,, in < -, >>. Since (£* )~ Y(Hgiy ® H,) is the
orthogonal complement of H, under this scalar product we obtain

1 ~ 1 . _
112, = ﬁmpgm2 = — inf[lg—hlI>:he () (Ha & Ho)]-

2Z
Equality (10.25) follows from the definition of the || - || norm and Proposi-
tion 10.2. O
Let
V= %er (e7YaY) (10.27)
and
Vo= %er (e7Ya"). (10.28)

Suppose that L is the generator of the environment process defined in (9.40) and S,
A are its respective symmetric and anti-symmetric parts, see Corollary 9.10. As a
consequence of the above lemma and Theorem 10.7 we conclude.
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Theorem 10.9 For any ¢ € R? we have

&(ﬁ)za(€)+2¢ inf )[”Va'E+A¢”2_1+||¢||%_2<VS'ZV¢)JT]~ (10.29)

eCy(£2
Here a(l) :={al,¥),.

Proof 1t suffices only to note that the expression appearing under infimum on the
utmost right-hand side of (10.24) equals

1

~ [(€h, ), + (8. g) ]. (10.30)

where h := V¢ + £ and
g:= (&) [e4Vp+0) -V -b—ul.

The formula (10.29) is obtained by first taking the infimum over b € A(d), u € RY
and then by applying Lemma 10.8. 0

10.3 Lower Bound

Similarly to what has been done in the previous section we start our consideration
with an additional assumption that a(-) is symmetric.

Theorem 10.10 Suppose that a(-) is symmetric and £ is given by (10.3). Then,
- 1 -1 d
al) = ZmaX{Z(ﬁ,f)@—(S f,f)@:fe Hc@Hdiv}a Ve e RY. (10.31)

Proof Introduce a scalar product < -,- >> and the respective norm || - ||| as in the
proof of Theorem 10.5. Substituting £f for f we deduce that the right-hand side of
(10.31) equals

1
2max{z <L —|fI* £ Le Hy). (10.32)

Here L ¢ denotes orthogonality under scalar product < -,- >>. The expression in
(10.32) equals

1 . 1
E{mem2 — min[[|¢ —fl* : f Le H,]} = Zll o¢|?,

where Q is the orthogonal projection, in the scalar product < -,- >, onto the or-
thogonal complement of H,. The conclusion of the theorem follows from (10.13).
O
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When a(-) is non-symmetric we carry out a symmetrization procedure similar to
the one described in the previous section. We can write the inverse of G, see (10.21),
using the matrix notation

(Ss)fl _(Ss)flga
6=
Sa(SS)—l Qs_sa(gx)—lgu

Let h:=[f, g] and denote

Jeh:=2(, g — (&~ 'h", h)y,
Recall that 7" is the direct product in L%d (Q) of H, and the range of (I — P,).

Note that its orthogonal complement .# - in L% 4(Q) is the direct product of the
range of (I — P,) and H,. Calculations identical with those done in the proof of
Theorem 10.10 lead to the following.

Theorem 10.11 For any vector £ € R? we have

—_—

=—sup[J¢h:h=[u+V b, VoluecR beAWd),¢ecCh2)]
(10.33)

We compute first the supremum over the divergence free fields and then obtain
the following.

Theorem 10.12 For any £ € R? we have

a)=a(@)+2 sup [2(Vy-L,d)x— @] — IVs-€—AglZ,]. (1034
$eCi(2)

Proof Forh=[u+ V - b, V¢] we obtain
Jeh= (L€, £), +2(£°Ve, £), — (£°V$, Vo), — (L. de), (10.35)

where
Fo = (€)1 (et +2V¢) + (&) w+V-b).

Taking supremum over b € A(d) and u € R? in the last term on the right-hand side
of (10.35) we obtain, due to Lemma 10.8, that

Jeh= (L0, £) +2(€°V, £) — (£°Ve, Vo), —2ZIVil + A%,
= Z{a*0,€)_ —4Z(p. Va- Ox —2Z|$I1} —2Z| Vst + A2,

and the conclusion of the theorem follows. O
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As an application of the above result we show that the limiting covariance matrix
of a random diffusion obtained in Theorem 9.15 is strictly positive definite.

Theorem 10.13 There exists a constant C > 0 such that

a)>cClef?, veeR?. (10.36)

Proof Substituting ¢ = 0 into (10.34) we obtain
a(0) = a(@) —2||vs - )12, (10.37)

From the definitions of V; and the || - |1 norm (see (10.27) and (9.44)) we obtain
that the right-hand side of (10.37) equals

inf (a(t—V@),L—Ve) .
$eCh(£2)

Using uniform ellipticity and the supremum bound on U, see hypotheses (R1) and
(R2) made in Sect. 9.3.3, we conclude that the above expression is estimated from
below by

0 —Ulleo 2 _ 0 —|Ullsoyp2
—e inf |[£—Vol|p=—e [€]=.
Z ¢€Cb1(_(2) Q Z O

10.4 Spectral Representation of Homogeneous Fields

The results presented here come from Chaps. 2 and 3 of monograph (Yaglom, 1962).
Suppose that (£2, .7, Q) is a probability space and {,, x € Rd} is a group of mea-
sure preserving transformations as in Sect. 9.3.1 and R (d&) = [Rpqy(d&)] is a non-
negative, hermitian d x d matrix valued Borel measure. A (pos51bly) complex vector
valued set function Z(-) = (Z1(-), ..., Z4(-)) defined on %’(Rd ) and taking values
in Li (Q) is called a stochastic spectral measure if:

ONVA)ES
(i) Z(AU B) = Z(A) + Z(B) forany A, B € @(Rd) such that AN B =0,
(iii) (Zp (A)Z*(B)) pq(A N B) forany A, B € BRY, pog=1,....d.

Measure R (+) is called the structure measure of Z(-).
For any Borel measurable function g : R? — C? such that

d
|, Raerse s = > [, Roat@erz, @3 < +o0

we can define an element of L2(Q):

d

o |
[s@ -z = tim =3 3 )+ i)z, o)

pzl:n(pl),mf,,z)eld
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called a stochastic integral of g with respect to spectral measure Z(-). Here

(1 1 (@) 2
An = m_p < Re < L—H m_p < Im < L_’_l
m O =Rheg ) =Img
mp’mp n n n n
and the limit is understood in the mean square sense. In addition, the following
isometry property holds

<‘/g(€)z(dé)

Suppose that £ = (f,..., f4) : 2 — C¢ is a complex valued, square integrable
random vector such that (f,)o =0, p=1,...,d. Define f(x; w); = f(t,w) and
the d x d covariance matrix of the field R(x) = [Rp,(x)], where Rp,;(x) =
(fp() fq ()@, x € RY.

The following result is a simple multidimensional extension of results of
Sect. 3.16 of Yaglom (1962) concerning the Fourier integral representation of a
one-dimensional, scalar valued random field.

2
> =f R(d&E)g () - g(&).
Q JRrd

Theorem 10.14 Suppose that f(x; w); = f(z,w) is a stationary, square integrable,
random vector field as discussed above. Then,

(i) there exists a unique, d X d non-negative, Hermitian matrix valued, Borel mea-
sure R(d&) = [Rpq(d§)] such that

Rpq(x) = /Rd Ry (dE), pog=1,....d,
(ii) there exists a stochastic spectral measure f'(~) = (fl -),..., fd(-)) such that
fx)= f e f(dg), xeRY.
R4

Its structure measure equals Ié(~) = [I%,,q(-)],
(iii) forany p,q =1, ...,d the component f), of the field belongs to the domain of
D, if and only if

f s;kpp(ds) <400
Rd
and

Dyfpoty= i/ £, f(dE), VxeRY
R4

Definition 10.15 The numerical measure r(d§) := trlé(ds ) is called the energy
spectrum of the field f(x).
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10.5 Comments and References

The symmetrization procedure leading to the variational principles stated in The-
orems 10.7 and 10.11 is explained in Cherkaev and Gibiansky (1994); Fannjiang
and Papanicolaou (1994) see also Fannjiang and Papanicolaou (1996); Fannjiang
(1998) and Avellaneda and Majda (1991). The principles formulated in Cherkaev
and Gibiansky (1994) concern a general elliptic operator while in Fannjiang and Pa-
panicolaou (1994) it is assumed that the symmetric part of the random matrix is of
the form a® = cgl; for some ¢y > 0. The formulations contained in Theorems 10.9
and 10.12 appear to be new, although the case when a* is a positive multiplicity
of the identity matrix can be found in Chap. 4 of Olla (1994b). A somewhat dif-
ferent upper bound for the limiting covariance corresponding to a diffusion whose
generator is given by (9.23) is contained in Sect. A.8 of Rhodes (2006).
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Chapter 11
Diffusions with Divergence Free Drifts

11.1 Passive Tracer Model

A passive tracer model is one of the simplest mathematical models of particle trans-
port in an incompressible turbulent flow. The trajectory of a particle is the solution
of an It stochastic differential equation

dX;? =V (X5 w)dt +dwy,
(11.1)
XyY =x,
where V : RY x £2 — R? is a random vector field, defined over a probability space
(82, #, Q) satisfying the incompressibility condition

d
Z 8xp Vp(x; w) =0,
p=1

and {w;, t > 0} is a standard d-dimensional Brownian motion given over another
probability space (X, o7, P). The Brownian motion and random velocity appearing
above correspond to two physical processes that are responsible for the particle
transport: the diffusion, due to the interaction of the tracer particle with the fluid
molecules, and the convection by a turbulent flow. Process {X; ", t > 0} is a random
diffusion considered over the corresponding product probability space. In agreement
with the notational conventions adopted in previous sections we shall omit writing
superscript x when the particle starts at the origin.

11.2 Properties of the Flow and the Definition of the Stream
Matrix

Field V(x; ), appearing in (11.1), is assumed to be stationary and of the form
V(x; o) = V(o). (11.2)
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The group {z.,x € R?} of measure Q preserving transformations fulfills the
hypotheses made in Sect. 9.3.1. The components of the random vector V =
(V1, ..., Vy) belong to L>(Q) and the field is incompressible (or divergence free),
ie.

d
V-V=>"D,V,=0.
p=1

The above equality holds in the weak sense, i.e.
(V,Vg)g=0, V¢eC™R).

A stream matrix of the flow is a d x d matrix valued field I;(x; W) = [l;lm (x; w)],

I,m=1,...,d, with entries differentiable in the L? sense and such that
Vin (63 @) = Y Oy bum (x; @), (11.3)
=1
bim(x; @) = b (x; @), lm=1,...,d. (11.4)

The following proposition (that is a special case of the classical Helmholtz theorem)
states that a solenoidal random vector field is the divergence of an anti-symmetric
matrix valued potential.

Proposmon 11.1 Suppose that V = (Vi, ..., Vq) is incompressible. Then, there
exists an H'($2) valued stream matrix {b(x) x e R4 }. In addition, we can choose it
in such a way that its increments are stationary, i.e. tensor field {9y, blm x),k,l,m=

,d,x € Rd} is stationary, with 15(0) = 0. When the components of the vector
field are locally Holder QQ a.s. then we can find a stream matrix whose entries are
C' smooth with locally Hélder continuous partials, Q a.s.

Proof For each x we can define a d x d matrix l;(x) = [l;lm L Ilm=1,...,d,
with entries in H'! (£2), by the formula

- igx _1 A
bim (x; w) :=i/ e—z[ész(d«S;w)—Esz(dé;w)]- (11.5)
R 1§51

Here \A/~(dé§ ;W) = (‘71 d&; w), ..., Vd (d§; w)) is the spectral measure correspond-
ing to V(x; w), see Sect. 10.4. Note that 0y, by, (X) = ck,1,m (T w), where

crtm(®) = /R ) &1 26m[Em Vi (dE; @) — & Vi (dE; )]

Thus the field 5(x) has stationary increments. It can also be easily checked that

d lé?x

Z Oy oim (x; @) —Z/ mzsm EnVi(dE; ) — &V (dE; 0)]. (11.6)
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Using the relation an: 16m Vi (d&) = 0 we conclude that the right-hand side of
(11.6) equals

/Rdeié'ﬂ?,(dg;w)zﬁ(x;w), Vi=1,...,d.

When the field is locally Holderian we can find a suitably regular modification
of the stream matrix. For that purpose note that by, (x; w) is a solution, in the weak
sense, of

Axbp (x; ©) = 3y, Vi(xX; @) — 3y, Vi (x; @), Qas.

see Chap. 8 of Gilbarg and Trudinger (1983). Using regularity results from the the-
ory of partial differential equations, see Theorems 8.17 and 8.33 of Gilbarg and
Trudinger (1983), we can find bim (x: w) that are continuously differentiable, with
locally Holder derivatives. This modification determines a random field {E(x), X €
R?} whose entries are differentiable and satisfy (11.3) and (11.4). O

A matrix b = [by,], [,m =1, ...,d is called a stationary stream matrix of V if

(1) byy=-byforl,m=1,...,d,
(2) its entries belong to H'(£2) and

d
Vi=> Dpbpm. 1=1.....d. (11.7)
m=1

The matrix is said to be C*-bounded if its entries belong to Clg(.Q).
Given a random vector field VAwe can define a non-negative, Hermitian matrix
valued, Borel measure R(d§) =[R) ,(d&)] by

(Vpa&)vy (dg"))g = 58(& — ERp q(dE)IE, p,g=1,....d. (11.8)

The energy spectrum of the field is then defined as r(d§) :=tr Ié(dé ). Since the
field is square integrable it is a finite Borel measure. By the Péclet number of the
stationary flow associated with V we understand

r(d€)
Pe .= . 11.9
© /l‘g BE (11.9)

Suppose that Pe < +00. Then the entries of a stationary stream matrix can be de-
fined by the formula

o i
Bim ::z/éd@[szvm(ds)—smws)]. (11.10)

Finiteness of the Péclet number ensures that the stochastic integrals appearing above
converge in the L? sense. Indeed, calculations, similar to the ones done in the proof
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of Proposition 11.1, yield (11.7) and an estimate

d
> lbimlI < 2Pe. (11.11)

I,m=1

11.3 Central Limit Theorem for a Diffusion with Bounded
Stream Matrix

In the case when the field possesses a C2-bounded, stationary stream matrix b the
generator of the diffusion corresponding to a “frozen environment” @ can be rewrit-
ten in a divergence form

d
1 -
Lof() =3 > O [(Ses + 2b1 s (x; @) 0y f ()], f € CF(RY).
k=1

The central limit theorem for X,/ J/t, can be viewed as a special case of Theo-
rem 9.15 corresponding to U =0, a = [ +2b and m = Q. Space C,%(.Q) is a core
of the respective generator L and

d
1
Lf =5 > Di[Ges+ 260 Dif]. f e CQ). (11.12)
k=1
According to the results of Sect. 9.5 the A-correctors X}Ep ) converge to x P in /4,
as A — 0+. Therefore, we have the following.

Theorem 11.2 Suppose that the random flow is given by (11.2) and it possesses
a C%-bounded, stationary stream matrix. Then, {X;/ Jt,t >0} satisfy the central
limit theorem in probability with respect to the environment. The limiting covariance
matrix a = [apq], p,q=1,...,d, is given by

dpg =38p.g + (VX VYD) (11.13)

In addition, this matrix coincides with the asymptotic covariance of trajectories, i.e.

lim l(Ep[x,”xf])@=5¢M. (11.14)

t——+00 t

The covariance matrix of the limiting normal distribution can be expressed using
the variational principles (see Sects. 10.2 and 10.3). Combining the conclusions of
Theorems 10.9 and 10.12 we state the following.
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Theorem 11.3 For an arbitrary £ € R? we have a(£) = |€|> + 2a,(£), where

ae®= inf [|V-+Ve)>, +1o1]
$eC,(£2)

= sup [2(V-L@)g— sl —1IV-V|>,]. (11.15)
$eCh(R2)

Proof The formulas claimed above follow directly from (10.29) and (10.31). One
should use the fact that V, =V, V, =0, Ap = V - V¢ and a(€) = |€|>. O

11.4 Convection Enhanced Diffusions

For a given £ = (Iy,...,1l;) welet Vy := V - £. We define also the A-corrector in the
direction ¢ as

d
o=y "l
p=1

and analogously we introduce y,. From the results contained in Sect. 9.5 we deduce
that limy— 0+ xa.¢ = x¢, strongly in J4{. Since

Axoe —Lxoe="Ve
we have y # 0, provided that V, # 0. In addition
20 xellt = 1V xelly- (11.16)
Using (11.13) and (11.16), we conclude that for any £ € R4, for which Vellg#0
a(t) = 1€ + 2l xellt > €%,

Thus, the asymptotic variance is greater (in the sense of partial ordering of the re-
spective symmetric matrices) than the variance of the underlying Brownian motion.
This phenomenon is sometimes referred to as convection enhanced diffusion.

The situation discussed above should be contrasted with the case when the anti-
symmetric part of the diffusion generator is not present. Suppose that a diffusion
{X7,t >0} is given by (9.30), where the anti-symmetric part of the respective ran-
dom matrix a(w) vanishes. The limiting variance is characterized by variational
principle (10.34). In this case V; = (1/2)eYV - (e"Ya) and V, = 0. Hence

a) =a() —2||Vs - £)*, < a(t) = (at, £), (11.17)

provided that Vy - £ # 0. In the perhaps simplest possible situation when a = I the
trajectory { X7, ¢ > 0} satisfies

dX; =-V,U(X})dt +dw,, X=x,
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where U (x; w) = U(tyw), i.e. the drift is a gradient of a stationary potential. Define
the derivative of the potential in the direction of £ as DyU :=¢ - VU. From (11.17)
we get

a) = e* =2IDU|%, <102,

provided || D,U | -1 # 0. We conclude therefore that a random drift that is the gra-
dient of a stationary potential diminishes, rather than enhances, a diffusion.

11.5 Time Dependent Flows with Finite Péclet Number

The results of Sect. 11.3 can be generalized to diffusions with time dependent, diver-
gence free, stationary drifts admitting unbounded realizations. A sufficient condition
for the central limit theorem can be formulated in terms of the spectral measure of
the drift. Suppose that the particle trajectory satisfies an It stochastic differential
equation

dX]* =V(t, X" w)dt +dwy g,
(11.18)
X" =x,

where
V(t,x;0) = V(1 ) (11.19)

and V € Lﬁ(@) is of zero mean. Here {7/, (t,x) € R*1} is an ergodic group of
Q preserving transformations of §2, as introduced in Sect. 9.9.1. For a given s € R
the Brownian motion {w; s, t > s} is defined by w; s := w;—s, where {w;, t > 0} is a
d-dimensional, standard Brownian motion.

Suppose that the components of V belong to H%™(£2) for some m > d /2 + 1.
Furthermore we assume that the field V (¢, x; w) is continuous in both (z, x) vari-
ables and incompressible, i.e.

d
D 0 Vit x;0) =0 (11.20)

i=1

for Q a.s. w. In Proposition 11.7 below we prove that under the above hypotheses,
the solutions of (11.18) can be defined for all times for Q a.s. w.

Suppose that V(d§) is the stochastic measure corresponding to the stationary
field V (0, x). Then ﬁ(d&) = [Iép,q(dS)], given by (11.8), is a non-negative defi-
nite, Hermitian matrix valued, Borel measure that is the Fourier transform of the
covariance matrix of the field, i.e.

RO x) = / FTERE),
Rd
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where R(z,x) =[R) 4(t,x)], p,g=1,...,d, and
Rpq(t,x) =V, (1, 00V4(0,0))g,  ¥(t,x) e R,

see Sect. 10.4. The Péclet number Pe of the flow, defined by (11.9), is assumed to
be finite. Then, formula (11.10) defines a stationary stream matrix b(w) such that

Vt,x;0) =V - b(1 ). (11.21)

Process 1, := 1;, x,® is Markovian with Q an invariant and ergodic measure, see
Sect. 11.6.3 below. Denote by L its generator. For a given p=1,...,d and A > 0

let x ;p ) be the solution of the resolvent equation
A—Lx\” =V, (11.22)
The main result of this section is the following.

Theorem 11.4 Suppose that the field V (¢, x) satisfies the assumptions made above.
Then, X)Ep ) converge to X(p), weakly in 74, as A — 0+. In addition, the energy
identity holds, i.e.

%HX(") |7 =(Vp. x ") foreachp=1,....d. (11.23)

As a direct consequence of the above result and Theorem 2.17 we conclude the
following.

Corollary 11.5 Under the hypotheses of the above theorem {X;/+/t,t > 0} satisfies
a central limit theorem, in probability with respect to the environment. The limiting
covariance matrix is given by (11.13). In addition, formula (11.14) holds.

11.6 Proof of Theorem 11.4

The main difficulty lies in the fact that, due to unboundedness of V, none of the
sufficient conditions for the generator of the environment process, formulated in
Sect. 2.7, holds. Using truncation of the drift we can verify however that any J#] -
weak limit of the solutions of the resolvent equation (11.22) can be used to define a
corrector field with stationary increments, see (11.48), that solves, in a weak sense,
the Kolmogorov equation corresponding to (11.18), see Proposition 11.17 below. In
Sect. 11.6.6 we apply this fact to conclude the energy identity (given by formula
(11.23)). Uniqueness of an #-weak limit is a consequence of the fact that the
energy identity holds for any convex combinations of possible weak limit points.
Finally, to conclude the central limit theorem we use Theorem 2.17 together with
Remark 2.13.
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11.6.1 Notation

Here we introduce some of the notation frequently used throughout the proof of the
theorem. Let Bg, Br denote a ball of radius R centered at O and its closure. For
t < 0 we shall write C; g, C_‘,,R and S; r to denote an open cylinder (¢,0) x Bg,
its closure and lateral boundary (¢, 0) x d Bg, respectively. In the special case when
R = 400 we shall write C; to denote the slab (¢, 0) x R? and H for the open half-
space [(¢,x) :t <O].

For p € [1,400), a non-negative integer k > 0 and a region D C R¢ we define
the Sobolev space W;(D) consisting of functions having k generalized derivatives
integrable with p-th power. It is the completion of C°*°(D) in the norm

1/p
||f||W1k,(D)5={||f||€p(D)+Z||3mf|’zp(D)} , [EC®(D), (1124

|m|<k

see Sect. 7.5 of Gilbarg and Trudinger (1983). According to Theorem 7.26 of
Gilbarg and Trudinger (1983) if k > d/p, then for any R > 0 we can embed
WX (Bg) in C}'(Bg), provided m =0, ..., [k —d/p].

In the time dependent case, for any of the regions E defined in the foregoing
we denote by C¥™(E) the space of all functions having k derivatives in ¢ and m
derivatives in x equipped with the norm that is the sum of the suprema of the re-
spective derivatives. We can also define the space of functions having k generalized
derivatives in ¢ and resp. m derivatives in x that are L integrable. It shall be de-

noted by Wg’m (E) with the respective norm || - | WA () Let W;:;ZC(E) be the space

consisting of those functions that belong to Wg‘m (E1) for any relatively compact,
cylindrical region Ep such that E1 C E.

11.6.2 Statements of Some Technical Results

In this subsection we state a few facts concerning the global existence and regular-
ity of solutions of (11.18) as well as a possibility of approximation of divergence
free flows by bounded flows. Due to the rather technical nature of such results we
postpone the presentation of their proofs until Sect. 11.7.

The following result makes it possible to approximate a divergence free, finite
Péclet number field by bounded, smooth, incompressible fields.

Proposition 11.6 Let V = (Vy, ..., V) be a divergence free, random vector with a
finite Péclet number, whose components belong to H™($2) for some m > d /2 + 1.
Then, there exists a family of anti-symmetric, random matrices {b(”), n > 1} whose
entries belong to Cp°(2) and such that Vi =v.b" satisfies:

(i)
lim [v® —V|, =0,

n—-+o0o
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@ii) forany R, T >0

T
lim v, ;o) -V, -;w)||zcl(BR)dz=0, (11.25)
0

n—-+00

both Q a.s. and in the L1 (Q) sense.

Our second result deals with the issue of global pathwise existence and unique-
ness for the solutions of (11.18). The assumed regularity of the drift (its realizations
are C! smooth in x by Sobolev embedding) guarantees local existence and unique-
ness property of solutions via a general theory of stochastic differential equations,
see e.g. Sect. IV.3 of Ikeda and Watanabe (1989). Since we have not placed any re-
striction on the growth of the coefficients, it is a priori possible that a solution may
explode in finite time. As it turns out however this is not the case when the drift is
incompressible.

To simplify our presentation assume that the starting point of the diffusion is at
(0, 0) and we shall omit it in our notation. For (w, {) € £2 x X let {X;‘fn(g), t >0}

be the solution of (11.18) corresponding to the regulaliized drift \7(”)(1‘, x; w). Let
{X?(¢),t €[0,¢”)} be the solution corresponding to V (¢, x; @) that exists up to a
possibly finite explosion time ¢“(¢).

Proposition 11.7 We have ¢*({) =00, Q ® P a.s. in (w, ¢).

In addition, the trajectories corresponding to the regularized drifts approximate
the solution of (11.18) as seen from the following.

Proposition 11.8 For any T > 0 we have

lim sup |X;,—X:|=0, QQP-a.s. (11.26)
”_>+°OIE[O,T]

Pathwise uniqueness implies the Markov property of solutions of (11.18) for a
fixed w, see e.g. Sect. 7.1 of Pksendal (2003). Denote by Pﬁ (x,-) the transition
probabilities of X;***“. Our final result of this section concerns the existence of
transition probability densities and their positivity.

Proposition 11.9 For each s <t and x € R? transition probability P8 (x,-) is
absolutely continuous with respect to the Lebesgue measure. Its density satisfies

pei(x,y) >0 aeiny (11.27)
for Q a.s. w.

11.6.3 Properties of the Environment Process

Suppose that 1; = 1;, x,w is the environment process corresponding to the diffusion
{X;,t > 0}. For any f belonging to the space of bounded and measurable functions
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B, (£2) and t > 0 we define
P f (@) = Es [ () = /R P80, F @y, (11.28)

From (11.18) it can be deduced that lim;_, o+ (Ep| X; |2)@ = 0. Hence
lirél+ P f— fllg=0 forany f e Cp(£2). (11.29)
t—

Suppose that X, , is the diffusion that corresponds to V(”)(t,x) as in Proposi-
tion 11.6. Let nl(") = 7;,x,,,® be the respective environment process and {P,("),t >

0} its transition semigroup of contractions on L?*(Q). From Proposition 11.8 we
immediately conclude that

P f= lim P"™f stronglyin L>(Q), VfeL*Q). (11.30)

n——+00

In addition, for any such f we obtain that

(Pifrg= lim (P f)o=(flo,

n—-+00

which in turn implies that Q is invariant for { P, t > 0} and the semigroup extends
to a strongly continuous semigroup of contractions on L?(Q).
From (11.27) we can see that

P f>0, Qas.

for any # > 0 and f > O that is not identically equal to 0. Using this property one
can easily argue ergodicity of @, exactly in the same way as it was done in Sect. 9.4.
Summarizing the above considerations we can formulate the following.

Proposition 11.10 The process {n;,t > 0} is Markovian with { P, t > 0} its transi-
tion semigroup. In addition, measure Q is invariant and ergodic, and the semigroup
extends to a strongly continuous semigroup of contractions on L*(Q). For each
t > 0 we have P; =1im,_, 1 P,(n) strongly in L?(Q).

Denote by L, L™ the generators corresponding to { Py, t > 0} and {P,(n),t > 0},
respectively. For any g € L?(Q) and A > 0 denote by Gi")g the solution of the
resolvent equation (A — L™) f = g given by

¢Pg= [P g 11.31
r 8= 0 € r  gat. (11.31)

Since {P,("),t > 0} is also a semigroup of contractions on any L”(Q) space, for
p € [1, +00], we obtain

m 1 Vn>1 11.32
HGA g||L1)(Q)§k||g||LP(Q)7 n=l. (11.32)
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The above estimate holds also for G,—the resolvent corresponding to L.
Lemma 11.11 Suppose that g € L>(Q) and A > 0. Then,

Jim |G~ Gig|g=0. (11.33)

In addition, Gi")g and G.g belong to H*'(£2), and

lim VG"g=VG,g (11.34)

n——+00
weakly in Lé(@).
Proof Formula (11.33) follows directly from (11.31), the corresponding formula
for G, g and the strong convergence of the respective semigroups, see Proposi-
tion 11.16.
Since Gi")g belongs to D(L™) it is in H%1(£2) (see Remark 9.28). Multiplying
the resolvent equation by G)(x") g and integrating with respect to Q we obtain

1
MG g g+ 5 VG |3 = (5. G g)q. (11.35)

From this and (11.32) it follows that {VG" g, n > 1} is bounded in L2(Q). Weak
convergence of the sequence and the fact that Gy g € H'(£2) follow from (11.33).

11.6.4 Properties of the 7 1-Norm

One can easily verify that C ;’2(!2) C D(L). From Itd’s formula it follows that
Lf=Dof +(1/)Af +V-Vf. feC ().
From here we deduce that for f from C ;’2(.{2) we have

IV fIiG =213 (11.36)

This formula can be extended to the entire .77 in case when V € L*°(Q).

Proposition 11.12 Suppose that ||V ||co < +00. Then, C;’Z(Q) is a core of L and
(11.36) holds on 7.

Proof The set C ;’2((2) is clearly invariant under the semigroup

R f(w) := /qt(X)f(ft,xw)dx, (11.37)
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where

! xI? 0 11.38
C]r(x)—WCXP 2 0 t>0. (11.38)

According to Proposition 3.3 of Ethier and Kurtz (1986) it is a core of the generator
L of this semigroup. By an application of the It6 formula we obtain that

Lof =Dof + (1/2)Af, VfeCy* ().
On that set we define the operator Bf :=V - V f. Suppose that A > 0. Note that
(A =B)f. flg=HIfII

hence in particular we get ||(A — B) f|lp > All fllg. Operator B is therefore dissipa-
tive in the sense of Ethier and Kurtz (1986), see the definition on p. 11.

Suppose that « < 1 is arbitrary. Using an elementary inequality v ab < (a+b)/2,
holding for all a, b > 0 we obtain
1/2

1Bf g =11V -V flig < V21V lloo{f: (—Lo) f)g
<alLofllo/2+ I flglVIik/a, YfeCl* ().

Therefore B extends to the domain of Ly and, by virtue of Theorem 7.1, p. 37
of Ethier and Kurtz (1986), the closure of Ly + B, which we denote by the same
symbol, is a generator of a contraction semigroup on L?(Q) with C ;‘2((2) asits a
core. This operator agrees with L on Cbl’z(.Q). The latter, as a generator of a strongly
continuous semigroup, being a closed operator has to be an extension of Lo + B.
In fact, since L is also dissipative (as a generator of a contraction semigroup), by
virtue of Proposition 4.1, p. 21 of Ethier and Kurtz (1986), it coincides with Lo+ B.
The conclusion of the proposition then follows. O

Remark 11.13 The above argument shows that if ||V ||sc < 400 then for any k > 1,
m > 2 the set Cﬁ’m(ﬂ) is a core of L.

When V € L?i((@) one can establish an inequality between the .7#]-norm and the
L? norm of a gradient.

Lemma 11.14 Suppose that V € chi (Q). Then 7 c H*'(2) and
IVFIG <21715.  feA. (11.39)

Proof Suppose first that f € D(L) and f = G, g. Consider a regularizing sequence
{V(”), n > 1}, as in Proposition 11.6. Letting n — 400 we obtain from (11.35) that
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MGargly + %IIVGngIé <(2.Gig)o=1IGaglg+ IGaglli-  (11.40)
Estimate (11.39) follows from (11.40) and the fact that D(L) is dense in 577. O
Since the components of V satisfy (11.7) we deduce the following.
Corollary 11.15 Foreachl=1,...,d we have V; € 7| and

|(Vi, ol = b1, Vo] < V2Ibillgll fl,  Vf € 4. (11.41)

11.6.5 Construction of the Corrector Field

In the next step we construct the corrector field { x(p) (t,x),(t,x) e ﬁ} correspond-
ing to a given spatial direction e, p =1,...,d. It is a random (non-stationary)
field, over the probability space (§2, %, Q), that satisfies the backward Kolmogorov
equation

O+ L) x Pt x) ==V, (t, x),

where .%; ,, is the generator of the diffusion, given by (11.49). We have already
mentioned that the field is not stationary but its absolute moment satisfies

. 1
lim -
a—+o0o g

(L7 (0%, xa) ) =0

in the weak sense in (¢, x), see Proposition 11.17. Both of these properties will be
crucial in the proof of the energy identity presented in Sect. 11.6.6.

The starting point for the construction of the corrector is an .71 -weak limit point
of X}Ep ), as A — 04. To simplify the notation we shall suppress superscript p from
our subsequent notation. Using the resolvent equation (11.22) and estimate (11.41)

we obtain

Mool + 117 < V21bplolxal-

Hence, from (11.11) we get
lxxlli <2+/Pe, Vi >0. (11.42)
Let x be an .7 -weak limit of {x,,,n > 1}, where A, — 0+, as n — +o00. Let
f=(fi,.... f):=Vx € L3(Q

and let f’(dé) = ( fl &), ..., fd(dé)) be the spectral measure corresponding to
the spectral resolution of f with respect to the subgroup {7y, x € R?}. Note that
fq ({0}) =0foranyg =1,...,d. Indeed, fq ({0}) is the orthogonal projection of f,
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onto the subspace [T of LZ(Q) consisting of the elements that are invariant under
spatial shifts. Therefore for any g € IT we have

(Dg x5,-8)0=0, Vn,q.

Thus, letting n — +00, we obtain that (f;, g)g = 0, which in turn implies that 0
cannot be an atom of the spectral measure f;. As a result

e ]

d
0(x) = —i Z/Rd ngfq(dg) (11.43)
g=1

is well defined as function from R? to LZ(Q). Here we adopt the convention that
the integrand equals O for £ = 0. Note that from the definition of the field it follows
that & f; = & fi. Using this and (11.43) we conclude that

0(;w) € Wy 10 (RY) and 8,0(x;0) = fi(0,x;0) forQas.w, (11.44)

where fk(t,x;a)) = fi(ts x0).

Lemma 11.16 We have
92
"™ _ . (11.45)

Ix|>400  |x]|?

Proof Denote by u(d&) the energy spectrum of V,6(x) =fo 19 . As we have
already observed it has no atom at 0. Therefore

92 ix-& _ 1 2
lim sup ﬂ < limsup/ %M(dg) =0. (11.46)
lx|>+o0 X lx|—>-+oo JRd  |X]7|§]

The last equality follows from the Lebesgue dominated convergence theorem. [

On H we define a non-stationary corrector field by letting
x(0,x) :=0(x) (11.47)

and
x(t,x) :=/ q—+(x — y)0(y)dy
]Rd
4 fc dotCe— W[V (5. 3) - Es. y) + Vp (s, )]dsdy  (11.48)

for (¢, x) € H. Note that both integrals appearing in (11.48) converge, Q a.s.



11.6  Proof of Theorem 11.4 359

As it turns out, see the proposition below, the corrector field is both a mild and a
weak solution of the backward Kolmogorov equation corresponding to the diffusion
given by (11.18). More precisely, let

Lroft,x):= %Axf(f,x) +V(t,x;0) - Vi f (2, %) (11.49)

for feC l’2(]Rd+l). Suppose that 1o (x; @) is a measurable random field and A € R.
We say that u(¢, x) is a mild solution of

O+ Lw— Mu(t,x) ==V,(t,x), (t,x)eH
(11.50)
u(0, x) = up(x),

if
/Rd g1 (x — ) |uo(y)|dy + /C Gs—1(x = M[[Vpls. |+ [V (s, y) - Vyu(s, y)|
+ Al fu(s, y)|]dsdy < +oo
for all (, x) € H and
u(t,x) =% (up)(t,x), Qas., (11.51)

where
G (up)(t, x) == /Rd q—1(x — y)uo(y)dy

+fc Gs—(x — W[V (5, ) - Vyu(s, )
+ Vp(s, y) — Au(s, y)]dsdy. (11.52)

We say that u(¢, x) solves (11.50) in a weak sense if

/ (u* + |Veul*)dsdx < +oo, Vt,R>0 (11.53)
Cir
and for any v € Cl'1 (RI+1)
1 -
/ ug(x)v(0, x)dx +/ [uB,v + vau -Vyv+(V-Vyu+ )\u)vi|dtdx
R4 H

= / Vyvdtdx, Qas. (11.54)
H
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Proposition 11.17

(i) Foreach X > O the field ) (t, x) := x» 0 T; x is both a mild and a weak solution
of (11.50), with ug(x) given by (11.47),
(1) for A = 0 the same holds for x (t, x). Moreover x € Wzl,’li)c (H) and

Vix(t,x)=Vyxot,, ae inH, (11.55)

/atxvdtdx = —/ xorvdtdx (11.56)
H H
+/ 6 (x)v(0, x)dtdx, VveCcl,’l(RdH), Qa.s.,
R4
(iii) for any ¢ € C°(H) we have

) 1
lim —
a—+00 g

/ ¢, )| x (a’1, ax)|)gdrdx =0. (11.57)
H

Proof (i) Suppose first that the components of V belong to C ;’1 (£2). Then, by Re-
mark 11.13, one can find a sequence {f,,,n > 1} C C;’Z(Q) such that

im_ (I fu = xallgo1 + llgn — Vpllg) =0, (11.58)

n—-+o00

where g, := (A — L) f;,. Using Itd’s formula we conclude that fn (t,x):=fanoTix
satisfies

(h =8 — L) fu(t, %) = gu(t, x) (11.59)

in the~classica1 sense. Since the coefficients of (11.59) are C! smooth and bounded
and f, is also bounded, using the classical theory of partial differential equations,
see e.g. Theorem 16, p. 29 of Friedman (1964), we infer that

Fu(t, ) =% (£2(0,)) (0, ), V(t,x) € H. (11.60)

Letting n — +o00 and using (11.58) we deduce that for each (¢, x) Eq. (11.51) holds
Q@ a.s. Generalization to an unbounded V can be achieved by approximating the
field by smooth, bounded vector fields as in Proposition 11.6. The same argument
allows us to deduce that j; (¢, x) is a weak solution. Since such solutions, in case of
parabolic equations with continuous coefficients whose principal part is in a diver-
gence form, are locally Holder continuous for a.s. w (see Theorem 5.1.1, p. 476, of
LadyzZenskaja et al. 1968) we can choose a modification of the random field ; (¢, x)
that is continuous in H. In this way we can ensure that equality (11.51) holds on this
set, Q a.s. We have proved therefore that x; (¢, x) is a mild solution of (11.50).

(i) We prove (11.55) first. Differentiating both sides of (11.48) with respect to
X, we obtain dy, x (¢, x) = I(t,x) +1I(¢, x), where
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I(t,x) = /Rd O, g—t(x — )0 (y)dy,
(11.61)
1. x) = /C Dusdts 1 — N[V (5. 9) - Fs. y) + V(s 3)]dsdy.

Passage with differentiation under the integration can be substantiated using the
Lebesgue dominated convergence theorem. In case of the first integral appearing in
(11.48) it suffices to verify that for any K > 0, t < 0 we have

/ sup [y, g (x = M|{[0()|)gdy = C/ sup 9y, q—r(x — y)y|dy < +o0,
R RY |x|<K

4 |x|<K

which holds thanks to (11.45). A similar argument can be made also for the second
integral appearing there.

Integrating by parts the expression on the right-hand side of the formula for
I (¢, x) (note that the boundary term vanishes due to (11.46)) we obtain

o000 = [ aax = ey + 110,

Since x; (¢, x) is a mild solution of (11.50), differentiating both sides of (11.51) with
respect to xi yields

Dy x5, 0 Tt x (@) = /d q—1(x — ¥)Di xa, o 10,y (@)dy
R

+/ e @s—1(x — N[V (s, ) - Vxa, 0 5,y (@)
o

+ Vp(5,Y) = knJi, (5, y; @) |dsdy. (11.62)

Here, the sequence {A,, n > 1} is selected as in the definition of x. Since Vx;, and
An Xy, converge to f, weakly in L(% (Q), and 0, strongly in L?(Q), respectively we
can take weak limits in L' (Q) on both sides of (11.62) and deduce (11.55).

The fact that x (¢, x) is a mild solution follows from the definition of the field,
cf. (11.48) and formula (11.55). To show that it is also a weak solution note that,
as an obvious consequence of (11.44) and (11.55), it satisfies (11.53), Q a.s. Let us
consider u,(t, x) := x * ¢,(t, x), where ¢,(t,x) := p 29 tp~2,xp™ ), p>0
and ¢ is a C* probability density function, supported in (—1, 1) x B;. To make
sense of the convolution we suppose that x (¢, x) = 0 for t > 0. Observe that u, (¢, x)
converges in LZ (H), as p — 0+, together with V,u 0> to x and V, x, respectively.

loc
On the other hand, u, (¢, x) is a classical solution of the Cauchy problem

1
Qup(t, x) + EAxup(tvx) = fp(t,x), (t,x)€H,

up(0,x) = x x$p(0, x),

(11.63)
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where f, := —(V - Vit + \7,,) * ¢,. Letting p — 0+ and applying (11.55) we
conclude that x is a weak solution of (11.50) with A = 0.

Using a priori bounds for solutions of a heat equation, see Theorem 8, p. 459 of
I’in et al. (2002), we deduce that for any 7', R > 0 there exists C > 0, independent
of w and p > 0, such that

2 2 2 2
b2 = LN+ ol 2cr, )+ 110 O [ gy - (1164

Letting p — 0+ we obtain that x € W21 -1 (H). Formula (11.56) can be concluded

loc
from the integration by parts formula for u, (¢, x), after taking the limit as p — 0+.

(iii) Using (11.48) we obtain that the expression under the limit in (11.57) can be
estimated by 1, + II,, where

1
im 7 [ (o |gay.

1, ::/ |, x)|va(t, x)dtdx
H
and

u(y) :=fHCI—t(z—y)|¢(t,z)|dtdz,

Vo (t, x) = a<

/ Gs—t(x — y)[f/(azs, ay) -f'(azs, ay)

Gt

+ Vp (azs, ay)]dsdy‘> .
Q

From Lemma 11.16 we easily conclude that lim,_, 4o I, = 0. On the other hand,
using formula (11.21), we can write V (¢, x) = V, - b(t, x), where b(t, x) is the
square integrable, stationary stream matrix. Using integration by parts, see the proof
below, we obtain

Va(t, %) =<‘/C 8,(a%s,ay) - Vygs—s(x —y)dsdyD ) (11.65)
' Q
Here 8, (s, y) = gp(ts,yw) with g, :=bf 4+ b, and b), := (b1, ..., bpq). Applying
Theorem 11.18 we infer that

lim v,(t,x) = '/ 0¢gs—r(x — y)dsdy’ =0,
a——+00 C;

where £ := (g, ). Since functions v, (¢, x) are uniformly bounded on compact sets
in H, as a — 400, we can use the Lebesgue dominated convergence theorem and
conclude that limg—s 4o II; = 0. Thus (11.57) follows.
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Proof of (11.65) It suffices to show the formula for a = 1. Let {y™, n > 1} be
a sequence of functions from C;°(§2) such that lim, 4o V™ =fin L2(Q).

Let 80 (s, y) = g\ (1, ,0) with g(") :=b-Vy® 4 b, Define also 7)) (s, y) =
h(")(rY yw), wWhere h(”) V.vy® 4 V). Due to anti-symmetry of b

W =v.gl. (11.66)

We are left to prove that

<‘ / 81 (s, y) - Vygs—r(x — y)dsdyD
Q

=<V R (s, y)gs— (x —y)dsdy‘> . (11.67)
G Q

Formula (11.65) follows then from (11.67) upon taking the limit, as n — +o0.
To show (11.67) we use (11.66) and integration by parts. We conclude in this
way that for any R > 0

/ (n)(s ¥) - Vyqs—i(x — y)dsdy
CiRr
= / ﬁ;")(s’ Vqs—i(x — y)dsdy
Cir

[ &6 ng G- dssa@n. AL
t,R

Here n(y) is the unit outer normal to the boundary of Bg at y. Thanks to stationarity
~(n) .
of g, (s, y) we conclude easily that

<

/S &0 (5, y) (s t<x—y>dss<dy>‘>
t.R

<c / ds1(xr — y)dsS(dy) — 0,
SR

as R — +oo. Formula (11.67) then follows from (11.68). O

11.6.6 Proof of the Energy Ildentity

In this subsection we maintain the convention of suppressing the superscript indi-
cating the direction in the notation of the corrector. Recall that x is an J#]-weak
limit point of x;, as A — 0. Performing the scalar product of both sides of the re-
solvent equation (11.22) with y; and letting A — 0+ we obtain, by the weak lower
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semicontinuity of the norm || - ||, that
X117 < —{bp, V) (11.69)

Our purpose is to prove that the set of 7#{-weak limit points of x,,as A — 0+, is a
singleton and in fact (11.69) becomes an equality. Suppose therefore that x,, x5/
converge weakly in 7] respectively to x, x.« for some A, A, = 0+. Let y € [0, 1]
and V) =y x + (1= y)xx.

Assume that ¢ € C2° (R%) and ¢ € C2°(—o00, 0) are two probability densities.
For an arbitrary a > 0 we set ¢, (x) := a‘d(p(x/a) and Y, (1) := a_zlp(t/az). Let
he(t,x) := @a(x)¥,(¢) and f,(r) ;== (—a) Vv (r A a) for r € R. Denote by F, the
primitive of f, satisfying F,(0) =0 and by h(¢, x) := h(¢, x). From the weak for-
mulation (11.54), with v = f,(x")h, (slightly generalized here by considering
Wzl”llo .(H) as the space of test functions) and integration by parts formula (11.56)
we obtain

- f (09X £ () ha) didx + - / (Vox ® - Ve[ fu(x 7Y ha] ) drdx
i Q 2Jm Q
+ / (BVx? - Vol fu(x Vo]l
H

= f (bp - Vil fa(x ") ha])gdrdx. (11.70)
H

Denote by Li(a), L>(a) and L3(a) the respective terms appearing on the left-hand
side of (11.70).
Since f,(x")3; x ") = 8; F,(x") the absolute value of L{(a) equals

g4

fH(Fa(xW)(t,x))<p(x/a)1p’(t/a2))erdx

Sa_3_d/HHx(y)(fax)||L1(Q)§0(x/a)|1/f/(t/“2)|dtdx' (11.71)

The inequality follows from an elementary estimate F,(r) < a|r| valid for all r € R
and a > 0. Changing variables 7 := 7 /a® and x := x /a we conclude, using (11.57),
that L(a) — 0, as a — 400.

The second term on the left-hand side of (11.70) can be written as being equal to

Ly(a) = %/H(|vxx<y)(t,x)|2ha(t,x))thdx

+%/(|vxx(y>(t,x)|2[f;(x<y>(z,x))—1]hu(t,x))erdx
H

1

+ 2q3+d

/H(VX[FH (X", 0))] - Vaox/ary (t/a%))gdrdx.

(11.72)
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The first term on the right-hand side equals (1/2)||V X(V)H%Q. Denote the second
and third terms appearing on the right-hand side of (11.72) by Ly1(a) and Ly>(a)
respectively. Let K > 0 be arbitrary. Since | f,(r) — 1| = 1[|r| > a] we can estimate
[L21(a)| by

%\/<‘Vxx(y)(t’x)|2ha(t7x)7 X(y)(t,x)’ Za>thdx
H

2
K / (ha(t,2), [Vax V0,00 = K. [x P (1,2)] > a)drdx
2 Ju

1 2
+§(|VX(V)| VX = K (11.73)

We have used the convention of writing (F', A)q instead of (F'14)q for any random
variable F and event A. The first term on the right-hand side of (11.73) can be
estimated by

K2
ZfHIIX(V)(t,x)HLI(Q)ha(t,x)dtdx

K2
= [ ) |y gt v

which vanishes, as a — +o00, by virtue of (11.57). We obtain therefore
1 2
; ) (
II:Tiup|L2l(a)‘ =SV Vx| = kg

for an arbitrary K > 0. This leads to the conclusion that

lim L (a) =0. (11.74)
a——+00

As for |Lys(a)|, integrating by parts we conclude that it equals

JF e o) v (a7 drax

2a4+d

1
< 5z [ 170 g o /el (¢/a?)dras

1
~2a /]HI ”X(y)(azt’ ax) ||L1(Q)|Axfp(x)|lﬁ(t)dtdx

and

lim Ly (a)=0, (11.75)
a—>—+o0

by virtue of (11.57).
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We consider now L3(a). For any K > 0 denote B := bVX(V), BX .= B1[|B| >
K] and Bk := B1[|B| < K]. Thanks to anti-symmetry of b the absolute value of
L3(a) equals

1
q3+d

/H(B 0T - Vip(x/a) fa(x V1, )) ¥ (t/a%)) gd1dx

1
T g3+d

JLBS o0t/ £ 10 (007

+

fH (Bk s - Vag (/@) fu(x 7 (1, 0) ¥ (t/a?) )yt dx

q3+d

Denote by L31(a) and L3> (a) the first and the second terms appearing on the right-
hand side, respectively. We have

K
Ly(@) = — /H %@t ax) | 1 gy | Vxp ) [ (Ddidx.

Applying (11.57) we deduce that the right-hand side of the above estimate vanishes,
as a — +00. On the other hand, since a ! | fa(r)| <1 we have

1
L3(@) = —5 H<|BK o Tr.x|)g| Vao(x/@)| ¥ (t/a®)dtdx
and, by the ergodic theorem,
limsup L3(a) < [B5] 11 I Va0l ey-

This expression can be made as small as we wish, provided that K is chosen suffi-
ciently large. We have shown therefore that

lim L3(a)=0. (11.76)

a—+00

An analogous argument to the one used to deal with L>(a) can be applied to show
that the limit of the right-hand side of (11.70) equals — (b, Vx *"))q. Summarizing,
we have shown that

%||VX<V>||fQ=—(b,,,vX<W)Q (11.77)

for all y € [0, 1]. This, of course, implies that x = x.. The set of J#{-weak limit
points of x, is therefore a singleton and in consequence x = limy_.o+ X exists
weakly in 7] . In addition, using (11.39) we deduce the reverse inequality to (11.69).
Thus we have shown the energy identity and therefore concluded the proof of The-
orem 11.4.
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11.7 Proofs of the Technical Results
11.7.1 Proof of Proposition 11.6

Let b be the stream matrix corresponding to V given by (11.10). For an arbitrary
positive integer n and probability density ¢ € C2° (RY*1) define

b(()")(a)) = pdtl / ¢ (nt, nx)b(t; yw)dtdx.
Rd+1

Let m > d/2 + 1 be as in the statement of the proposition. One can easily verify
that the entries of b(()") belong to C®°(£2) N H%"*1(£2) and sequence {VO(") =V.
b(()n), n > 1} satisfies the conclusion of part (i) of the proposition. As far as (ii) is
concerned, we can deduce that

T
- = (n) - 2 _
nETooUO Vi @, )= v, )| W?(BR)dt>Q =0. (11.78)
The entries of b(()”) need not have deterministically bounded derivatives. However,
we can approximate them further by anti-symmetric, random matrices 5™ whose
entries belong to C;°(§2). Suppose that lim,,, 4 ||b(()") —b™ || o.m+1 = 0. In par-
ticular, V™ = Vv - ™ gatisfies then part (i). Note that for any 7, R > 0

T
TP A O YRR
([ 175700 = 90 ),
= ”b(()n) —b™ ||?{O,m+l |BR|T — 0+,

as n — +o00. Since m > d /2 + 1 by the Sobolev embedding we conclude the con-
vergence in (11.25) in the L'(Q) sense. Choosing an appropriate subsequence we
can also deduce the almost sure convergence part of the statement (ii). 0

11.7.2 Proof of Proposition 11.7

For a given (w, ¢) € £2 x ¥ and R > 0 let r,;‘fR (), T3 (¢) be the respective exit times
of X, (¢) and X”(¢) from the ball Bg. We shall suppress writing the arguments
corresponding to the environment and path of the underlying Brownian motion, i.e.
 and ¢, when they are obvious from the context. Let 0, g := Tr A 7, . The claim
of the proposition follows if we show that

RliIJIrl 18(¢) =+00, QQ®Pas.in (w,?). (11.79)

Since V™ =V . p™  for some anti-symmetric, C 2 smooth and bounded random

matrix 5, the process V ™z, X2, () w) =V (1, xo () is stationary over the
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probability space corresponding to Q ® PP, see Proposition 9.25. From the stochastic
differential equation defining X; , we deduce that

(E]p sup |Xt,,,|2> §2<T2||V(”)||é+Ep sup |wt|2), VT > 0.
1€[0,T] Q 1€[0,T]

Hence, there exists Cy > 0 such that

*

C
(Plta,r < T])Q < VR > 0. (11.80)

Let 6, r(t) :=1t A 0o r. From (11.18) we obtain that for ¢ € [0, T']
&I‘l,R(t) - ~
Xouwton =Kol = [ 1706 Xen) = Vs, Xo)lds
0

&I‘l,R(t) - -
< / 705, Xy ) — V (s, Xo)|ds
0

&n.R(t) - -
+/ V(5. Xo) — V(s. X,)|ds
0

T
< [ 17060 = V6 g ds
&n,R(t)

+ L(T, R)/ |Xs,n — X;lds,
0

where L(T, R; w) is the Lipschitz constant in the x variable of V(t,x; w) on
[0, T] x Bg. A simple application of Gronwall’s inequality and part (ii) of Proposi-
tion 11.6 yields that

lim  sup |X5,0),0n — X5,10| =0, VT >0,Q®@Pas. (11.81)
n4)+OO[E[O‘T]

From (11.81) we conclude in particular that for (w, ¢) such that 75 (¢) < T there
exists ng := no(w, ¢) for which 7, _,(¢) < T for all n > ng. Hence,

Lo,y (tg) <liminfljo 7)(ts r—1), Q®Pas.
n——+00

By Fatou’s lemma we get that

o (11.80)  C,
QaP[rrg <T]= }llgl_il_lg@ Pty r—1 <T] =< m (11.82)

for all R > 1. Since 7g is monotonically increasing in R from (11.82) we conclude
(11.79). 0
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11.7.3 Proof of Proposition 11.8

Denote by D the event consisting of those (w, ¢) for which (11.26) does not hold.
Choose an arbitrary ¢ > 0. According to (11.82) for a given T > 0 one can find a
sufficiently large R > 0 such that Q ® P[tg < T] < . From (11.81) we conclude
that there exists a Q ® PP null measure event N such that liminf,_, yoo Ty, r+1 > T
on [tg > T]\ N. Using again (11.81) we deduce that the latter event is included
in D¢. This in turn implies Q ® P[D] < ¢. Since ¢ has been arbitrarily chosen the
conclusion of the proposition follows. g

11.7.4 Proof of Proposition 11.9

Let A be a set of Lebesgue measure 0. Suppose that ¢ : RY — [0,1] is a C®
smooth function equal 1 on the ball By and 0 outside of B4 . Let Y[‘f’k be the so-
lution of (11.18) with the drift replaced by ¢ (x)V(t, Xx; w) and satisfying Y;:’k =x.
We have Y/, = X ;¢ for 1 € [0, T{]. Since for a given w the drift of Y, is bounded

and of C' class we conclude that P[Y”, € A] =0 for each k, see Theorem 5.4 of
Friedman (1975). We can write therefore

P[X;]"” e A] < JioIP’[XS’x"” €A r<t’]< JiOIP’[Y‘“ €A]=0
t — t b=k — l,k -
k=1 k=1

Suppose now that A C R is of positive Lebesgue measure my[A]. Let k be so large
that my[A N Bi] > 0 and

IP[ sup |x + wyl >k] <1/2P[x + w, € AN By).

uels,t]
‘We write then

P;’,(x,A)zP[Y,,keAmBk, sup |Yul sk]. (11.83)

u€els,t]
By the Girsanov theorem (see e.g. Theorem 8.6.4 of @Bksendal 2003) to show strict
positivity of the right-hand side it suffices only to prove that

]P’[x+w;€AﬂBk, sup |x+w,,|§k]>0.

uels,t]

The latter expression can be estimated from below by

]P’[x—}—w,eAﬂBk]—IP’[ sup |x+wu|>k]

u€(s,t]

> —Plx +w; € AN B] > 0. O

0| =
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11.7.5 Ergodic Theorem

We assume that the group {7y, x € R?} acts on (£2, .%, Q) and satisfies the assump-
tions made in Sect. 9.3.1. For an arbitrary function ¢ : R — R and & > 0 we let
¢ (x) :=e%p(ex). When ¢ € L' (RY) and f € L'(Q) the quantity

Acfio)i= [ Fmopds
is called an ergodic average.

Theorem 11.18 Under the assumptions made above we have

lim A, (f; ¢) = (f)@/ ¢ (x)dx (11.84)
e—0+ R4

in the L' (Q) sense. If ¢ is compactly supported and belongs to L™ (R?) then the
convergence in (11.84) holds also Q a.s.

Proof Suppose first that Ay, ..., Ay > 0 and ¢ (x) is the indicator function of the
box [0, A1] x --- x [0, A4]. The result is then a consequence of the multidimen-
sional version of the ergodic theorem, see e.g. Krengel (1985), Theorem 3.5, p. 215.
In fact the theorem asserts only a.s. convergence of A.(f; ¢) but, since one can
check easily that the family A (f; ¢) is uniformly integrable for ¢ € (0, 1], the L!
convergence can be straightforwardly deduced. This can be generalized to ¢ being
an indicator function of an arbitrary box [A1, B1] X --- X [Ag4, Bg4], where A; < B;,
i =1,...,d by shifting the box [0, A|] x --- x [0, Ag]. Equality (11.84) can then
be generalized to ¢ that is a finite linear combination of indicator functions of dis-
joint intervals. We call such a ¢ a step function. An arbitrary ¢ € L'(R%) can be
approximated in the L' sense by step functions and the assertion of the lemma can
be extended to such functions as well. To show the a.s. convergence statement it
suffices only to observe that any function satisfying the assumptions of the theorem
can be uniformly approximated by a finite linear combination of the indicators of
(disjoint) boxes. O

Theorem 11.84 can be extended to space-time, ergodic groups {7, (t,x) €

R1+d}, see Sect. 9.9.1. For an arbitrary function ¢ € LYR"Y and ¢ > 0 we let
¢e(t,x) = £d+2¢(82t, ex) and consider the averages defined by

Aioy= [ | fsobndids.
Rl+d
Theorem 11.19 Under the assumptions made above we have
lim Ag(f;¢)=<f)Q/ ¢ (t, x)drdx (11.85)
e—>0+ RI1+d

in the L' (Q) sense.
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Proof We only need to consider the case when ¢ (x) is the indicator function of the
box [0 := [0, Ag] x --- x [0, Ag] with Ag, ..., Ag > 0. The remaining part of the
argument then follows the proof of Theorem 11.18. Denote by [1®) := [0, Ag/e?] x
[0, A1/e] x --- x [0, Az /€] and by e~ 10:=10, Ap/e]l x -+ x [0, Ag/€e]. We have

le™"]
0® = J Ot u ..
k=1

where D’g =kAo/e + e~ '0 and %, := [[E_I]Ao/é‘, Ao/az] x [0,A1/e] x -+ X
[0, Ag/¢e]. Using Theorem 11.18 for any p > 0 we can find &g > O sufficiently small
so that for all € € (0, g9) we have

<

Here vol([J) is the volume of the box. Due to the shift invariance of Q the above
inequality stays in force when the integration over ¢ ~![J is replaced by the one over
(X This, in turn implies that

<

Letting ¢ — 0+ we conclude therefore that (11.85) holds for the indicator function
of the box. O

8d+1/ f(t, x)dtdx —vol(D)<f>Q‘> =P
e~10 Q

g2td f(t, x)dtdx — vol(O){ f>@‘>

O Q

<p+ 52+d<|f|)Q vol(%e) + (1 — e[e™']) vol(D).

11.8 Comments and References

The passive tracer model, described by (11.1), is quite often used e.g. in hydrology,
meteorological sciences and oceanography to describe a turbulent transport phe-
nomenon. A good source of information on the physical motivations for this model
can be found in Csanady (1973), see also Frisch (1995); Monin and Yaglom (2007).

The proof of homogenization for diffusions with divergence free drifts that pos-
sess a deterministically bounded stream matrix has been given in Osada (1983).
The result holds almost surely in the realization of the coefficients, the so-called
quenched central limit theorem. The approach used there differs somewhat from the
one taken in Sect. 11.2. Osada has applied Aronson—-Moser—Nash bounds for tran-
sition probability densities to prove that the supremum norms of the corrector field
grow sublinearly. This fact permits to show that the term ¢~ /2 R,, appearing in the
martingale decomposition (9.52), converges to 0 almost surely in the environment,
which in turn allows for the quenched formulation of the central limit theorem, i.e.
almost surely with respect to the realization of the drift.
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A central limit theorem for diffusions with divergence free drift, in the case
when the stream matrix is unbounded but square integrable, has been shown in
Oelschliger (1988). A weak version of the homogenization result for the initial-
boundary value problem for the related Kolmogorov equation has been obtained, by
an application of the compensated compactness method, in Avellaneda and Majda
(1991) for drifts having L? integrable stream matrix when d > 3. When d = 2 the
requirement is that the stream matrix is L2+ integrable for some € > 0. It has been
shown in Fannjiang and Komorowski (1997) that the method of Osada (1983) can
be extended to the case of drifts whose stream matrices are L? integrable for some
p > d. Using Moser iteration technique it is possible to prove the sublinear growth
condition for the corrector field in the supremum norm. As a result one can establish
the quenched central limit theorem. In the case of isotropic, divergence free drifts
that do not have a square integrable stream matrix one can show that a central limit
theorem fails. A counterexample has been shown in Komorowski and Olla (2002).
We return to this issue in Chap. 12.

Time dependent drifts have been considered in Landim et al. (1998b). Theo-
rem 11.4 comes from Komorowski and Olla (2001) and its proof adapts the argu-
ment of Oelschldger (1988) to the situation when the drift coefficients depend on
time. A quenched version of the central limit theorem has been shown in Fannjiang
and Komorowski (1999a, 2002). It requires the L” integrability of the stream matrix
for some p > d + 2.

The problem of convection enhanced diffusions is discussed in Fannjiang and
Papanicolaou (1994). Variational principles are used there to obtain asymptotics of
the effective diffusivity of the passive tracer in the regime of vanishing molecular
diffusivity for two-dimensional cellular flows. Koralov (2004) uses Freidlin—Ventzel
theory of averaging for randomly perturbed two-dimensional Hamiltonian systems
to extend those results to a broader class of flows.
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Chapter 12
Diffusions with Gaussian Drifts

We continue our discussion of the passive tracer model introduced in Chap. 11 and
consider Eq. (11.1) under an additional assumption that the drift is a Gaussian ran-
dom field, i.e. all its finite dimensional marginals have normal distributions. Due
to the fact that the invariant measure of the associated environment process is also
Gaussian, we are able to obtain more detailed information on the behavior of the
tracer. A key observation is that the generator of the environment process satisfies
the graded sector condition introduced in Sect. 2.7.4 with respect to the decomposi-
tion of the corresponding L? space into the orthogonal sum of subspaces of Hermite
polynomials of a given degree. Using this approach we first re-prove (see Sect. 12.4)
the central limit theorem for diffusions whose drift has a finite Péclet number. Then,
in Sect. 12.6 we apply the variational principles derived in Chap. 4 to prove that the
result is in some sense optimal for steady (i.e. time independent) fields. Namely, we
show that the motion of a tracer in an isotropic flow with an infinite Péclet number
is superdiffusive.

In the second part of the chapter (Sects. 12.7-12.15) we turn our attention to the
case when the drift is a time dependent, Markovian field. We have already seen that
the tracer satisfies the central limit theorem, provided that the Péclet number of the
flow is finite, see Theorem 11.4. On the other hand, when the decorrelation in time
of the field is uniform on all spatial scales the generator of the environment process
satisfies the spectral gap estimate and the central limit theorem holds regardless of
whether the Péclet number is finite or not. In fact, this result can be significantly
strengthened by allowing the rate of temporal decorrelation to depend also on spa-
tial scales. In Theorem 12.13 we formulate a sufficient condition for the validity of
the central limit theorem. The result remains valid also in the situation when the
molecular diffusion is absent in (11.1) (the case of motions in a random flow). Fur-
thermore, we show that the hypotheses for the central limit theorem are optimal in
case of isotropic flows, see Theorem 12.26.

T. Komorowski et al., Fluctuations in Markov Processes, 375
Grundlehren der mathematischen Wissenschaften 345,
DOI 10.1007/978-3-642-29880-6_12, © Springer-Verlag Berlin Heidelberg 2012
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12.1 Stationary Gaussian Fields

For our purposes it will be convenient to work with §2 defined as the space of all
C? continuous, vector fields equipped with the standard Fréchet metric. Let .% be
its Borel o -algebra and Q be a Borel probability measure that is invariant under the
group of shifts defined by t, @ (-) :=w(x + -) for all (x, w) € R? x 2.

Define V(x; ) := V(tyw), where a random vector V = (V1, ..., Vy): 2 —> R4
is given by

V(w):=w(0) forwe . (12.1)

We assume that for any N >1and x{,...,xy € R9 the Nd-dimensional random
vector (V(x1),..., V(xy)) is a centered Gaussian over (§2, %, Q). The entries of
its covariance matrix R(x) = [R;;(x)], given by

Rij() =(Vi)V;O)g, ivj=1.....d,

belong then to Cl‘j (R?) and the measure Q is ergodic with respect to the group of
spatial shifts. A sufficient and necessary condition for the latter to hold is that the
corresponding spectral measure has no atoms, see Example 6.2, p. 163 of Rozanov
(1967). Since the field is stationary and Gaussian with sufficiently regular realiza-
tions, according to the results of Sect. 12.5.1 there exists a random variable K (w)
possessing all moments, such that

Vs o)+ [ViVi )| < K@) (1+1x]), VreR?, Qas.inweR. (12.2)

12.2 Hermite Polynomials and Graded Structure of L*(Q)

Denote by 7 the linear space consisting of all random variables of the form
d
‘7, = |72 i(x)dx,
(7.9) ;/Rd ()1 ()

where ¢ = (¢1, ..., ¢q) and ¢; € Cfo(Rd),i =1,...,d.Forany n > 0let ¥, be the
space of n-th degree polynomials defined as the L>-closure of the set %(0) consisting
of random variables of the form f = p(gi1, ..., gm), Whereg; € ¥, i =1,...,mand
p(x1,...,Xxy) is a polynomial in m variables of degree at most n. Let <) := %,
and 7, =9, © ¥,_ for an arbitrary n > 1, i.e. <7, is the orthogonal complement
of ¢4,_1 to ¥,. Elements of <7, are called n-th degree Hermite polynomials. By
G :=U,>0% we denote the space of elements of a finite degree. According to
Theorem 2.2.6, p. 18 of Janson (1997) we have

L*(Q =D 7.

n>0
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Let 17, be the orthogonal projection of L%(Q) onto <7, and

Tof:=fot,, VfeL*Q), xR’

Proposition 12.1 Spatial shifts commute with projections, i.e. for any n > 0
m,T, =T,0,, VxeR" (12.3)
Proof Since Ty (%,) =%, and T, is an unitary isomorphism we have
T () =T (Gp) © T (Gn—-1) =9 © Y1 = .
Equality (12.3) then follows. O
As a direct corollary from the above proposition we deduce.

Corollary 12.2 For any n > 0 we have IT,(H'(£2)) ¢ H'(£2) and

1,V =vI,, onH(Q).

12.3 Environment Process and Its Properties

Consider the solution of the stochastic differential equation

d)x(;;"" = V(X w)dt +dwy, (12.4)
X, =x,
where V : R? x 2 — R? is a random vector field defined in Sect. 12.1 and
{w;,t > 0} is a standard d-dimensional Brownian motion given over another prob-
ability space (X, &7, P). Since the coefficients of (12.4) grow at most linearly the
stochastic differential equation has a unique global solution satisfying X(‘{x =ux,
see e.g. Theorem 1.1, p. 98 of Friedman (1975). A Markovian environment process
{n:, t > 0} can be defined therefore in the same way as in Sect. 11.6.3. Measure Q is
invariant and ergodic under its transition probability semigroup { Py, ¢ > 0}, which
can be extended to a strongly continuous semigroup of contractions on L%(Q). Be-
cause the coefficients of the diffusion are unbounded Proposition 9.8 cannot be di-
rectly applied to identify a core of its generator. To find a core we use Theorem 12.3,
proved below. Before stating the result define the Banach space Wg (£2) for a given
p €[1, +00) and an integer m > 0. It consists of those g € L?(Q), for which

gl = 37 107817, q) < +oo.

lee]<m

Here o = (ay, ..., og) is a non-negative integer valued multi-index, |«| = Zle o
and D%g := D% ... D% g.1In case m =0 we identify WIQ(.Q) with L?(Q).
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Let
Go=[| Wp(82). (12.5)

p=1

Elements of <7, ® := ., N %y are called regular n-th degree Hermite polynomials.
Likewise we introduce ¢, and ¢"°¢ the spaces of at most n-th degree and finite
degree regular polynomials respectively.

Theorem 12.3 The domains of both the generator L and its adjoint L* contain 6.
In addition, for any g € 6o we have

Lg=Sg + Ag, (12.6)
and
L*g=Sg— Ag, (12.7)

where S and A are the symmetric and anti-symmetric parts of L given by
1
Sg:= EAg and Ag:=V-Vg. (12.8)
The set € := 4" is a common core of both L and L*.

We postpone the presentation of the proof until Sect. 12.5.2, where we also
demonstrate the following.

Proposition 12.4 Operator S is essentially self-adjoint and € is its core.

Having introduced the symmetric part of the generator we can define the spaces
A and 7| as in Chap. 2.

Below, we formulate some of the properties of Hermite polynomials that are
crucial for the application of the results of Sect. 2.7.4.
Proposition 12.5

@)
,(60) = o, ¥n =0,

(i) 4 coincides with H'(2) and

1
11} =05y VF €74, (12.9)

(iii)
(%) C o1 © 5 ® 1, (12.10)
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and
L:D(L)Ny — oty | ® Ay ® Ay, Yn>1. (12.11)

An analogous result holds also for L*,
@iv) there exists C > 0 such that

ILM, f — My Lflg < C¥/nl flli, Vfe€,n=0, (12.12)

(v) for each n > 0 we have IT,(D(L)) = D(L) N <, and
(vi) IT,AIl, =00n%.

Proof (i) Thanks to (12.3) and the fact that 7, is bounded on L?”(Q) for any
p € [1,+00), see Theorem 2.5.14, p. 63 of Janson (1997), we conclude that
IT,(6y) C ). This in particular implies that IT, (%) C 7, ¢. The opposite inclu-
sion is obvious, due to the trivial equality IT, (<7, ®) = 7, *.

(ii) Note that % is contained in both .74 and H'(£2). Equality (12.9) holds by
a simple integration by parts and the first formula of (12.8). The equality of .74
and H'(£2) follows from the fact that % is dense both in .7 (as a core of L) and
H'(£2), see Proposition 9.3.

(iii) Suppose that f € o7, and g is orthogonal to <7, | ® 7, & /4. From
(12.8) we have (Sf, g)gp = 0. We show that also

(Af, 8)o=0. (12.13)

This would conclude the proof of (12.10).
Note that fori =1,...,d and m <n — 2, where n > 2, we have V;I1,,g € 4,
so (f, ViIT,g)g = 0. On the other hand, V; f € 4,1 when m > n + 2 hence also

(f Villug)g = (Vi f. Tug)g = 0.

In this way we have shown that V;g L ,. Thus, (12.13) follows from the second
formula of (12.8). The result for the adjoint operator can be proved in the same way.

To demonstrate (12.11) suppose that f € D(L) N «7,. It suffices only to prove
that for any g € ¢ orthogonal to <7, 1 & <7, @® </,41 we have

(Lf,&)@=0. (12.14)

From the already proven formula (12.10) for L* we conclude that L*g 1 .o7,, which
in turn implies (12.14).
(iv) The argument from the proof of part (iii) shows that

,All,,g =0, Vge¥,

when |m — n| > 2. From Corollary 12.2 we conclude also that IT,S = SIT,, on % .
As a result we obtain
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LI, f — I, Lf = All, f — [T, Af
=All, f — 1, ATy f — 1, AIl, f — [T, ATy f.

Hence the left-hand side of (12.12) can be estimated by
AT, -1 fllQ + 21 AT, fllo + |AITh41 fll- (12.15)

Each term in (12.15) can be estimated in the same fashion, so we deal only with the
first one. Using (12.8) and Holder inequality we can write that

IAMT, -1 fllQ = IVl Ln @ IV ITn—1 f 1l L2010 (- (12.16)

Using Theorem 5.10, p. 62 of Janson (1997) we obtain that

n+1\"?
gl z20/0-1) () = (m) lgllo, Vg€ %.

From Stirling’s formula we get ||Vl 2 q) ~ J/n. Thus, the right-hand side of
(12.16) can be estimated by

n+1 n/2
Cn”z(nj) IVIT, -1 f g

for some constant C independent of n. Thus estimate (12.12) follows.

(v) It suffices only to prove that IT, f € D(L) for any f € D(L). Suppose that
{gm,m > 1} C € is such that (g,,, Lg,) tends to (f, Lf), as m — +0o0, in the
epigraph norm. Therefore g,, converges to f in J#. Using (12.12) we conclude
that LI1,g,,, as m — +00, is convergent in LZ(Q) for each n. Since L is closed
and I1,g, — II, f in LZ(Q) we deduce that IT, f € D(L) and LI1,g,, — LI, f
in L2(Q), as m — +00.

(vi) It suffices only to show that

Vif Lo, (12.17)
foreachi=1,...,d,n>0and f € «,. Let us introduce some terminology. Sup-
pose that g; € ¥/, where j =1,..., N. A monomial of degree N is a random vari-

able of the form ]_[lNzl gi. Since V is of zero mean we have

N
<]_[g,-> =0 (12.18)
i=1 Q

when N is odd. Suppose that n = 2m for some integer m > 0. According to The-

orem 3.4, p. 24 of Janson (1997) for any f € %,,(O) the projection IT, f is a sum of
monomials of degree 2k, where k =0, ..., m. Likewise, when n = 2m + 1 for some
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integer m > 0 polynomial I7, f is a sum of monomials of degree 2k + 1, where
k=0,...,m. This, together with (12.18) implies that

(Vill, f, T,8)0 =0, VYf ge¥4?. (12.19)

By a standard density argument we can extend (12.19) to all f, g € 4,. Thus (12.17)
follows. O

Following the notation of Sect. 2.7.4 we introduce

Lo=) M,LM,,  Li=) Iz L,

n=0 n>0

defined on D(L). In fact ¢ is a common core for the above operators and on this set
we can write Ly = So + Bg, where So = §. It is obvious that Sy satisfies condition
(2.40). According to part (vi) of Proposition 12.5, we have

By = ZH,,AHn =0.

n>0

12.4 Central Limit Theorem
The main result of this section is contained in the following.

Theorem 12.6 Suppose that condition (11.9) holds. Then, { X} //t,t > 0} satisfies
a central limit theorem, in probability with respect to the environment.

Proof Using estimate (11.41) we conclude that V, € % foreach p=1,...,d.
Furthermore we apply the decomposition (9.46) to represent the trajectory as a mar-
tingale (with ¢ the d x d identity matrix) and an additive functional of the envi-
ronment process. Since in this case S = Sy the proof of the central limit theorem
reduces to the verification of conditions of Theorem 2.23.

Part (i) of Proposition 12.5 implies condition (2.39), while part (vi) implies that
(2.40) and (2.50) hold trivially. Since the components of V belong to @7} N .77 | itis
also trivial to verify that ||V;|lx,—1 < oo foreach j =1,...,d and an arbitrary k >
1. Finally, we show that (2.45) is satisfied with 8 = 1/2. Indeed, a simple calculation
shows that

d
1
Lf= Z Dk[<§5k,1+bkz)le], fev, (12.20)

k=1

with by, given by (11.10). Suppose that f € .7, . Note that

1L+ fll-1 = sup[[(Lf. &)a| : g € 7,5 gl = 1]. (12.21)
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Using (12.20) we can write that the right-hand side of (12.21) equals

sup[|(bV £, Ve)o|: g € 5 gl =1]. (12.22)

To estimate the expression in (12.22) we apply the same argument as in the proof of
part (v) of Proposition 12.5 and obtain that it is less than or equal to

16V fllaliglat@) < 1812V fll L2na—n gl a1 (2

n+1

n/2
= (nTl) 160 L2n @y 1 f N1 () € 1t 2y

To obtain the last inequality we have used the fact that

n41 n/2
Al 20/0-1 ) < (m) 7l

for any h € 7}, see Theorem 2.5.10, p. 62 of Janson (1997). Since 161l 20 ) ~ Jn,
we conclude that

IL4 fll-1 < Cv/nll flh

for some constant C > 0 independent of n. The proof of an analogous estimate for
L_ uses the same argument. Hence (2.45) follows. Since V - V = 0 the limiting
covariance matrix a = [d 4] is given by formula (11.13), i.e. for any e € R4

o (12.23)

a(e) = lel* +2 lim (A — L)'V, V,)
r—0+
where V, .=V -e. O

Finally, we formulate variational principles for the limiting covariance matrix
given by (12.23). Using Theorem 4.7 we infer the following.

Theorem 12.7 Under the assumptions of Theorem 12.6 formula (11.15) holds, pro-
vided that € is chosen as the space of test functions.

12.5 Proofs of Technical Results

12.5.1 Proof of Estimate (12.2)

Suppose that
(W)= (W (x), ..., Wa(x)), x e RY}

is an R?-valued, centered Gaussian field over the probability space (£2,.7, Q). By
a d-ball centered at xp and of radius p > 0 we mean the respective ball in the pseu-
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dometric
~ ~ 2\1/2
d(x1, x2) = ([W ) = W) )y, x1,x0 R

For a given ¢ > 0 let N(¢) be the minimal number of d-balls with radius & >
0 needed to cover R?. Let also X(W) := Sup, cgd tr R(x, x), where R(x,y) =
[Rij(x,y)], i, j=1,..., d—the covariance matrix of the field—is given by

Rij(x,y) = (W,‘(X)Wj(y»(@-

The following estimate of the tail probabilities for the supremum of a Gaussian field
can be found in Adler (1990), see Theorem 5.4, p. 121.

Theorem 12.8 Suppose that

1
N(e) < C—exp{—Cle_l/(H'CZ)}, Ve € (0,1] (12.24)
1

for some positive constants C1, C. Then, there exist constants C, A > 0 depending
only on Cy, Ca such that

~ 22
Q(sup W) zA)SCexp{—7~ } V> A.
xeRd’ | 8 (W)

As a consequence of the above theorem we obtain an estimate on the growth of
a stationary Gaussian field. Let V (x) be the field as considered in Sect. 12.1 and let

WO (x: ) 1= <V(x; ©) ViV (x: a)))l
|x| +n x| +n
Define a sequence of events as follows: K¢ := @ and

K, = [w: sup [ W™ (x; )| < 1]7 Vn=1. (12.25)

xeRd

A straightforward calculation implies that the entropy function N,(g) of W (x)
can be estimated by Ce~¢ for some C independent of both n and &. Both here and
in what follows C stands for a generic positive constant independent of n. Since
Z‘(VT/(")) < Cn~? Theorem 12.8 implies that for some C > 0 we have

Q(K:) < Cexp{—n*/C}, Vn=1. (12.26)
For any n > 1 we let

n—1
K(w):=n, on K,,\( U Km).

m=0

This random variable clearly satisfies (12.2).
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12.5.2 Proofs of Theorem 12.3 and Proposition 12.4

We start with the following.
Lemma 12.9 %y C D(L) is a core of L. In addition, formula (12.6) holds on 6.

Proof Obviously % is dense in L?(Q) so it remains only to show that
%o C D(L) (12.27)

and
P, (%p) C 6y forallt > 0. (12.28)

The argument from Sect. 9.4 can be applied to show that C}%(.Q) is contained in
D(L) and that formula (12.6) holds for any g in C,f(.Q).

Suppose that g € ¥ and p > 2. One can find a sequence {g,,n > 1} C C,f(.Q)
such that lim,,_, {  ||g — gn”Wg = 0. This in particular implies that (g,, Lg,) —
(g, h) in the epigraph norm, with 4 given by the right-hand side of (12.6). Since L
is closed, from the above we conclude that g belongs to D(L) and & = Lg. This
ends the proof of (12.27).

To verify (12.28) we prove that for every fixed p > p’ > 2 andt >0

P(Wy(2)) CWh(2), Vk=1. (12.29)
For f € W; (£2) and h € R we can write
P f(thw) = E[[If(TXfuua)). (12.30)
Here, as we recall, the expectation Ep corresponds to the probability measure cor-
responding to the Brownian motion appearing in (12.4).

Differentiating both sides of (12.30) with respect to £ at O in the LP" norm we
obtain

VP f(w)=Ep[JiV f()], (12.31)
where J; = [J,U], i,j=1,...,d,is the Jacobian matrix given by
Jtij = 3i\h=oxth’j.

The partial above is understood in the L7 sense, with 1/p’ = 1/p + 1/q. It satisfies
the equation

t
Jt:I—}—/ JsVV (ns)ds, (12.32)
0
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where [ is the d x d identity matrix and VV =[D;V;], i, j =1,...,d. To justify
the equality in (12.31) it suffices only to prove that

<E1p>|],|‘1)Q <+o00 forallg > 1. (12.33)

Formula (12.29) would follow then for k = 1. Its generalization to an arbitrary k > 1
can be easily done by induction.
Forafixed T,A > 0and n > 1 let

L, := [ sup |ws| fn].
0<s<T

By the standard estimate of the first passage time for a Brownian motion we have
P(LS) <C exp{—n?/C} for some C > 0. We maintain the convention of denot-
ing by C a generic, deterministic, positive constant that is independent of n. From
(12.26) there exists C such that

Q(K{) < Cexp{-n*/C}, Vn=>1.

Let x; := supy<,<, | Xs|. From (12.4) we obtain that

t
x,gCl(/ xxds+n>, onlL, x K,.
0

Hence, x7 < C1ne€1T on L, x K, and in consequence then

sup |[VV(n)| <xr+n<Cin. (12.34)
t€l0,T]

From (12.32), (12.34) and Gronwall’s inequality we obtain that we have
|J;] <eC", Viel0,T], onL,xK,.
We have shown therefore that

IE”®Q[ sup |J,|>eC1”T]§Ce*"2/C, Va1
tel0,T]

for some C, C; > 0. Hence, in particular (12.33) follows. O

Suppose that {)A( .t > 0} is the solution of (12.4) with V (x; w) replaced by
—V(x ). We denote by 7, P, the environment L process and its respective transi-
tion semigroup that correspond to X ¥ Note that P, = P/*. This follows from Propo-
sition 9.9 in case the corresponding stream matrix is bounded (cf. (11.12)). Such a
result can be generalized to the situation when the stream function is Gaussian via
an approximation argument. Namely, V can be approximated by V s that are in-
compressible and whose corresponding stream matrices belong to C;°(£2) similarly
as in the proof of Proposition 11.6. Minor modification in the argument consists in
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replacing the Sobolev embedding of W3"(Bg) into C é (Bg) form > d /2 + 1 by the
respective embedding of W%(BR) into C [1 (BR) for p > d.

Summarizing, we have shown so far that 6 is a common core for both L and L*
and formula (12.6) holds. We demonstrate now that S, defined on %p by (12.8), is
essentially self-adjoint. Note that the operator coincides on this set with the gener-
ator of the heat semigroup “lifted” to L?(Q), i.e. a strongly continuous semigroup
given by

Rif(@) = /R 4O @y, feLP@, 1>0

where g;(y) is the heat kernel, see (11.38). For each k > 1 the set W}’,f (£2) is invariant
under the action of the semigroup, thus it is a core of its generator. For the same
reason the above also holds %) and € (density of the latter set in L7 (Q) follows
from Theorem 3.51, p. 40 of Janson 1997). Using this observation in the particular
case when p =2 we conclude that the closure of § is self-adjoint (as the generator
of a semigroup of self-adjoint operators) and % is its core. This ends the proof of
Proposition 12.4.
To finish the proof of Theorem 12.3 we show the following.

Proposition 12.10 For any f € 6y there exists a sequence { f,,, n > 1} contained in
% converging to f in the graph norm of the operator L. An analogous statement
holds for its adjoint L*.

Proof Let p > 2. From the definition of % we conclude that f € W[% (£2). Since ¢
is a core of S in any L? (Q) there exists a sequence { f,;, n > 1} contained in % such
that f, - f and Sf, — Sf in LP(Q), as n — +o00. We claim, see (12.36) below,
that the above implies that

fo— f inWy(2), asn— +oo. (12.35)

Having established this fact we obtain, using already proven formula (12.6), that in
particular Lf,, — Lf in L?(Q), as n — +00, which ends the proof of the proposi-
tion.

What remains to be seen is the proof of (12.35). Let fn(x; w) ‘= fu(tyw) and
f (x; w) := f(7xw). Invoking, from the theory of the elliptic partial differential
equations, classical interior a priori L?-estimates, see e.g. (9.36), p. 235 of Gilbarg
and Trudinger (1983), we can write, using the notation introduced in (11.24),

” fn('; w) — fN(’ w) ||€V;(B1/2)

<Cpl|fn ) = F o) ”iP(Bl) +[AfGi0) = A @) Hip(Bl)]
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for some constant C, independent of n and w. Averaging over @ we conclude that
Lo = £y < Collfa = FIE iy + ISFa = SFILpgy). (1236)

which clearly implies (12.35). g

12.6 Superdiffusive Transport in a Flow with Infinite Péclet
Number

In this section we consider the passive tracer model with a stationary, isotropic
Gaussian drift whose energy spectrum density behaves as a power function in some
neighborhood of 0. Theorem 12.6 implies then that for the flows whose Péclet num-
ber is finite the tracer satisfies the central limit theorem. On the other hand, Theo-
rem 12.11 shows that the result is no longer true for a flow with the infinite Péclet
number and the motion of a tracer in this case is superdiffusive.

12.6.1 Homogeneous, Isotropic Gaussian Flows

Let V (x) be a stationary Gaussian field introduced in Sect. 12.1. Its spectral resolu-
tion can be written in the form

V(x; ) =/ e EV(dE; w), (12.37)
Rd

where V = (\71, .. Vd) is a C4- valued, stochastic Borel measure over R?. Since
the field is real vector valued we have V( A) = V*(A) for all Borel sets A. The
spectral measure of the field R dé) = [Rl j(d&)] is defined by the relation

(Vi(d&)V;(d&'))q = 8(& + &) Rij(d&)dg’ (12.38)

and its Fourier transform is the covariance matrix of the field R(x) = [R;;(x)],
where

Rij(x)=/ R dE), i j=1,....d.
R4
We assume furthermore that the spectral measure has a density R;i i(dE) =
Iéij(é)dé,where
Rij &) = p(1E) T3 (), (12.39)

with p(-) non-negative and

I () := 8 — &g 18172
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The presence of this factor guarantees that the realizations of the field are almost
surely incompressible. We shall use a shorthand notation

Rap(E):=R(E)a b, Ra(§) := Ryq(€), Va,beC?. (12.40)

The product above is understood as a scalar product between complex vectors, i.e.

d
a-b= Zapb;,
p=1

fora = (ay,...,aq) and b = (by, ..., by). Here * denotes the complex conjugation.
To simplify further the notation we shall write R pb(E) whena=e,, p=1,...,d.

Recall that the group SO(d) (the special orthogonal group) is made of d x d
matrices g satisfying

g¢" =gTg=1 and detg=1,

where [ is the d x d identity matrix. A random field whose covariance matrix satis-
fies

R(gx) =gR(x)gT, VxeR? geSO) (12.41)

is called statistically isotropic. For a Gaussian field condition (12.41) is equiva-
lent to the invariance of its law under rotations, i.e. for any g € SO(d) the laws of
{V(x), x € R} and that of {g~! V(gx), x € R4} are identical. This statement can be
easily verified by comparing the covariance matrices of the respective fields.

A direct computation shows that any field whose spectral measure is of the form
(12.39) is statistically isotropic. It can also be proved, see e.g. Sect. 3.4 of Batchelor
(1982), that the density of the spectral measure associated with an incompressible,
isotropic random field has to be of the form (12.39).

We assume that the energy spectrum satisfies the power law in a neighborhood
of 0, i.e.

o) :=a@u?, Vu>0 (12.42)

for some @ € R and a(-) is a bounded, measurable function, continuous at O with
a(0) > 0. Its decay at infinity should guarantee a sufficient regularity of the drift,
ie.

sup(1 4+ u)* a(u) < +o0. (12.43)

u>0
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12.6.2 Flows with Infinite Péclet Numbers

Integrability of the spectral measure at O requires that « > —1. The Péclet number
of the flow, defined in (11.9), equals then

+o00
Pe=(d — l)sd/ u*2a(u)du.
0

Here sy is the surface area of SY~!—the unit sphere in R?. According to Theo-
rem 12.6 the trajectory of the tracer satisfies the central limit theorem, provided
that Pe < +o00. The latter is equivalent to the assumption that o > 1. We show
that the behavior of the tracer is superdiffusive for a € (—1, 1). More precisely, for
{X:,t =0}, given by (12.4), define

t
Vi :=sup[y20: lim fZ*V/ (E]ple|2>st=+oo]. (12.44)
1100 0

If (Ep|X;|?) ~  for > 1, i.e. the behavior of the tracer is diffusive, we should have
¥« = 0. Superdiffusivity means that (Ep|X 12y > ¢t for t > 1. This situation occurs
(at least in the Cesaro sense) when y, > 0.

Using Proposition 2.17 it is also possible to estimate (Ep|X ,|2)Q from above.
Let

y* = sup[)/ > 0: liminfr 7 (Ep| X, [?), > o]. (12.45)
1400
Directly from the above definition and (12.44) we conclude that y* > y,.

Theorem 12.11 Suppose that the density of the spectral measure of a Gaussian
field satisfies (12.39), (12.42) and (12.43) with |«| < 1. Then,

1 2 L 1
Z(l—ot) Sy« <y < 5(1—0!)- (12.46)
Proof LetY; = (Y1, ..., Yq,) be given by
t
Yy ::/ Veo(ns)ds, p=1,...,d.
0

It is obvious that (Ep|X,|?) can be replaced by (Ep|Y; 12} in the definition (12.44).
Therefore, to show (12.46) it suffices to prove that

t
. 2 _
Jim A (EpIY,|7)gds = +00 (12.47)
for any y < (1 — «)?/4 and
lim L(E 1X:*), =0 (12.48)
t—+4o0 t1+Y Pl<rl i ’

forany y > (1 —«a)/2.
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According to Proposition 4.9 in order to prove (12.47) it suffices only to show
that
(Voo 13”)g = €177 (12.49)
for some C >0, p=1,...,d and all A € (0, 1]. Here, as we recall, X}Ep) is the
solution of the resolvent equation (9.48).
To demonstrate (12.49) we use the variational principle formulated in the first
equality stated in Theorem 2.27. Test functions shall be chosen from an appropriate
space, which we define below. Let .# be the space consisting of R¢-valued func-

tions ¢ whose Fourier transform ¢ is compactly supported and bounded. On this
space we define a pseudo-norm

ol = /R Ry (€)dt. (12.50)

It becomes a pre-Hilbert norm after a usual identification of functions whose differ-
ence vanishes in the pseudo-norm. Denote by %~ the completion of % under the
above norm. For any ¢ € % we let

foi= / 9(x) - V(x)dx = / $(&) - V(d8). (12.51)
R4 R4
Using the notation introduced in (12.51) we define

d* (1) = sup[2(V,y. folo — I £, I11 5 1 ¢ € o).
where

A3 5 = A FI3 + 1A 113

Directly from the definition of d*(A) and the variational principle stated in Theo-
rem 2.27 we have

(Voo 157)g = d* (). (12.52)
0

Lemma 12.12 For an arbitrary ¢ € S*~ we have
oz [ 7ok de (1253)
R4

where

HOLE) = b(§) +2 / b + &) Re(E) e’ (12.54)

Rd
and

l.n
br (&) =2+ ZIEI%
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Proof Since the right-hand side of (12.53) does not depend on ¢, with no loss of
generality we may assume that ¢ = e,,. For f, given by (12.51) we have

(V. folo =/Rd Ry, (&) dE. (12.55)

Using (12.8) we obtain

1 N

Sfo=—3 /R Q&) -V dt),

A =i[ 06 Vides V(s
R2d

A multiple stochastic integral appearing above is defined in Sect. 12.16.1 below.
Hence,

I follT = /R RAGLIBIOLL (12.56)
and
1ASoN1% 15 = (Afp, &), (12.57)
where g is the unique solution of the equation
(O — S)g = Af,.

We look for the solutions of this equation among the elements of ¢4, of the form
d
g=2 /de oij (8, E)Vi(d§)V;(dg"), (12.58)
ij=1

where «;; are functions from C>(R%) for which the double stochastic integral in
(12.58) makes sense. After a straightforward calculation we obtain

o;j (§.€') = ib; ' (£ +&)4i(6)E).
Using (12.57) we conclude from (12.58) that
147121 = [ [Reao @Fe gien (€0 (€ =€)
+ (Roe) € Re (8) + Re g0 ) Ry ()07 (6 + )] d e
(12.59)
In the above calculation we have used the equality

4 4
< [V (dsk>> =Y Ripiy ) Ry i, (5,8 + )8 &, + &) [ | d&irs
k=1 Q k=1
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see Sect. 12.16.1, where the summation extends over all pairings formed over the
elements of the set {1, 2, 3, 4}. Since 1%5,@(5) (&) =0 the first term on the right-hand
side of (12.59) (corresponding to the pairing (1, 2), (3,4)) vanishes. By Cauchy—
Schwartz inequality,

Ryene (&) < R0 (|€]) |6 ()]

Hence,

A N , | B A 5 N /
[Re g0 ) Rpen e (8)] < 5 [Re(6) [0 0 (181) + Re )]0 (&) o (|&])]

and in consequence

1ASol12 5 < 2/]1@[ 6" Re ()07 (£ + & )p(1E]) dE"dE.  (12.60)
Combining (12.55), (12.56) and (12.60) we conclude that

d*()) > sup 9(¢), (12.61)
pex

where
9@ =2 [ Roop©de - [ K©loe) as

and K (&) :=r(|E)) (X, §). Since ¥ (p) — —00, as ||¢|| » — 400, we conclude
that the supremum appearing on the right-hand side of (12.61) is attained. The maxi-
mizer can be calculated explicitly from the corresponding Euler—Lagrange equation
and it equals

Pu(8) = AT 0L E)T ©)eyp.

The respective maximum is equal to the expression on the right-hand side of (12.53)
with ¢ = e,,. The conclusion of the lemma then follows a simple observation that
the integral on the right-hand side of (12.53) does not depend on c. O

Substitute £ := A~1/2¢, & := A~1/2¢’ in the integrals appearing in (12.53) and
(12.54) respectively. We conclude that

a0z 2@V [ L e] P e @) de
R
and
H(t,8) =1+ |2 + 209D 12 a0 (IE]) (12.62)

and

+00 1
S (v) ::/ u"‘[l—{-(u—v)z]_ du.
0
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Consider first the case o € (—1, 0]. We can estimate then the integral appearing
on the right-hand side of the above equality by the sum of integrals from O to 1
and from 1 to 400 and conclude easily that .# (v) < C for some constant C > 0.
Hence,

12 atl—d
40 > Cpp@ D12 / aC TEDISIT T ey de

re 1+ 2@=D2g2

for some constant C; > 0. After substitution & := A@~D/4¢ in the integral on the
right-hand side we obtain

d* (1) > CA—(—*/4 (12.63)

for some positive constant C > 0 and (12.49) follows from (12.52).
In case when « € (0, 1) we can write

21§ ] du T y%duy
F(v) <v® S —— <C(*+1
W) =v /0 1—|—(v—u)2+/2v 14+u2— (v +1)

and as a result

_ g9 =4 a (2|8 Ty (6)dE
* (a—1)/2 pp
Wz e G e

for some C > 0. The substitution & := 1@~ D/4¢ yields again (12.63). Thus, (12.49)
follows.
To obtain (12.48) we use the variational principle formulated in the second equal-
ity of Theorem 2.27. As a test function we choose g = 0 and obtain that
((1/z—L)—‘Vp,VP)Q52||V,,||2_LW. (12.64)
On the other hand, from (12.4) we get

(EP|X,,J|2)Q <2t +(EpY; )] <t(1+ 120V, 1% 1)) (12.65)

The last inequality follows from Lemma 4.8. A direct computation of the norm
IVpl2, ), vields

R Lolep) de o [ (P42 w26
[ @ (54 316R) s =s [ awue( 4% ) au 260

Substituting i := ¢'/?u we obtain that (EP|X1|2)Q < ct(l + 1)1=9/2 for some
¢ > 0. This ends the proof of (12.48). 0
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12.7 Central Limit Theorem for Diffusions in Gaussian and
Markovian Flows

We return to the question of the central limit theorem for a tracer in a time depen-
dent flow already considered in Sect. 11.5, see Corollary 11.5. Recall that such a
result has been shown when the Péclet number of the flow is finite. However, the
argument used in the proof has not taken into account mixing properties of the envi-
ronment in the temporal variable. In this section we formulate a sufficient condition
for the validity of the central limit theorem, provided that the drift is a Gaussian and
Markovian flow, see Theorem 12.13 below. It turns out, see Sect. 12.12, that this
condition is sharp for isotropic flows.

We assume that the particle trajectory X (w) satisfies an Itd stochastic differ-
ential equation

dX; (@) =V (1, X7 (0); )di + kdw s,
(12.67)
Xyt (w) =x,

where w; ; := w;_; for t > s and {wy, t > 0} is a standard, d-dimensional Brownian
motion over probability space (X, o, P). The parameter « > 0, called a molecu-
lar diffusivity, set to be equal 1 in (11.18), is introduced here because we wish to
consider also motions in a random field, i.e. the case when « = 0. We maintain
the convention of omitting the random argument w, when its value is obvious from
context, and the superscripts when (s, x) = (0, 0).

Before formulation of our main assumptions concerning the drift we present an
informal argument that gives some motivation behind these hypotheses. Since for
each 7 fixed the field {V (r, x), x € R} is spatially stationary there exists a spectral
measure V(t, d§&) such that

V(r,x)zf 5V (1, dE).
Rd

Gaussianity of the field implies that its spectral measure is also (real) Gaussian in
the following sense: for any N > 1 the times ¢y, ..., ty, Borel sets Af,..., Ay €
,%’(Rd) the 2N d-dimensional, real component vector

(Re V(t1, A1), ...,ReV(ty, Ay), ImV (11, Ap), ..., ImV(ty, Ay))

is Gaussian. We assume also that the temporal dynamics of the field is Markovian.
Informally speaking the above means that each V(t,d§) is an “infinitesimal” time
stationary, Ornstein—Uhlenbeck process and any two of such infinitesimal processes
are mutually independent. The notion of an “infinitesimal process” is not precisely
formulated at the moment but using it as if it were a “true” Ornstein—Uhlenbeck
process allows us to predict the form of the covariance matrix of V (¢, x). Namely,
we should have

(Vp(t,d&)V,(s, dg'))g = e VOS5 (& 4 &) R g (dE)dE, (12.68)
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where y (-) is a non-negative, Borel measurable function and Ié(dé )= [Ié pq(dE)],
p,q=1,...,d,is a non-negative Hermitian, d x d matrix valued, Borel measure.
Its trace r(-) := trR (+) (the spatial energy spectrum) is a finite Borel measure, i.e.
r(R?) < +o0.

Motivated by the above intuition we consider stationary, zero mean Gaussian
fields whose covariance matrix R(z, x) = [Rp4 (¢, x)], p,qg =1, ..., d satisfies

Rpy(t, x) :=(x7,,(h+z,z+x)\7q(h,z))Q=/deixf—y<f>|"1é,,q(dg) (12.69)
R

for all (¢, x), (h,z) € R!*4_ In Sect. 12.8 we show that the process {V (¢,-),t > 0},
representing the evolution of the spatial realization of the field, is Markovian.
The fact that the field is real valued forces us to assume also that

R(=d§) = R*d§) and y(=§) =y (). (12.70)
Furthermore, incompressibility implies that
R(dg)E =0 forall& e RY. (12.71)
Denote by .Z— the o-algebra generated by {V (0, x), x € R9}.

Theorem 12.13 In addition to assumptions (12.69)—(12.71) made above we sup-
pose that y () is continuous and for some & > 0 we have

/R U+ + v ©)]r @) < +oo. (12.72)

Assume also that either of the following two hypotheses hold.

(1) k >0and

r(d8)
, 12.73
/Rd ) ~ (12.73)

or
(2) k =0, condition (12.73) is in force and the function B(£) := |&|*/y (€) satisfies
1Bl Loy < +o00. (12.74)

Then, the laws of random vectors X, /«/t conditioned on F— satisfy the central
limit theorem in Q-probability. The limiting covariance matrix a = a, 4] satisfies:

_ .
apg = tl‘?oo ;(EP(X,,,,XC,,,))Q, p.g=1,....d. (12.75)



396 12 Diffusions with Gaussian Drifts

12.8 Markovian Dynamics of the Environment

We present some properties of the dynamics of the Gaussian field introduced in the
previous section. An important feature is that the flow can be viewed as a Markov
process taking values in an appropriately defined phase space. In order to focus
our attention on the proof of Theorem 12.13 and not to be distracted too much by
technical details we postpone the demonstrations of the results announced here until
Sect. 12.14.

12.8.1 Hermite Polynomials

Let p > d/2 and
Vp(u) = (1 +u2)7p, ueR.

Denote by E the Hilbert space that is the completion of the space of functions v =
(1, ...,v9): R? — R9 with components in C° (Rd), under the norm

o)l = /}Rd(|v(x)|2+ V0 (0)|7) 0, (1x]) dx

Here

d
v(x)| Zv(x) and |Vv(x)| > @) ().

i=1 i,j=1

The group of spatial shifts 7, : E — E is given by 7, v(-) :=v(x + -), where v € E.
Define also

V) = (Vi(),..., Va) :=v(0) (12.76)

and the field V (x; v) := V (7,0).

Condition (12.72) guarantees that measure 7, defined as the law of V(0,-), is
supported in E. The measure is Gaussian, i.e. all finite dimensional marginals of
{V(x),x € R} are Gaussian, and spatially homogeneous, i.e. wt, = m, for all
x € RY. According to Theorem 6.5.3, p. 145 of Adler (1990), the group action is
ergodic if and only if the energy spectrum r(-) of the field V (0, x) has no atoms, i.e.
r({&}) = 0 for each £ € RY. We shall always assume this condition.

Define a strongly continuous group of unitary mappings on L?(r) by letting
T, f(v) := f(7xv). Its generators shall be denoted by D, g =1, ..., d. For an in-
teger m > 0 we can introduce the space H™ (E) as in Sect. 9.3.2.

Condition (12.72) implies that = almost every element of E belongs to C' (RY).
This can be seen as follows. Gaussianity of 7 implies that

S

Z|U,||W2(B) <400, VR>0
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for any p € [1, 400). Choosing p > d we conclude, with the help of the Sobolev
embedding theorem (see e.g. (7.30), p. 158 of Gilbarg and Trudinger 1983), that

d
Z 1Vl Gt b < F00-

Hence, the components of V belong to H'(E) and (12.71) implies that

d
> D,V,=0.
p=1

We recall that % (cf. Sect. 12.6.1) is the space of all R4-valued functions whose
Fourier transforms are compactly supported and continuous. By %~ we denote its
completion under the norm introduced in (12.50). We define the spaces of polyno-
mials as in Sect. 12.2, i.e. the space of n-th degree polynomials ¥, is the closure of
¢,“®the linear space spanned by monomials [T'L, fo;» wWhere @1, ..., 0m € %
and n > m > 0. By convention the product corresponding to an empty set (i.e.
when m = 0) equals 1. The space of all finite degree regular elements is given
by 97 :=J,~0%: ©. As before the spaces of finite degree elements (polynomi-
als) and Hermite polynomials of n-th degree are defined as ¢ :=J,-(% and
Ay =9, © 9,_1, respectively. By IT, we denote the corresponding orthogonal
projection onto .«7,. We have

L) =P .

n>0

Suppose that Z is a Borel subset of R?. We can define in an obvious way the
spaces ¢, (Z), as the space of n-th degree polynomials generated by f,, for which ¢
is bounded and supported in Z. This definition can be extended in an obvious way
and allows us to define the space of all polynomials ¢ (Z), or all Hermite polyno-
mials of a given degree <7,(Z), etc. that are generated by linear functionals f,, for
which ¢ is supported in Z. By L2Z(n) we denote the closure of ¢ (Z). We have

+o0
Ly () =P ().

n=0

12.8.2 Definition of the Transition Semigroup

This section is devoted to a rigorous formulation of the Markov property of the
flow. Define an E-valued stochastic process {V; := \7(1‘, -),t € R} and denote by
{%#:,t € R} its natural filtration. In the following result, proved in Sect. 12.14.1, we
assert the existence of the transition probability semigroup that corresponds to the
process.
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Proposition 12.14 There exists a family of operators {R;, t > 0} such that:

(i) forany p € [1,4o00] and t, h > 0 we have
R f(Vy) =(f(Vz+h)|=9‘7)Q, VfeLl (), (12.77)
(i) it is a strongly continuous semigroup of Markov operators on L*(x) satisfying

(Ruf, &)z ={f, Rng)x, Vf.ge€L?(m),h=0, (12.78)

(iii) R/ Ty =TxR, forallt >0, x € RY,
(iv) for any Borel subset Z of R, non-negative integer n and t > 0 each of the
reg .. .
spaces 4, °(Z) is invariant under R;,
(v) forany f € L2(z; Z) such that (fYr =0 we have

IR fllr <e P! fllx, Vt=0. (12.79)

Here y(Z) :=infl[y (§) : & € Z].

12.8.3 Properties of the Generator

From part (ii) of the above proposition we conclude that 7 is an invariant, reversible
probability measure for the transition semigroup. Its generator L : D(Lo) — L>(r)
is therefore self-adjoint. Another direct consequence of Proposition 12.14 is:

Corollary 12.15 (Spectral gap estimate) Suppose that f € D(Lg) N LZZ(T[). Then,

(Lo £, ), = e @D (I F12 = ()2).

In particular, if y (§) > yo > 0 for all € € R? then the generator satisfies the spectral
gap estimate:

((=Lo) f. £), = (I fIZ = (F)Z). YfeD(Lo).

On # we define an operator A : D(A) — % by the formula @(S ) =
y ()¢ (&). Its domain D(A) consists of those functions ¢ € % for which Ap € 7.
Observe that clearly %y C D(A).

Proposition 12.16

() Suppose that y,(K) > 0 for any compact subset K C R? \ {0}. Then, measure
7 is ergodic under {R;,t > 0}.

(ii) The set 9"¢ is a core of Lo. For any f =[];_, foi> such that ¢, ..., o, € K0,
we have

. 1
Lof = Z Sag fie + 3 Z%k,lfk,z- (12.80)
k=1 k#l
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Here
fo: [Tizk for, whenn=2,
k=
L, whenn =1,
]_[i;ek,z Sfoi» Wwhenn >3,
Jer=11, when n =2,
0, whenn =1
and

.1 = / v (E)Rpy 5, (dE).
R4
The notation for Ié@k’@ (d§) is the same as in (12.40).

The proof of the proposition is presented in Sect. 12.14.2.

12.8.4 More General Formulation of the Markov Property of the
Environment Process

Denote by .%> the o -algebra generated by {V;,t >s}. Lets =ty <ty < <--- <
ty and fi1,..., fu € Bp(E). For

F(a)):l_[f,-(Vti(w)) and k=1,....n

i=1

we define Fy € B, (E) by recursion as follows: let F,, := R;,_; , f, and assuming
that F for some 2 < k < n is already defined we let

Fro1:=Ry_,—s_,(fi—1Fp).

Finally, set €F := Fj.

One can easily verify that (€F 2)7, <(F 2)@. Therefore € extends continuously
to a linear operator from L?*(Q) to L?(r). We can think of ¢ as the conditional
expectation of F with respect to the path measure corresponding to {V;,t > 0},
given the initial configuration V (0) = v. Due to this fact sometimes we shall use the
notation &, F'. Some caution is advised, since the object in question is defined only
for  almost every initial configuration.

The transition probabilities of the Markov semigroup are spatially homogeneous,
see part (iii) of Proposition 12.14. This fact implies spatial homogeneity of &, with
respect to the initial configuration. To formulate rigorously this property we identify
£2 with the space of d-dimensional vector fields defined on R!*¢ that are jointly
continuous in all variables and continuously differentiable in the spatial variables,
equipped with the standard Fréchet metric. The probability measure Q is assumed
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to be the law of the field V (7, x). The stationarity of the field implies that Qt; , = Q,
where 7,y (:,-) == w(t + -, x + ) for all (¢, x) € R"*? and w € 2. From (12.77)
and part (iii) of Proposition 12.14 we conclude that

(Fot |F)g=Crv,F, ¥t x)el0,+00) xR (12.81)

for any F that is .#>p-measurable and bounded. We can generalize (12.81), re-
placing deterministic argument x by an appropriate random vector, provided F is
sufficiently regular. Assume that & is a random vector. Since f(x) := € y, F is only
defined Q a.s. for each x € R? it is not immediately clear how to make sense of f (£).
The following result allows us to define this object when F(t,x;w):=Fo T x ()
is continuous in the spatial variable. For a fixedn > 1 and k € 79 we let

Apn = [w:k/2" <€) < (k+1)/2"]

and

Xyi=Y_ f(k27")1ay,. (12.82)
k

Proposition 12.17 Suppose that & is a random, R -valued vector that is F, mea-
surable for some t > 0 and F € Byp(§2) is such that {F(t,x),x € Rd} possesses
continuous modification. Under the above assumptions the sequence {X,,n > 1},
defined in (12.82), is convergent in L' (Q). Its limit, denoted by & v, F, satisfies the
following equality

(F(t,6)]F1)g = €y, F. (12.83)

The proof of the proposition is postponed until Sect. 12.14.3.

12.9 Periodic Approximation of the Flow

We denote |jloo := max{|jil, ..., |jal} for any j = (ji,..., js) € Z%. For a given
integer N > 1 we let Ay :=[j€Z%:0 < |jloo < N2V] and A; be its subset con-
sisting of those j € Ay for which either j; > 0, or for some k we have j; > 0 and
Jk+1="++-= jg =0. We define A, := —A;. Of course

AN=AJUAy and A NAy=0.

For j € A}, we define Uy := [T{_; 127V jx, 27V (jix + 1)). When j € Ay we let
Uj, v :=—U_j n. We write I%j(fz)v’ ﬁ;azx)/ for the real entry d x d matrices that are the
real and imaginary parts of Iéj,N = Ié(Dj,N), ie.

N G€Aw. (12.84)
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Since RJ N 1s complex Hermltlan these matrices are symmetrlc and anti-symmetric
respectively. We define by R the inverse matrix in case RJ N is non-singular. If
otherwise the symbol denotes the pseudo-inverse understood as the - unique symmet-
ric matrix with the same null space as RJ ~ and such that R RJ N = RJ NR y
is the projection onto the range of RJ,N. Note that R_J,N = Rj)N and RfjlgN =
(R )* forall je Ay.

Suppose that & 5 € Uj v are such that £ ;v = —&j y. We denote yjn =
v (§j,~). Points &j v are selected in such a way that they belong to the support of

r(d&) and
3 M_f R@$)| _
iy ViN rd Y (§)

Assume furthermore that 7j y is a zero mean Gaussian measure on R>¢ whose co-
variance matrix equals

(12.85)

Let )y be the product probability measure Hje A% TN defined on Ey := R2KN,

where Ky is the cardinality of A}.

Denote by %(N) (resp. Jz/n(N)) the spaces of the n-th degree (resp. Hermite) poly-
nomials that correspond to measure sy with H,EN) the orthogonal projection onto
szi,l(m. The space of all polynomials is defined as 4™ := Unso g,

Let {r, M) ,x € R} be a group of shifts, i.e. 7y-measure preserving transfor-
mations on Ey defined by 7, V) v):= {(a b ).je AT ~ 1> where a b’ are the real
and imaginary parts of (aj + ibj) exp{i&; - x} respectively. The grad1ent vV =
(D%N), e D((jN)) is the generator corresponding to the representation of the group
over L2(zy), i.e.

VW f=V—of o V)

The differentiation is understood in the L2-sense. The invariance of 4™ under shift
transformations implies that it is a core of V™). In addition, on ¥

v — Z &(aj - Vi, — bj - Vay). (12.86)
jea},

Let SJ(N) and S (N) be the real and imaginary parts of R / . Define an Ey-valued
Ornsteln—Uhlenbeck process

¢ (V) = {(arj(M), b j(),j € Ay}
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whose components are the solutions of

day j(V) = =yga j(d1 + @) P8 dwe + 87 dwy 5],

dby j(v) = —yib, jV) dt + Q) 2[-8 dw, j + 8V dw; ], (12.87)
ao j(v) =aj, boj(V) = bj,

/!

l,j/ k]
Brownian motions for j, j' € A?\_r The Dirichlet form of the process equals

where {w; j, t > 0}, {w; ., t > 0} are mutually independent, d-dimensional, standard

) = ((=Lg) F f)y = 2 EN (), Feg™, (12.88)

jeay
where L(()N) is the generator of the process. Here
(N) - A(s) T
EN () =5 rER @GN,

where 8j f := (Vg f, Vi, f). Since the spaces ,Qf,,(N) are invariant under L(()N) we
have

+o00
En(f) = (M f).

n=1

Suppose that 0j,Nv \A/j,N are real random vectors over (E, Z(E), ) such that
Ojy +iVin =V D). Vie 4y,

where V(dg ) is the stochastic spectral measure corresponding to V(x):=Vort,.
Let py : E — Ey be defined by

pn @) = {(Tjn (). Vin).j € AL}

and let Py f := f o py be the respective mapping between L*(;ry) and L2 (xr).
For any ¢ € Z we set

G B[R9,

Ui~
The mapping Jy : ¥4 — ffl(N) is given by

IN fo (V) := Z (aj +ibj) - @j.N
jeAn

and the scalar product is taken in C9. Here for v = {(aj, bj), ] € A;} we define
(aj, bj) = (aj, —by), if j € Ay. A straightforward calculation shows that Jy is a
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contraction. It can be extended therefore, via the relation

JN(Hf(pi) ::HJthﬂi’
i=1 i=1

to a contraction from the entire L?(rr) to L?(7ry), see Theorem 4.5, p- 45 of Janson
(1997). Denote also VN (v) := > aj. Our main approximation result can now
be formulated as follows.

JEAN

Proposition 12.18 For any f € 9" we have

N1T1r+noo EvUN) =((=Lo) . f), (12.89)
and
Jim {IPvInf = flle+ | PhV 0 Inf = VF| J=0. (1290
Moreover
lim [PyV™ =V, =0, Vpell,+o0). (12.91)

N—400

Proof It suffices to prove (12.89) and (12.90) for f = f,,, where ¢ € %p. From that
we can easily extend the conclusion of the proposition to polynomials f belong-
ing to %,"%, and thus to the entire ¢’%. The computation of the limits for f = f,
uses explicit formulas for the Dirichlet form and the relevant norms involving the
structure measure for the respective Gaussian fields. Verification of (12.91) follows
directly from the definition of Py. g

12.10 Environment Process

The environment process is an E-valued, stochastic process, over the product prob-
ability space (2 x ¥, .% ® o/, Q ® P) given by formula

n=1tx,Ve, t>0. (12.92)
From (12.67) we can write

t
X =/ V(ns)ds + kw;. (12.93)
0

Below, we formulate several properties of the process. In order not to distract the
reader we postpone their proofs until Sect. 12.15.
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Proposition 12.19 Suppose that k > 0. Then,

1) {n:,t = 0} is Markovian with the transition probability semigroup

Pif(v):=ClEpf)}, f€By(m), (12.94)

(i) measure 7 is invariant under { Py, t > 0},
(iii) the semigroup extends to a strongly continuous semigroup of contractions on
L2().

Denote by L : D(L) — L*(x) the generator of the semigroup. The following
result provides closer description on the operator. Let ¢ := D (L) N %y, where %y,
Ly are defined in (12.5) and in Sect. 12.8.3, respectively.

Proposition 12.20 Under the assumptions of Proposition 12.19 the following are
true:

(i) 978 C€ C D(L) N D(L¥),
(ii) on € the symmetric and anti-symmetric parts of L respectively equal

2
S:Lo+%A, A=V.V, (12.95)

(iii) ¥ is a common core of L and L*.

Corollary 12.21 Under the assumptions of part (i) of Proposition 12.16 measure 7w
is ergodic for the semigroup {P;,t > 0}.

Proof As a consequence of Proposition 12.20 we have

(D) f f), ={=Lo)f. f),, Vfe€?. (12.96)

Suppose that f € D(L) is such that Lf = 0. From (12.96) we conclude that then
also ((—Lo) f, f)x = 0. From Corollary 12.15 and the fact that ¥ is a core of L
we conclude that f has to be constant 7 a.s. O

We introduce the spaces #] and 7 that correspond to the generator L (cf.
Sect. 2.2). A direct consequence from the above corollary and Corollary 12.15 is
the following.

Corollary 12.22 Suppose that k > 0 and y (&) > yy > 0 for all € € R?. Then, L
satisfies the spectral gap condition, i.e.

(L) f f), = w(IfI5 = (f)3) YfeDW). (12.97)
As a simple corollary of (12.97) and Theorem 2.18 we conclude that:

Corollary 12.23 Under the assumptions of Corollary 12.22 the laws of X, //t con-
verge, as t — +00, to a normal distribution in the same sense as in Theorem 12.13.
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12.11 Proof of Part (1) of Theorem 12.13

The conclusion of part (1) of Theorem 12.13 is a consequence of the fact that the
generator of the environment process satisfies the sector condition. As a result we
may apply then apply the results of Sect. 2.7.3. In fact a slightly stronger estimate is
available.

Theorem 12.24 Under the assumptions of part (1) of Theorem 12.13 there exists a
constant C > 0, independent of k > 0, such that

(V-Vfg)x| <CIVSI((~Lo)g. 8), % Vf.geD™. (12.98)

Proof Estimate (12.98) implies the sector condition for generator L. Indeed, using
formulas claimed in Proposition 12.20, we obtain that the anti-symmetric part of the
generator satisfies

(Af, &)x| < CIIV fllx((~Lo)g. g)2
= V20T (= (2/2)A) £, 1) (- Lorg. g))?

(-9)g.8)% Viigew.

e

<20 (=9 1, f)

The proof of the theorem relies on the following auxiliary result.

Lemma 12.25 There exists a constant C > 0, independent of k, n, N such that

1T (vVe)| . <cae). veedl) j=1.....d. (12.99)

||7TN n+1-

The quadratic form &y () is defined in (12.88).

Before presenting the proof we use the above result to show estimate (12.98).
Assume that f € ") and g € ™). Let also

] . (N) (v (N) /(N
Bl f =" (v;"mNg), k=0.
The operators vanish when |k — n| # 1. We can write

(v v 1) =IOV L By gag),, TN VY £ By ig)

N N N’

Hence, for any f, g € 9" we have

“+o00
(Vv £ < 2TV Bunsagl,, |

n=1
+00
+3 IV By aag), | (12.100)

n=1
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From (12.99) the right-hand side of (12.100) can be estimated, using Cauchy—
Schwartz inequality, by

€ Imw 1, [ 1) + )

n=1

<2c|v®r] &y (2)

where constant C does not depend on N. Estimate (12.98) can then be obtained by
letting N — 400, thanks to Proposition 12.18.

Proof of Lemma 12.25 Since each matrix Iz’j, N, given by (12.84), is Hermitian and
non-negative definite it can be written in the form Iéj, N = Tj*] DjT;, where Tj is
unitary and Dj is a diagonal matrix diag(Aj 1, ..., Aj ) and the eigenvalues are put

in descending order. Denote by dj the rank of the matrix and by 7}(5) and Tj(a) the
real and imaginary parts of Tj, respectively. Then,

(s) (a)

Tj(r) = @ (s
a B
-1 T,

is a 2d x 2d orthogonal matrix such that

R Dj 0
O@E (1Y pe . | P
"Cin(T;") " = D; ._[0 Dj]

Here CA'J-’ N 1s a real entry matrix given by (12.85). On Ex we introduce the change
of coordinates

@ {(aj, by, j€ Ay} {(a),b)).5 € A} )

a/
(r) : +
|:b/:| _T |:bJ] for each j € Ay

It induces a unitary mapping U : L2(nN,*) — L%(zy), where 7N .« 1s the pullback
of my by @. Measure my , is a product of 2d-dimensional, zero mean, Gaussian

letting

measures 7j whose covariances are given by diagonal matrices D" The mapping
preserves the respective spaces of Hermite polynomials and diagonalizes Dirichlet
form &y, i.e.

sV =((-LVrur), =3 nEN K. (12.101)

jeay,
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where
d
E() = Z/de A.p (Ve £ 12 + Vi, f17)7j(daj, dby). (12.102)
p=1

Formula (12.102) can be further transformed using the representation of f in the
base of Hermite polynomials. The definition and some basic facts concerning these
polynomials are gathered in an appendix in Sect. 12.16.

For any n = {(nj, mj), j € A‘}\',}, where nj, mj € Zfﬁ and v = {(aj, bj), j € Aj\',} we
let

—-1/2 —-1/2
hav) =[] h,,j.p(/\j’p/ aj,p)hmj.p(,\j,p/ bip)- (12.103)
G.pm
The product extends over j € A; and p=1,...,dj. In case dj = 0 the respective

factor equals 1 by convention. Multidimensional Hermite polynomials A, ,(-) are
defined by formula (12.154).

Suppose that n is a non-negative integer. The polynomials that satisfy |n| =n
form an orthonormal base of %(N)—the space of the n-th degree Hermite polyno-
mials in Lz(nN’*). Each hy, is an eigenvector of —U ! L(()N)U that corresponds to

. d
the eigenvalue ZjeA; Yi(Inj| + Imj|). Here |nj| :=

;=1”j,p and |nj| := 0 when

dj = 0. Any element f belonging to ;af;(jrv]) can be written as

f= Y ambh,. (12.104)

In|=n+1

Using (12.104) we can rewrite the form (12.101) as follows

&M= @ Y iyl + myl). (12.105)

= io At
Inj=n+1 jeab

Lete,, p=1,...,2d be the canonical base in R2 Forp=1,...,dlet fj p, &jp €
R? be the projections of (Tj(r))_le p and (73(”)_16 p+d onto the first d coordinates.
Let also Vl(,N) =U"1vW We can write

N
v vy =2 E (@5.p fi.p + bi.p&j.p)-
4.p

The sum extends over j € A; and p =1,...,dj. We wish to express the product
Vlgmhn using the orthonormal base {/p, n}. To do so we introduce some notation.
For given i, p and a collection of integer multi-indices n := {(nj, mj), j € A;} we
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let n “ to be a collection of multi-indices {(n m; ) je Al ~| defined as follows:

mJ’ :=mj forallj,
”3,61 :=nj4, whenj#i, org # pand

/ [,
ni,=njpE1.

The multi-index n>*” is defined analogously, the only difference is that in this case
the modification concerns the components 7. Using formula (12.155) we obtain

VY )ha(v) = 2Fa(¥) + 2Gn(v),

where
1/2 1 2
Fa(V) _Zx/ [(5.p + D' o (V)+nJ/p . a(v)]f,,,,
a4.p)
1/2
Gn(v) = Y 3 [(mj p + 1)/ +b(v)+mj/phn 28 p-
a4.p)

Therefore, we can write

viMr=F+a,
where
Fi= Y amF, and G:= Y  amGn.
[n|=n+1 [n|=n+1
Hence
|7 Ve )y, <2V F[L, +1mVG2 ). (2106
Note that
HrEN) Fn= Z()‘jsp”j,p)l/zhnj‘; Ji.p
G.n ’
and

HH,EN)FHiNY* = Za(n)a(n’) ()‘j,p”j,p)‘j p/”y P )1/2 llllJJpp Jip - fip'-

Here

rosloo

n,j.,p
Suin 1= Ui By o

The summation extends over all appropriate indices n, ', j, j', p, p’. The right-hand
side of the above equality can be estimated by

1 s /
QZ[V Vi (n))‘.l PMip TV VJ’“ ( )4, p"J p](slrlljjpp'
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The expression corresponding to the first term inside the brackets can be further
estimated by

2 1.5 n'.j’.p’ 2 N
Zot m)y;nj, p Z Yy ter’,N‘Sn,j,p <d Za m)ynj, p AN,
nj.p n.j,p’ nj,p

where

AN = Zyj,_ltr Iéj/,N.
j

Using formula (12.105) we estimate the right-hand side by d&." (g)%Z™). The

quantity IIH,EN)GII%N . can be dealt with in an identical manner. Choosing g = U f
we obtain (12.99). This ends the proof of Lemma 12.25. O

Finally, to finish the proof of this part of the theorem we apply (12.93) to verify
that V,, € 72Z1. Suppose that ¢ € £, see Sect. 12.6.1. Then, according to (12.80),

(=L} fy. foly = /R Y E) Ry d8). (12.107)
Since V), belongs to 7 it suffices only to verify that

sup[[(Vp, fo)x | €10 (fo) = 1,0 € H] < +o0. (12.108)

Note however that by Cauchy—Schwartz inequality
(Vo il = | [ Rpiir@e)

R 1/2
<" ( fR ) y@)R@@)(ds)) 2D 2126/ £,)
where
%’:=f Yy E)rde).
Rd

Hence, (12.108) follows. g

12.12 On Superdiffusive Behavior of a Tracer in an Isotropic
Flow

In this section we show that the result of part (i) of Theorem 12.13 is optimal for a
class of Markovian, Gaussian isotropic drifts. The computations are quite similar to
those made in Sect. 12.6 and rely on the use of variational principle. To simplify the
notation we assume also that k =1 in (12.67).
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Suppose that the covariance matrix of the field is given by (12.69) with
y(&)=1&|" for some u >0

and

Rpy (d€) = p(1E1) Ty (£)dE,

where p(u) := a(u)u“+1_d for some a > —1. Here a(-) is bounded, measurable,
continuous at 0 with a(0) > 0 and satisfies growth condition (12.43). When o > 1
one can easily verify that the Péclet number Pe, defined in (11.9), is finite and the
central limit theorem holds for all & > 0, see Corollary 11.5. On the other hand,
condition (12.73) holds when u € [0, 1 + «). Then, the tracer satisfies the central
limit theorem by virtue of part (i) of Theorem 12.13. In what follows we demonstrate
that for u© > 1 + o the behavior of the tracer is superdiffusive in the same sense as
explained in Sect. 12.6. Namely, the following result holds.

Theorem 12.26 Suppose that o € (—1, 1). With y, and y* defined as in Sect. 12.6,
see (12.44) and (12.45), we have:

() for G+)/2>p>1+a
ve=y =u-1-a)/u,
(i) for2>pn>B+a)/2
C-w)/B+a—wW<y<y*<(n—1-a)/n,

>iii) for u > 2
(I—a)?/d<p<y*<(l—a))2

Proof Throughout the proof we preserve the notation from Sect. 12.6. For any
@ € o we have

I follis = (= L) for fo). = fR (R ()ds,
where ¢;, ,(§) =, (6, 1) and

CopE.2) =0+ [EF + §|s|2.

To compute || Afy||—1,5 note that the solution of (A — S)g = f,, is given by

=i Y [ G ARI A T

p.q=1
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where b, (§,&) :=b; ,(5,€',1) and
bip(E.& 2) i=A+E1F + &/ + §|s +€).
Then, repeating the relevant part of calculations from Sect. 12.6, we get
1Af I = | /R Ry @R (807, (6.8 di ¥’

+//de Rioe.e ) Re e (§)D5), (&, 8) d ag”

Therefore

(Vp, 1,7), = d* () = S:;%(qo), (12.109)
peA

where
G(p) =2 / Rioey () dE — / K )| de.
]Rd ]Rd
with K (&) = r([E])# (X, &) and
HOLE) = (&) + Z/Rd by, (6.8 )R (8)dE'. (12.110)

The supremum on the right-hand side of (12.109) is attained and can be explicitly
calculated by solving the respective Euler-Lagrange equation. It equals

/Rd if’l(k,é)ﬁpp@)df. (12.111)
In case (i) (then necessarily u < 2), the change of variables
E:=1"Vre and & =2"lrg
gives (tilde sign is omitted)
d*(3) = AT fR AT @)1 a (I 12 ) ag, (12112
where
H (0, &) = cf (5, A2P71) g p @320/

- fR b (6.8 22 a8 [ e () e
(12.113)
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We have
Jim A€ =1+ €]
thus,
d*(0) ~ A @FI=m/r - qg ) — 0+

In case (ii) we substitute £ := |£|~'&’ in the integral appearing on the right-hand
side of (12.113) and conclude that there exists a constant C such that

AL E) < Cler (€, )Lz/u—l) +)L(a+3—2u)/ﬂ|$|3+a_ﬂ]‘
As a result we obtain the lower bound

d*()\) > Ck(a—i—l—ﬂ)/l‘-
+00
X / (l +utt 4 212 A(a+372“)/“u3+°‘7“)_1u“a(ukl/“)du
0

(12.114)

for some C > 0. The right-hand side of (12.114) can be estimated from below by

1
Ot 1-m/u / (14 2320y =y (3 Y g,
0

Substitute i := A@F3720/l@+3=wly, to conclude that this expression is bounded
from below by CAH=2)/@+3=1) for some C > 0.
Finally, in case (iii) we use the substitution

£:=2"12% and & :=1"1%

in the integrals appearing in (12.110) and (12.111). We obtain then

4,002 XV [ 7 1, £ra (0 Plel) et )

where
u*du
L+ (u—15D%

From here on the estimates are similar to those made after (12.62) in Sect. 12.6 and
they lead to the lower bound d*(1) > CA©@~1/2 for some C > 0. The lower bounds
for y, follows then from the bounds on d* (1), estimate (12.109) and an application
of Proposition 4.9.

To obtain an upper bound in all considered cases we use (12.65) and conclude
that (EpX tz)Q can be estimated by

~ +0o0
HA(1,E) :=c1,u(s,xz/“*‘)+2x<“*‘>/2|5|2||a||oo/0

ci /R i ©n(iEl)ds.
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This expression is of order ==/ a5t 5 100, when u < 2 and of order
1T0=0/2 when > 2 (see (12.66)). O

12.13 Proof of Part (2) of Theorem 12.13

Throughout this section it is assumed that molecular diffusivity « vanishes. Space
o 1s defined in the same way as in Sect. 12.8.1. Recall that € := 4" (see
Sect. 12.10) is a core of the generator L of the environment process. Part (2) of
Theorem 12.13 can be concluded from Theorem 2.23.

First note that (2.39) is satisfied. Indeed, suppose that f =[]/, f,,, where
@; € ). Thanks to Theorem 3.4, p. 24 of Janson (1997) we have IT, f € €. Using
an induction argument we conclude that [T, f € % for an arbitrary element f € 7.

Conditions (2.39), (2.40) and (2.50) are obvious consequences of Proposi-
tion 12.20. It remains yet to conclude the graded sector condition. It is a conse-
quence of the following.

Theorem 12.27 Suppose that both (12.73) and (12.74) hold. Then, generator L
satisfies graded sector condition (2.45) with f = 1/2.

Proof The conclusion of the theorem is a consequence of Lemma 12.25 and the
following estimate: there exists a constant C > 0 such that

IVfllz <Cn'((=Lo) f, f)Y? ¥n=1, fean%. (12.115)

Indeed, using (12.98) (the estimate holds even for x = 0) we obtain for
figednNe

(~A)f.g), < CIVfllz{(~Lo)g.g)y>
(12.115)
<7 cn'?((-Lo) £, f)((~Lo)g. 8)
12 12

= Cnl/2<(—S)f, f)r[ ((_S)g’g>ﬂ .

The last equality follows from part (ii) of Proposition 12.20 applied for x = 0.
Therefore, what remains to be shown is (12.115). It is enough to prove that, cf.
(12.88),

[V, <Cn'?&2(0), Ve s ™, (12.116)

where the constant C > 0 is independent of n, N.
Let f € %(N) be given by (12.104). Using Hermite polynomial identities
(12.155) and (12.156) we conclude that

N O 40 _ @ 0
VM =3 am) Y g(e) ) —e@ a3 ). 2117
In|=n G.p
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with
W . V(@ p +Dmj p, wheni=1,
P njp(mjp,+1), wheni=2
and
h,+-(a), wheni=1,
h(l) )= JP
whp h-+(a), wheni=2.
JP
Here given n = {(nj, mJ) je Al v}, a multi-index i and p =1, ..., n;, we define

= {(n m; ) je Al ~) as follows: (n m; ) = (nj, m;) for j ;ﬁl When, on the
other hand, j =1i we let (nl’q ml’q) = (n,‘q, m,,q) when g # p and (nl’p l,p) =
(ni,p =1, mj p, F1). We have

VO f = 2 S0 g ama()el) el s

i,i'=1,2

Here,

iy p' (i) ()
8tn1p <thp hﬂ/.l p>n/v*

The second summation spans over all possible In| = 0’| =n, j,j € AT, p =

.»djand p’=1,...,dy. Each term appearing under the summation over i, i’
can be dealt with in the same manner so we show only how to estimate the one
corresponding to i, i’ = 1. We have

M (1)
D& srema()ey; ey Sl

1 ll/ s/ ’
2 Z{[a(n”‘%'gn.} p]2 [ ( )|é§J |gn g p] }alanJpP .

From the definition of 8 we can estimate the sum corresponding to the first term
on the right-hand side by

1’ /"/’ /
(n+1) Y @Y Imjligl? Y 8,

[n|=n ag.p) y.pn

<dmn+1) Y om) Y |mjligl* (12.118)

= it
[n|=n jeAy

When j is such that [J;  intersects the support of r(d&) then, thanks to (12.74), we
know that |§j| < Cy; for some constant C > 0, independent of j. If, on the other
hand, [J; y lies outside the support of r(d&) then mj = 0. In both cases we can
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estimate the right-hand side of (12.118) by

Ch+1) Y @) Y |mjly; < Cn+DES (f) (12.119)

= it
[n|=n jeAy

for some constant C > 0. The last inequality follows from formula (12.105). Esti-
mate (12.116) follows then upon the choice g := U~ f. O

12.14 Proofs of the Results from Sect. 12.8

12.14.1 Construction of the Semigroup

To construct the semigroup we use the approach taken in Janson (1997), see pp. 50—
53. For any ¢ > 0 we define

SeE) =e79%E), pe .

Proposition 12.28 {S;, > 0} extends to a strongly continuous, semigroup of con-
tractions on K .

Proof Note that

ISl = /R T Ry a8) < /R [ Roe @8) = llpll% -
Verification of continuity of the semigroup is straightforward. O
Let Rr'd := [0, +00) x RY. Suppose that
W(t,x) = (Wi(t,x),..., Wa(t,x)), (t,x) e R

is a stationary in x, zero mean, Gaussian, random field over (£2, .%, Q) whose co-
variance matrix is given by R(W)(tl, t,x):= [R;,‘;V)(tl, t,x), p,qg=1,...,d with

RUD (11,12, x1 — x2) := (W), (11, x1) Wy (12, 2))g

— fRd PECImR) [y ©Oln—nl _ o~y O+ R (dE),

for any (#, xx) € Rf‘d, k=1,2. Let ¢ be C* smooth and compactly supported.
Then, W, (1) := (¢, W(2)). An elementary calculation shows that

[ Wy () ||Q2Q = A;d[l — e O Ry (dE) < ol (12.120)
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Lemma 12.29

(i) Foranyt >0 and p € [1,+00) the mapping ¢ = W,(t) extends to a bounded
mapping from % to LP(Q).
(ii) Foranyt,s >0,n>1and ¢, ..., e, € X we have the following formula

<ﬁ W, (2 + S>>@ = Z<]—[ Wo, (t)> < IT Ws. (t)>

. (12.121)
i=1 iel Qliere Q

The summation extends over all partitions of {1, . .., n} into two disjoint subsets
I, I'°. By convention the product corresponding to an empty set is equal to 1.

Proof Part (i) follows from (12.120) by a standard density argument and elementary
properties of Gaussian random variables. We prove now (12.121). Computation of
covariance allows us to conclude that the random vectors

(We, (1), ..., Wy, (D))
and
(Wy (t 4 5) — We,y (1), ..., Wy, (£ +5) — Wsy, (1))
are independent for any ¢, s > 0 and ¢, ¥, € X for p,q =1,...,d. Writing
We,(t+5)=Up+Vp,
where
Up=Wy,(t+s5)—Ws,(t) and V),=Ws, (1)

and using independence of the relevant random variables we can rewrite the left-
hand side of (12.121) as being equal to

{1,

where the summation range is identical with the one on the right-hand side of
(12.121). The formula follows then from the fact that the processes

{(W‘/ﬂ (t+s)— W,y ),..., Wy, (@t +s) — WSS%(I)), t> 0}
and

{(Ws,y, (), ..., Wy, (1)), 1 = 0}

have identical laws for any s > 0. Since they are both Gaussians this can be seen by
comparing their respective covariances. g
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Step 1. Construction for monomials.

Denote by .# the class of all monomials, i.e. elements of the form

n
f=[1tu VYor.....onex. (12.122)

i=1
For any such f and ¢ > 0 we let
Jro = fsp+ Wp(t), Voe X, (12.123)

and

R f = <]_[ f,,¢i> . (12.124)
i=1 Q

Since W, (0) = 0 note that Ry coincides with the identity mapping.

Proposition 12.30 For any f,g € .# and t,h > 0 formulas (12.77) and (12.78)
hold.

Proof Assume that @1, ..., @p+m € J£o and
m
f = 1_[ f(/)_j+n .
j=1

We suppose also that the field {W (¢, x), (¢, x) € led} isindependent of {V;, t € R}.
ForO0<si<---<s, <t welet
Xi=Yi:=f,(Vy,) Vi=1,...,n
and

Xjtn = f¢j+n(Vt+h), Yipn = fh,¢j+n(vt) Vi=1,...,m.

Formula (12.77) can be easily concluded, provided we show the following equality
n+m n+m
<HX,> =<]_[ Y,~> ) (12.125)
i=1 Q i=1 Q
Indeed, assume that the above equality holds. Note that its left-hand side equals

<]‘[ x,-f<vt+h>> :
Q

i=1
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On the other hand, the right-hand side is equal to

< Xi H[fslz¢i+n(vt) + W‘/’i+n (h)]> .
i=1 Q

= i=1

Opening the square brackets and using independence of the relevant processes we
can write that this expression equals

XK XJTmMJW»
i=1

r iel’

<1‘[ W <h>>

Qliere Q

where the summation extends over all subsets I” of {1, ..., n}. Combining the terms
entering into the summation we conclude that the above expression coincides with

OT&Mﬂ%»-
Q

i=1

To show formula (12.125) we calculate the expectations appearing on the left-
and right-hand sides of (12.77) using the rules for computation of moments of Gaus-
sian variables. These involve taking all possible pairings formed over the indices
1,...,m + n, see Janson (1997), Theorem 1.36, p. 16. The proof can be reduced
therefore to checking that

(XiXj)o=XYj)o Vi,j=1,....,n+m.

These equalities can be seen by a direct calculation. Likewise, we can verify formula
(12.78). O

Step 2. Extension of the definition of the semigroup to L? (;r). Proofs of parts (i)—
(iv) of Proposition 12.14.

By linearity each R; can be extended to span(.#’) consisting of all linear combina-
tions of monomials by letting

Rif:=) Rifi forf=Y fi.
i=1 i=1

where f; € .# . The extension is well defined. Indeed, suppose that g, f1, ..., f, are
monomials and

0=>f.
i=1

Then, by linearity and the already proved formula (12.78) for monomials we obtain
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() e

Z Rig, fi)x = (Rig,0)z =0.

The statement of Proposition 12.30 can be easily extended to span(.#). Further-
more, using Jensen’s inequality for conditional expectations, we obtain that for any
p €[l +00)

IR AN ey < (£ VD[ ) =(1£1P),. YV € span(.at).

This of course implies

By density each R; extends to the entire L? (;r). The conclusion of part (i) of Propo-
sition 12.14 follows easily from (12.77) and a standard density argument.

To prove (ii) we verify that R, s = RsR;, on .# for all ¢, s > 0. This equality can
be checked directly using definition of the semigroup and formula (12.121). Indeed,
from (12.124) and (12.123) we conclude that for f of the form (12.122)

R f= Z< [ We (z)> I fsoi- (12.126)

iel ze[‘f

The summation extends over all partitions of {1, ...,n} into two disjoint subsets
I', I"'°. By convention a product over an empty set of indices equals 1. From here

RyR f = Z<]_[ Wy, (t)> ( I1 fs,gol-)

iel’ ielre¢
= 3{IT W) (TT s ). T Fo
iel lerz l€F3
where the summation extends over all partitions of {1,...,n} into three disjoint

subsets I'1, I, 3. Using (12.121) we conclude that the utmost right-hand side of
the above equality equals

Z< [TWat +S)> T fsevw (12.127)

iel :eI“

and the range of summation is as in (12.126). This expression equals R,y f as can
be easily seen from (12.124) and (12.123). The assertion on the strong continuity
can be concluded easily on .# directly from the definition of R;. Generalization to
L? () follows by density.
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Part (iii) is a consequence of the fact that both measure 7 and random field
W (¢, -) are spatially homogeneous. Part (iv) follows straightforwardly from the def-
inition of the semigroup, see (12.126).

We prove part (v). Fix ¢ > 0. Denote by H and K the closed linear subspaces
of L2(Q) generated respectively by (V;, ¢) and {{V, @), s < 0}, where supp ¢ C Z
and ¢ € 7. Note that the mapping

Ri fo (Vo) = ({Vi. )| Fo)q,

is the orthogonal projection of H onto K. We have

IR: fpll2 = / e R (dE) < e D)3, = D1 1,12,

AS a consequence
IRy 2y < e 72", vt >0. (12.128)

Here, for a given subspace . and an operator T, we denote || T || & := supre o ITf Iz
Estimate (12.128) generalizes to the spaces of Hermite polynomials of higher degree
thanks to Theorems 4.4.5 and 4.4.8 of Janson (1997) and we obtain that

IR e, (z) = 1Re Ny ) = ey > 0.

Hence, (12.79) follows. O

12.14.2 Proof of Proposition 12.16

To show part (i) assume that there exists f such that (f); =0and R, f = f for any
t>0.Let K C RY\ {0} be compact and y,(K) > 0. Denote by ITx the orthogonal
projection of L2(rr) onto L% (7r). Since the space is invariant R, [Tx f = I1x f. We
also have

(T f)x = (g1, f)z = (1, f)z =0.

Thus, by (12.79), we conclude that ITg f = 0 for any K compact. This in turn
implies that f has to be constant, in fact equal to 0, and ergodicity follows.
Formula (12.80) can be shown by a direct calculation differentiating (12.124)
with respect to ¢ at 0. From the definition of R; one can also easily conclude the
invariance of ¢78. Since the set is dense in L2 () it is a core of the generator of the
semigroup, see Ethier and Kurtz (1986), Proposition 1.3.3, p. 17. g

12.14.3 Proof of Proposition 12.17

For any N > 1 we let

By:=[x:]x|<N] and Cy:=[w:[§@)]|=<N].
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Define pj, (1) as the modulus of continuity of x > F(t,x: w) on By for fixed w € 2
and i > 0. Let Q¢ be the set of points from R¢ with rational coordinates and

rig(h) :=esssup|| €, v, F — € v, F| :|x — y| <h,x,y € By N Q]
Since
rn(h) < (pn ()| F1)g,  Qas.
and F (t, x; w) is uniformly continuous on BN we conclude easily that
li = VN > 1. 12.12
S (rv@)g =0, YN > (12.129)

For any ¢ > 0, m > n and a fixed N > 1 we can write
k kK
1Xn — Xmll 1 < ZZ<‘.}‘<2—"> - f(z—m>
kK

1
< <r1v<—)> Q(Cw) +2[IF[lQ(C). (12.130)
Q

s Ak,n N Ak/,m>
Q
2n

Choosing N sufficiently large and then adjusting suitably n we see that || X, —
Xmlip1q) < ¢ for all m > n. The first part of the conclusion of the proposition

follows from completeness of L! Q).
Furthermore, we have

lim Zi(t’k/zn)lAk.HZF(l,E), Qa.s.
X

n——+00

Therefore, for any bounded and .%;-measurable G we can write that
- L - ;
(F, S)G)Q = nLHJIrloo<2k: F(t,k/2")G, Ak,,,>Q. (12.131)

By Fubini theorem and (12.81) we conclude therefore that the utmost right-hand
side of (12.131) equals

Jm > (Gpy F Akn)o = ETJXI{: G&, v, F. Ak,n>Q. (12.132)
The expression on the utmost right-hand side of (12.132) can be written as
(€xv, FG)g+ lim I,

where

I, = <Z(€Tk/2n v, F =€y, F)G, Ak,”>@'
k
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Estimating as in (12.130) we obtain
1
[n| < <FN(27>> IGllooQ(CN) + I Flloo G lloQ(C)-
Q

Letting n — +oo first and then subsequently N — 400 we conclude that
lim;,—, 4 50 I, = 0. Thus (12.83) follows.

12.15 Proofs of the Results from Sect. 12.10

12.15.1 Proof of Proposition 12.19

For fixed f, g1,...,8, € Cp(E) and times 0 <) <--- <1, <t we let

n
G:=[]&0m.
i=1
Denote by S;(w) := 7, x, (w)@- A simple calculation shows that
Xisn(@) =X, (@) + X3 (S (@), V1,h >0,

where {X},, h > 0} is the solution of (12.67) based on {w; n, t > 0} and correspond-
ing to the initial condition (s, x) = (0, 0). We can write

(Ep[f(ntJrh)G])Q = (E]p{f(r;(h(st(w)) Vi (S,(a))))G})Q. (12.133)
We use Proposition 12.17 with
F(w):= f(r;(h(w)Vh(a))), E:=X;
and a “frozen” Brownian path {w;, t > 0}. Since
X+ Xp (1 x0) = X7 (@)
we have
F(r o) = f(rt+h,X§j:h(w)w)'

Standard regularity results for solutions of stochastic differential equations (ordi-
nary differential equations in case ¥ = 0) imply that the mapping x = F(7; yw) is
continuous for each ¢. The right-hand side of (12.133) equals therefore

(Ep{€y [ f(rz, VD ]G})g = (Ep[Pnf (1)G])q

and (12.94) follows.
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To prove the invariance of 7 we assume first that ¥ > 0. Note that
(Pif)n = </ F(tx0) pgo(t, X)dX> . VfeBp(£2), 1=0, (12.134)
R4 ' Q

where F(w) := f(Vo(w)). Stationarity and incompressibility of V(t,x) implies
then, see (11.28), that the right-hand side of (12.134) equals (F)g = (f)x. The

proof in case k = 0 can be obtained by approximation. Let X Z(K) be the solution of
(12.67) corresponding to molecular diffusivity « > 0. Under the assumptions made
about regularity of the drift it can easily be shown that

lim sup [X—xQ=0 as.
k=>0+1¢[0,T]

From this we conclude that
(P f)n= K£%+<F(Tr,X§“>w)>Q =(f)z, V[ eCpE). (12.135)

Hence, by a density argument we can extend (12.135) to the entire B (E) and invari-
ance of & follows. This in turn implies the possibility of extension of the semigroup
to L2(7r). Strong continuity is clear on C(£2). By density we conclude the property
on the entire L2(7). O

12.15.2 Proof of Proposition 12.20

Proofs of parts (i) and (ii) Suppose first that k > 0 and f € C,%(E). From It6’s
formula we obtain that

F X Vi) = £ (Vi) +/0hfswf(xs; Va)ds +K/0h Vo f (X3 Vi) - dw,
(12.136)
where .Z* is the generator of the diffusion given by (12.67) and
fx0) = f ().

Applying first expectation Ep and then &, to both sides of (12.136) we obtain
h ~
Py f(w)=Ryf(v) +/ QEUEP[Z:"f(XS; Vh)]ds. (12.137)
0

The above equality can be extended to any f € ‘gby approximation. From (12.137)
we conclude easily, by a direct computation of limj,_.o. A" (P, — I) f, that f be-
longs to D(L) gnd Lf =(S+ A)f with S and A given by (12.95). We have shown
therefore that € C D(L).
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An elementary calculation shows that D™ f, = (— 1lml fpmy inthe LP(Q) sense
for an arbitrary multi-index of non-negative integers m and ¢ € %. Hence ¢, C
& . The fact that @8 & for each n, thus also € C ‘é\, can be easily concluded by
an application of standard rules of differentiation.

In the next step we prove that % is in fact a core of L. The density in L ()
is standard therefore it suffices only to prove its invariance under { P, h > 0}. This
fact holds for ) and can be shown in the same way as in the proof of Lemma 12.9.
It remains to prove that

P.(%) C D(Ly), Vt>0

and
LoP,=P,Lo+[P, L], on<. (12.138)
Here
Li=(k*/2)A+V -V (12.139)
and the commutator of A and B is defined as [A, B] := AB — BA. O

Claim There exists a sequence of random vectors
(n) (n)
(v =", ..., v"),n>1},

whose components belong to C;°(E), approximating V in any L?(Q) for p €
[1, 4+00) and such that

d
> D,v” =o0.
q=1

In addition, the solutions Xf,f of (12.67), corresponding to the drifts
V(”)(t, X) = V(")(r,, x®), converge to X,S’x almost surely, uniformly on compact
intervals.

Admitting this claim, its proof will be presented below, we show how to demon-
strate (12.138). Suppose that {n}”), t > 0} is the environment process correspond-
ing to V™ and {P,("),t > 0} is the respective semigroup. We shall prove that

P (€) c D(Lo) and
LOPt(n) = Pt(”)LO + [Pt(n), Lgn)]’ on ?\, (12.140)

with LE") defined by a modification of formula (12.139) with V replaced by V.
This in turn implies (12.138). Indeed, elementary regularity properties of solu-

tions of stochastic differential equations allow us to conclude that Pt(") f— Pf
in Wg(E). Hence,

lim LWP™f=LiPf inL*Q), Vi=>0.

n——+00
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In consequence, from formula (12.140) we obtain that {Lq Pt(") f,n > 1} converges

in L2(Q). Since Ly is closed we conclude that P; f € D(Lg) and (12.138) holds.
To show (12.140) assume first that ¥ > 0. Then,

Ry Pt(n)f(v) =¢, []Z(X?_;,_Ohny Vt+h)] =g, |:/Rd f(z Vt+h)PZ),’,’;h (0, Z)dz:|-

Here pg/"(x,z) is the probability density of X;’,. Using Kolmogorov equations,
both forward and backward, it can be expanded in 4 as follows

h
Py in(0,2) = pg (O, z)+/0 Cy(z; w)ds, (12.141)

where
Cs (e ) 1= =L plL 4 (0.2) + (L47) P54 0. 2).

Here .2"" is the generator of X, (w) and (£”"")* is its formal adjoint. These
operators act on the first and second spatial variables of the transition probability
kernel, respectively. Using Gaussian bounds and continuity of the transition prob-
ability densities and their partials, see Theorem 4.5, p. 141 of Friedman (1975),
together with (12.141) we conclude that

Ry P f(v) = %[/Rd f@ Vi) pgi O, z)dz]

+he, [ f Coz: w)f(rzmh)dz} +o(h),  (12.142)
R
where an expression denoted by o(h) satisfies
lim - o] =o0.
h—0+ h T

Since f € D(Lg) the first term on the right-hand side of (12.142) equals

Gv[/d Lo f(z:V)py (0, Z)dz]h +o(h) =hPiLof +o(h).

R :
On the other hand, the second term on the right-hand side of (12.142) equals
h { —L{" P f(v) + €, [ /R (LY ) @Vopg O, Z)dz]} +o(h)

=n[P", L\"]f (v) + o(h)

and formula (12.138) follows. To extend it to the case ¥ = 0 one can use an approxi-
mation argument and consider a sequence k,, — 0+, as n — +o00. Formula (12.138)
follows then from the already established formulas for each «;, > 0 and standard
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regularity results for solutions of stochastic differential equations. We leave it to the
reader to fill in the details of this argument.

The proof that L* =S — A on % is analogous. It sufﬁces only to show that
for a given T > 0 the semigroup of adjoint operators { P, ¢ € [0, T']} corresponds
to the tracer dynamics governed by the process {— VT,t,t € [0, T']}. The ensuing
calculations are very similar to the ones presented above.

Proof of the claim The argument is quite similar to the one used in the proof of
Proposition 11.6. Define random vectors

U= / V(d£).
[1/n=lé|=n]

Note that U™ e C®(E). Gaussianity of V and condition (12.72) guarantee that

U™ —
Lm I -V ”LP(n) =0.
In consequence
; (n)
nhl}_l HUﬂ (t )_V(t )HCI(B ) =0

forany p>1and R, T > 1. Here
UM, x):=U",V,) and V(t,x):=Vo T x

However, vectors U™ need not be deterministically bounded. To make a necessary
modification we construct stream matrices A" = [h(")] [,m=1,...,d that corre-
spond to U™ via formula (11.5). Their entries belong to % . There exists therefore a

sequence of random anti-symmetric random matrices b = [b[(:;)] Im=1,...,d

with entries in C;°(E) such that ||h(") b(") llws — 0 for any p € [1, +oo) and a

non-negative integer k. Define V" =V . b, Puttlng together these two approxi-
mations we conclude that the sequence {V("), n > 1} satisfies the assertions made in
the claim. The statement about the convergence of the respective solutions of (12.67)
follows from regularity properties of solutions of stochastic differential equations,
cf. estimates leading to (11.81). O

Proof of part (iii) We show that for any f € % there exists a sequence { f,,n > 1} C
% such that

(fu. Lf2) = (f.Lf) and  (fu. L*fn) > (. L*f), asn— 4oo, (12.143)

in the epigraph norm. This implies the result claimed in this part of the proposition.
Thanks to part (iii) of Proposition 12.14 set € is invariant under each R;, hence
it is a core of its generator in any L” (;r) space. From part (iv) of the proposition we
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conclude that the same also holds for ¢"¢. The above proves that for any f € % we
can find a sequence {g;,,n > 1} C ¥’ such that

Too(”g" — fllLriey + 1Logn — Lo fllLr(my) =0

li
n—

for any p € [1,400). We recall the “smearing” of a random field introduced in
Sect. 9.3.2, i.e. for any random variable 4 (v) and § > 0 let

hs(v) :=f @(x)h(tev)dx.
R4

Here ¢ € C* (RY) is a non-negative function such that fRd @(x)dx = 1. Since the
transition operators corresponding to V; commute with the spacial shifts, we have
Lohs = (Loh)s for any h € D(Lg). In addition,

lim ||h—hs|ly2 =0, VheW>P(E),
§—0+ p

provided p € [1, 400). Setting f, := (gx)s,, Where 6, — 0, we obtain

im [ ens, = fllwa + [ Logws, = Lof | o ry] =0-

n——+00

We have shown therefore that sequence { f;,, n > 1} satisfies (12.143). O

12.16 Appendix: Some Auxiliary Results About Gaussian
Random Fields

12.16.1 Multiple Stochastic Integrals

Suppose that {V (tyw), x € RY } is a Gaussian, homogeneous, random, real vector
field over (£2, %, Q). Denote by

V(dg) = (Vi(dg), ..., Va(dE))

the corregponding Qaussian vector valued spectral measure on (R?, Z(RY)) that
satisfies Vl* (d&) = V;(—d§&). Its covariance tensor is given by a non-negative def-
inite matrix valued function R(x) = [Rq(x)]. By Bochner theorem there exists a

Hermitian matrix valued, Borel measure Ié(dé) = [ﬁ pq(d&)], called the structure
matrix of the field such that

R(x) =/ e ER(dE).
Rd

Since the field is real valued the measure is complex even, i.e. Ié(—dé )= Ié*(dé ).
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In what follows we suppose that the structure measure Ié(dé ) has density IQ(E )=
[Rp4(§)] with respect to the Lebesgue measure, i.e.

Rpq(§)8(€ +&')dsdg = (V,(d§)Vy (d&'))qy-

For a given n > 1 define by §, the family of all possible pairings made of
{1,...,2n}, i.e. partitions of the set into two-element subsets. Let (&) :=tr R(§) V
1. For a given integer n > 1 define a Borel measure on (R%)2"

2n

Mo (&, ... d&2) = Y ] o8& +&) []reEds;.

FeFn(p.qleF j=1

By .,?nz we denote the completion of the space of all complex valued, bounded Borel
measurable functions ¥ : (R?)" — (C%)" in the norm

112 :=f...f(|w(sl,...,sn>|2+|w(sn+1,...,szn>|2)M2n<dsl,...,dsz,o.

(Rey>
Suppose that i € Z¢ and N > 1. We define
o = [eR?:27Vi; <g; <27V +1),Vj=1,....d] (12.144)
Fori:= (i1, ...,in) € (Z9)" let
Of =0 x ... x Ol (12.145)
Denote by Z the family of all such boxes. Its subfamily /7 is called an admissible

dyadic partition of R*"? if

(P Ugeg O =R,
(P2) for any two boxes 0 # [0’ € IT we have N =@,
(P3) there exists dg > 0 such that |[J| > dq for all L] € IT.

Here |[J] stands for the volume of [J. A set function ¢ : IT — C" is called admissi-
ble if it vanishes for all but finitely many boxes. We denote by <7 the family of all
admissible set functions. .

For any multi-index j := (ji, ..., j,) and 0% given by (12.145) we let

y[O00] = ]_[ v, [087]. (12.146)

Suppose that c(-) is admissible. We define then v () := c¢(UJ) for all £ € L]. With
some abuse of terminology we call such a function admissible and denote by
én C an the space of all such functions. For any ¢ € &, we define the n-tuple
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stochastic integral letting

W)=Y @V;Ial. (12.147)

Oerr j

Here cj(UJ) are the components of ¢([J). We shall also write

//Rndwsl,...,sn)v(dsn@--@V(dsn>

as an alternative notation for .# (). Below, we list some of the properties of the
multiple stochastic integral. They are elementary and obtained straightforwardly
from the definition so we leave their verification to the reader.

Proposition 12.31

(i) &, is dense in 92”2 in the norm || - ||j2
(i1) The stochastic integral given by (12. 147) is well defined, i.e. if there exist two
admissible set functions cy, cp corresponding to a given \r then the respective
definitions of the stochastic integrals are identical.
(iii) We have (a1 + axy2) = a1.7 (Y1) + a2.9 (Y2).
@iv) Suppose that ¥\, ..., V¥, € 8. Then Y| ® --- Q ¥, € &, and

I ®--@y) =[] £W).

j=1

(v) We have

D)7 @)= 3 Z /f v () G )

ye%’n Jlseens Jon= 1 R2nd

2n
[T Roa@ns(E,+ (=" PPg,) []ds;.
{p.q}eZ j=l1
(12.148)

The component of YV @ (w@)* : R¥d — C2" corresponding to a multi-
index j = (j1, ..., jan) is given by

WPV W));E. ... &0
=y E g (D

----- Jn415000s

jz,,)*(é”"‘l’ ey &)

In addition, a(p, q) = 1 if (p, q) intersects both {1, ...,n}and {n+1,...,2n},
and equals 0 otherwise.
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As a direct consequence of property (v) and the definition of the norm on .Z, we
obtain.

Corollary 12.32 The mapping W — 7 (V) is a continuous linear functional on &,.
It extends, by continuity, to the entire .,?,12. The extension shall be called an n-tuple

stochastic integral with respect to the spectral measure V(dé ). It inherits properties
(>iii)—(v) from Proposition 12.31.

Proposition 12.33 Forany € fnz and x € RY we let

U Y (€. &) :=exp{i<25p) -x}xb(sl,...,sn).
p=1

Then, for any x € R we have U € fnz and
I Y)(rw) = I (UY)(w), Qa.s. (12.149)

Proof We have
V (Tppyw) = / 5NV (dE; w) = V(1 (ryw)) = / IV (dE; Tyw)
R4 R4

for all x, y € R?. Hence V (d; tyw) = 'YV (d&; w) and (12.149) follows. O

12.16.2 Some Properties of Hermite Polynomials

Suppose that v, is a zero mean, unit variance, Gaussian measure on R. We can
define then, see Example 3.18, p. 28 of Janson (1997), a unique orthonormal base
{h,, (x), n > 0} such that:

(1) hp(x) is an n-th degree polynomial,
2) (hp,hm)y, =6 forall n,m >0 and
(3) the coefficient by the leading order term is positive.

The elements of the base are called Hermite polynomials. We also use the conven-
tion that #_(x) = 0.
It is easy to observe that a function

dn
H,(x) := (—1)"ex2/2d—n(e—x2/2), n>1 (12.150)
X

is an n-th degree polynomial, with the leading order coefficient equal to 1. For n > m
we have
(_ 1)” dl’l 7x2/2
= — (e H, (x)dx =0.
= WIT ( ) Hin (x)

(Hn’ Hm)v*
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On the other hand, for n = m we have (H,, H,),, = n!. Sometimes, in the literature,
it is these functions that are called Hermite polynomials. Using (12.150) one gets
Ho(x) =1, Hi(x) = x, Hy(x) = x2 — 1 and more generally

[n/2]
H,(x)= Z(—l)r (2’1 )(Zr — D", n>2.
r
r=0

Here by convention (—1)!! := 1. One can show (see (3.19), p. 33 of Janson, 1997),
that

—+00
H t"
etx_,z/zzznl(qif), Vi.x €R. (12.151)
n=0 ’

Differentiating both sides of (12.151) with respect to x and comparing the expres-
sions obtained in that way we can conclude the recursion relation

Hyi1(x) =xHy(x) —nH,—1(x). (12.152)

Suppose that n > 2. It is easy to see that (H,, H,),, =0 for all m <n — 2. Since
H, is a polynomial of degree n — 1 with the leading coefficient n we have

H(x)=nH,_(x) (12.153)

for n > 2. A direct calculation shows that this identity also holds for n = 1.
The uniqueness of the base of orthonormal polynomials satisfying conditions (1),
(2) and (3) implies that

1
h =—~H, . 12.154
n(x) \/m n (X) ( 54)
Therefore, from (12.152) we get
Xhn(x) = (0 + 1) PRy (0) + 0 Phy_y (x) (12.155)

and from (12.153) we obtain

R (x) =n'?h, 1 (x) (12.156)
forn>1.
Finally, if n = (n1, ..., ng) is a non-negative integer valued multi-index we de-
fine a corresponding Hermite polynomial by 4, (xq, ..., xg) := ]_[‘;: 1 B (x).

12.17 Comments and References

The proof of Theorem 12.6 presented here appeared in Komorowski and Olla
(2003b), where Theorem 12.13 has also been shown. This result has been obtained
with a different technique in Fannjiang and Komorowski (2002), see also Fannjiang
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and Komorowski (2001/2002). As a further application of the graded sector condi-
tion one can show the regularity of the effective diffusivity tensor with respect to a
perturbation of the drift, see Theorem 5.1 in Komorowski and Olla (2003b).

The central limit theorem for random motions, as well as random diffusions, in
a flow that is Markovian and whose dynamics has the spectral gap, stated in Corol-
lary 12.23, has been shown for Gaussian fields with finitely many spatial modes in
Carmona and Xu (1997). This fact has been generalized to Gaussians with infinitely
many modes in dimension two in Koralov (1999) and to a general Markovian flow
with the spectral gap in Fannjiang and Komorowski (1999b).

An example of a shear layer flow that corresponds to a superdiffusive behavior
of a tracer has been given earlier in Matheron and DeMarsily (1980). A problem
of finding the scaling limits of solutions to an advection diffusion equation in a
shear layer Gaussian flow in two dimensions has been investigated in Avellaneda
and Majda (1990). This model can be described as follows. Suppose that T;(z, x, y)
satisfies

0, Ts(t,x,y) +vs(t,x)0,T5(t, x,y) = vATs(t, x, y),
(12.157)
T5(0, x, y) = To(6x, 8Y),

where v > 0, Tp(x, y) is a deterministic initial condition and vs(, x) is a time space
stationary Gaussian random field whose covariance function is given by

R(t,x) = <v5(t, x)s(0, 0))@ — / e—lqu—i—iMM

X Ak (12158)

Functions a(k) and b(k) are non-negative and compactly supported. The first one
is continuous at 0 and such that a(0) > 0, while b(k) = 0 in a neighborhood of 0.
Time independent drifts can be also admitted and then the necessary adjustment in
the formula for the covariance function should be made. One should simply drop
the exponential involving time argument. Using explicit calculations it is possible
to find an exact value of the exponent y = y (¢, z), for which the limit

tim (73( —, %2 T, x,y)
1m o) o) o = y Xy
o+ °\87757 5 ) Y

exists. The complete diagram illustrating the dependence of y on the parameters
of the spectrum together with exact description of the limit has been given. The
dependence of the diagram on the infrared cutoff function, represented in (12.158)
by b(-), has been considered in Zhang and Glimm (1992). Further development on
the scaling limit for the shear layer model can be found in Avellaneda and Majda
(1992a,b); Fannjiang and Komorowski (2000a), see also the extensive review (Ma-
jda and Kramer, 1999).

Theorem 12.11, together with Theorem 12.26, have been shown in Komorowski
and Olla (2002). The conclusions of the latter theorem stay in agreement with the
results of Fannjiang (2000), obtained by a heuristic argument. They match in regions
I and 11, given in diagram Fig. 1 on p. 148 of that paper. In the remaining region /11
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it is predicted that y, = y* = (1 — «)/(3 + «), using our terminology. Note that the
latter value belongs to the interval determined by the lower and upper bounds given
in parts (ii) and (iii) of Theorem 12.26. Superdiffusivity in the border case when
o =1, see Theorem 12.11, has been shown in Té6th and Valko (2010). Moreover
for « € (—1,0) it is possible to show that y, > 0 even when Brownian motion is
dropped in (12.4) and it becomes an ordinary differential

X
dt

=V(X[% ), Xg“=x (12.159)

with the right-hand side described in Sect. 12.6.1, see Komorowski and Nieznaj
(2008). Variational methods can also be used to describe the motion of a tracer
whose trajectory satisfies (12.159) in a field whose mean dominates its fluctuation
(one says then that the field satisfies Taylor hypothesis). Results of that type have
been obtained in Komorowski and Ryzhik (2007a,b). A heuristic argument is pre-
sented that in case the behavior of the tracer is not diffusive its scaling limit is
described by a superdiffusive fractional Brownian motion. A rigorous result of that
type can be obtained for a time dependent field, see Fannjiang and Komorowski
(2000b).

A Tauberian type theorem has been applied in Sethuraman (2000) to connect the
long time asymptotics of a trajectory with the resolvent of the generator of the re-
spective environment process in the context of a tagged particle in an exclusion pro-
cess. Variational principles have been used in Bernardin (2004) to prove the lower
and upper bounds on the norm of the resolvent of the respective generator. A simi-
lar technique has been applied in Landim et al. (2004b) to prove that the diffusion
coefficient for the asymmetric simple exclusion process is unbounded in the spatial
dimensions d =1, 2.

Another application of variational principles can be found in Owhadi (2004),
where the motion of a tracer in a multiscale periodic, divergence free flow is
shown to be superdiffusive. This type of motion is also proved for a tracer in a
two-dimensional, multiscale periodic, shear layer flow, see Ben Arous and Owhadi
(2002). The argument is based on a careful analysis of the quadratic variation of the
martingale appearing in the proof of the central limit theorem.
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Chapter 13
Ornstein—Uhlenbeck Process with a Random
Potential

13.1 Random Diffusion of a Particle with Inertia

In the previous chapters we have considered particles moving in a random environ-
ment in an overdamped regime, where viscous effects dominate over the inertia. In a
regime where damping and inertia forces are of the same order, we should model the
movements as a solution of the following system of stochastic differential equations

dv, = —[vr + VU (X;; w)]dt + 2 dwy,
(13.1)
dX; =v,dt, t>0, (X0, v0) = (x, v).

They describe respectively the evolution of the d-dimensional momentum v, (as-
suming that the mass the particle equals one) and the position X; of the tracer.
Here, {U(z; w),z € R4} is a stationary random field that describes the potential by
which the particle interacts with the environment. It is assumed to be of the form
U (z; w) :=U(t;w), where U : 2 — RY is a random variable, called the potential,
defined over a probability space (§2,.%, Q), equipped with the group of transfor-
mations {r,, z € R?} that satisfies the assumptions made in Sect. 9.3.1. A standard,
d-dimensional, Brownian motion {w;, ¢ > 0} is defined over another probability
space (X, o7, P). We suppose that the potential U belongs to Cl%(ﬂ) so the exis-
tence and uniqueness hold for the solutions of (13.1). The main result of this chapter
is the following.

Theorem 13.1 Under the above assumptions about potential, random variables
X, /+/t, considered over the product probability space, satisfy the central limit the-
orem in probability with respect to the environment.

T. Komorowski et al., Fluctuations in Markov Processes, 437
Grundlehren der mathematischen Wissenschaften 345,
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13.2 Proof of the Central Limit Theorem

Define the energy of the configuration (v, w) as

|v|?
EW,w) = BN + U(w), (13.2)

and the respective stationary field E(z,v;0) = E(v, 7,w). The generator of the
Feller semigroup on Cb(RZd) corresponding to the diffusion {(X;,v;),t > 0} is
given by

Lo, 0) =8IV, e CEVY, £z 0)) +E, £l ), (13.3)
for f € CLI.’Z(RM), where
&, N1z ={v- V. = V.U 0) Y} f(z.0)

and Céc " (R2?) is the space of compactly supported functions that are differentiable
k times in the x variable and m times in v. It follows from Theorem 8.2.5, p. 373 of
Ethier and Kurtz (1986) that this set forms a core of .Z,.

It can easily be verified that

mey(dz, dv) = e—(i(z,v;w)dzdv

is an invariant (non-probabilistic) measure for the diffusion, i.e.

Lofdmy, =0, VfeCH?(R¥M).
R2d

We define an RY x §2-valued, environment process over (X, <7, IP) by
N = (vr, Tx,), t=0 (13.4)
and functional V = (Vy, ..., V) : R¢ x 2 — R? by V (v, w) := v. The position of

the particle is an additive functional of the process, namely

t
X, = f V(ny)ds.
0

From the results of Sect. 13.4 we conclude the existence of (random) strictly pos-
itive, transition of probability densities p{’(x, v; y, u) corresponding to (13.1), de-
fined on (0, +00) x R*  In fact, see Theorem 13.7 below, these densities are con-
tinuously differentiable, once in #, x and y and twice in v and u. From formulas
(13.46) and (13.54) we obtain

P, vy u) =pl(x +z, vy +z,u), ¥x,v,y,u,z€RY >0
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for all w. The proof of the Markov property of {r;,# > 0} can be conducted in the
same way as in Sect. 9.4. Its transition of probability semigroup is given by

P f(v, w) :/ / pP 0, v; v, u) f(u, tyw)dydu, forall f e Bb(Rd X .Q)
RJR

(13.5)
Arguing as in the proof of Proposition 9.8 we obtain that

7(dv,dw) = Z e €09 yQdw),

where Z is an appropriate normalizing factor, and an ergodic, invariant measure for
{P;,t = 0}. As usual we will denote by (-), the expectation with respect to i, and by
| - |lx the corresponding norm in Lz(rr). The semigroup can be extended therefore
to a strongly continuous semigroup of Markov contractions on L?(r). In addition,
we have (V) = 0. By virtue of the ergodic theorem

X, 1
- = " V(ns)ds -0, ast— 400,
0

both 7r-a.s. and in the L' sense.

Let € := CZ’I(]R" x §2) be the Banach space consisting of functions f (v, w)
boundedly differentiable: twice in the v variable and once with respect to spatial
shifts in the w variable, equipped with the standard supremum norm of the appro-
priate derivatives. We have the following.

Proposition 13.2 Set & is a common core of the generators L and L* of the semi-
group {P',t > 0} and its adjoint. For any f € € we have

Lf=(S+Af, L*f=(S—Af, (13.6)
where S—the symmetric part of L—that is essentially self-adjoint, is defined by
Sf=e4V, - (e 6V f)=(Ay = V-V f (13.7)
and A—the anti-symmetric part—is given by
Af={&, f} =V -V-=VU- -V, f. (13.8)

‘We postpone the presentation of the proof of this result untill Sect. 13.3.
A simple integration by parts gives

/Rd FW)(=8)(W)g«(v)dv =/Rd Vo f )| ge0)dv, VfeCHRY), (13.9)

where

gu(v) 1= ()42 V12
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Operator S has the spectral gap property that holds on L?(g,), i.e. we have

2
/ fz(v)g*(v)dv—</ f(v)g*(v)dv> < / Vo f @) gy (13.10)
R4 R4 R4

which holds for all f € HZL . (R?) such that the right-hand side is finite, see e.g. part
(i) of Theorem 5.41 of Janson (1997).

The spaces .74 and ¢ are introduced as in Chap. 2. In particular, from (13.7) it
follows that the space 7#] consists of all functions f (v, w) that possess a generalized
derivative in v satisfying

A1 = (Vo f?), < +o0.
For a given A > 0 let Xip ) be the solution of the resolvent equation
a—Lx " =V, (13.11)

Note that
|<Vp,g)n|=|(3u,,g>n|fllg||1, gET, (13.12)

0 [|Vpll—1 < 1. Asin Sect. 2.8, we obtain easy bounds
2
21 < 1vpllci=1 and AP < 1V,l2, =1 (13.13)

According to Theorem 2.14 in order to claim the central limit theorem we need to
prove that

(p)

=y,

. 2 .
g M =0 and -l x

strongly in 7] . The subtle point is that the symmetric part of the generator L is quite
degenerate in this case so we cannot directly use any of the sufficient conditions for
the central limit theorem stated in Sect. 2.7. In particular, note that sector condition
(2.36) obviously fails. We have

(L)1, f), =(IVu ),

hence it vanishes for any f depending only on .
Define .77 as the closure of € in the norm

1£1%7 =117 + 1 £1E.

Operator S defined in (13.7) gives rise to a mapping between 4 and ’9?1\* —the
dual to .7#{—defined as follows: for any f € 77 let Sf € 7" be the continuous
extension of the linear functional

Sf(8):=—(Vof,Vog)z, gE€%. (13.14)
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Observe that
788 7] < If1 7 lgl 7

Here 7 () gz is the duality pairing between %‘i\ and t%/”l\* We conclude easily the
following.

Lemma 13.3 Operator S defined in (13.14) extends to a contraction S : j/f? —

For any f € L?(r) we introduce its projections onto the spaces of even and odd
functions in the v-variable, respectively by

1
fe(v, @) := 5[f<v, w) + f(—v, 0)]
and

1
Jo(v, w) = E[f(v’ ®) = f(=v, w)].

Since ¥ is invariant under both of these operators we infer that for any f € D(L)
we have f,, f, € D(L). In fact,

(Sf)e=Sf. and (Sf),=Sf, forany fe.J4. (13.15)

Note also that the definitions of Elie even (or odd) part of a function can be extended
by duality to any element f € .7Z*. Namely, we let

(fe’ );f %*(f 8e) 7

Likewise, we can define fo

It is clear that x”’ € /4 so that Sx\” is well defined and belongs to 7%, by
virtue of Lemma 13.3. To simplify the notation, in the ensuing calculation we omit
writing the superscript p of the corrector. Since

I = 1Vexall2 = Ve xo e 2 + I Voxaoll (13.16)

both Sx; . and Sx, , are also well defined as elements of the dual space %* We

cannot guarantee that A can be extended to a bounded operator from %”1 to éf
(that would mean a sector condition for L) but we can prove the following.

Lemma 13.4 For any A > 0 the linear functional

Ax).(8) :==—(xr, Ag)x, &E€C (13.17)

can be uniquely extended to a continuous functional on j{’i\ (it will be denoted by
the same symbol). For any A, ) > 0 we have

A0 X00) 7 = — e (A X X0) 7 (13.18)
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Analogous results hold also for the even and odd parts of x,. Namely, the linear
functionals

AXni(8) = —(Xri  A8)x, 8ET,i€o,¢e}
extend continuously to j?; and satisfy

N 7 (Axnis v, j) gz = — (AX js Xoni) 77 (13.19)
fori, j € o, e}. In addition,

(AXA,e)e = (AX)L,O)D =0. (13.20)

Proof From (13.12) we know that V), € (}??* and ||Vl 7 < 1. Equality (13.11)
1
implies that
Axn(8) = —A{x5 &)= — (Vuxa, va>7r+<vp’ 8n, VEET,

which leads to the estimate
[Ax(9)| =Cligll 7. Ve (13.21)

for some constant C > 0 possibly depending on A and || x; || a The first part of the

lemma follows then from the fact that % is dense in 777 .
We prove (13.18). Since ¢ is a common core of L and L* one can find sequences
{h,,n >0} and {g,,, n > 0} of elements of % such that

Lh, — Ly, and Lg,— Ly, in Lz(n)
and
h,— ¥, and g, —> xu, In %/’i\

as n — +oo. Using definition (13.17) and the density argument we can write that
the left-hand side of (13.18) equals — lim;,—, 4 o { X1, Agn)=- Thanks to the equality
Lg, = Sgn + Ag, and (13.14) we conclude that this expression further equals

— lim [(X}u Lgn)z + (Voxa, Vvé’n)n]

n——+00

= _[<X)u Lxa)z + {Voxa, VvX)J)Jr]

=— lim_ [(hm, Lxa )z + (Vohim, Voxor)x |-
—+00

m

Since L*h,, = Sh,, — Ah,, we obtain that the utmost right-hand side equals

— lim [<L*hm, X)J)ﬁ + (Vvhm, VUX)J)T[] = lim (Ahm’ X)J)rb

m——+00 m——+00

The last expression, by definition (13.17), equals

— lim (;’f*(AXNath;’ﬁ:_:;??*<AXA’,X)L)E;Z€T-

m——+00 “%1
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To prove the corresponding result for x; . note that

Axne(8®) =—(Xne Ao = — (X0, A8o)n, VYEET. (13.22)

To get the second equality above we used the fact Ag, is even, see (13.8). Since
Ago = —L*g, + Sg, the utmost right-hand side can be rewritten in the form

(Lxa, 8oy + (Vuxa, Vu&o)x-

Using the resolvent equation (13.11) we can further transform the expression into

AMXo,00 80dm — <Vp7 go)w + (VuXoer» Vogoln

which, as. in (13.21), leads to the definition of the extension of the functional to the
entire 777. A similar argument can be also made for x, ,. The proof of (13.19) is
analogous to the proof of (13.18).

Finally, note that for any g € ¢

A8 es 8¢) 777 = —es Agedr =0
because (Ag.). = 0, see (13.8). Likewise, we show that
(A Xo.00 80) s = 0.
This proves (13.20). 0

The resolvent equation (13.11) can be now transformed into the following system
of equations

)‘X)L,e - SXA,E - AX}\.,U =0 (13.23)
and
AXoso = Sxno— AXne =Vp. (13.24)

Here elements Ay, ;, Sx,.; fori € {e, o} are elements of %’? We also identify yx;
with its embedding in the space, which is the continuous extension in .4 of the
linear functional

X.,i(8) == (x0i &)x, 8ETC.
Lemma 13.5 For any A > 0 we have
Xollz < 1. (13.25)
Proof Combining (13.13) and (13.16) we conclude that

Voxaollz < 1. (13.26)
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Since
/ X).,()(Uy w)g«(w)dv=0
R4

from the spectral gap estimate for S, see (13.10), we obtain

2 2 .
/d [X1.0(v, 0)] gx(v)dv < /d Vo X.0(v, ©)| g (v)dv, Q-as.inw. (13.27)
R R
The desired estimate follows from (13.26) after integrating out the @ variable. [
From (13.24) we obtain that for any .’ > 0

(VIN XN,O)JT = A(Xk,m X)J,o)rr + <VUXA,0’ VuXN,o)ﬂ - jg”;*(AX)»,(Za X)J,o)jﬁ'
(13.28)
On the other hand, from (13.19)

—,yg*(Am,e,xA/,ox,«g-; = ,;7,;*<Am,o,)<x,e>y?l

(13.23)
= Al(X)J,ev X)»,e)n + <VUX)»/,67 VvXA,e)n- (13.29)

Combining (13.28) with (13.29) we obtain

(Vpa X )m = A(Xk,m X)J,o)ﬂ + (VUXA,m VvX)J,o)n
+ Al(XA,e, X)J,e)n + (vaA,e, VuXMe)n
= A(Xk,m X)J,o)n + )‘/<X)»,ea XA’,e)JT + (VUX)u VUX)J>H~ (1330)

Since ||V ||-1 < 1, by virtue of estimate (13.13), we conclude that the set {, A >
0} is weakly pre-compact in 7. Let A, — 0, as n — +00, be such that

im o, = fe (13.31)

n—-+00

weakly in 4. In (13.30) take A = A, and A" = A,,, and let subsequently m — +00
and then n — +o00. Using Lemma 13.5 we obtain

1 £ll2 =1 feell? 1l freoll? = e Vi, fi) - (13.32)

Arguing as in Claim 3 of the proof of Theorem 2.14 we conclude from (13.32) that
limy, s 400 Anll X2, ||% = 0 and therefore lim;,_, 1o X2, = f+ strongly in J#. Unique-
ness of the .77{-limit can be argued in exactly the same way as in Claim 4 of the
aforementioned theorem. We are in the position to use Theorem 2.17 and therefore
conclude the central limit theorem for X, /+/t, as t — +00.
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13.3 Proof of Proposition 13.2

The fact that ¢ is invariant under the action of the semigroup P; follows easily from
Theorem 13.7 formulated below. By a direct calculation one can establish also that
this set is contained in the domain of L and the first formula of (13.6) holds. The
fact that € is a core of the generator is a consequence of Proposition 1.3.3 of Ethier
and Kurtz (1986).

The following fact will help us to identify the adjoint semigroup.

Lemma 13.6 We have

eéa(y’”;“’)p,‘“(x, vy, u) = e‘f(x’”;“’)pf”(y, —u; x,—v) (13.33)

forallt >0,x,y,u,ve R4 and Q a.s. w.

Proof Let p(t,x,v) := p;(y, —u; x,v) and g(t, x,v) := e(go(x’”)ﬁ(t,x, —v). A di-
rect computation shows that, cf. Theorem 13.7 formulated below,

@ — L)1, x,v) = 5V (8, — L) py(t. x, v) =0.

Here .Z* is the formal adjoint to the generator .Z.
Suppose that f € C2°(R??) and let

w(t, x,v) = /Rz[qz(x,v;y,u)f(y,u)dydu,

where

—&(y.u)

qr(x,v;y,u):=e q(t,x,v).

Using estimate (13.48) one can verify that w(¢, x, v) is boundedly and continuously
differentiable once, in ¢ and x, and twice in v at least in the slab (0, §) x R fora
sufficiently small § > 0. In addition it satisfies

0 — L)w(t,x,v)=0

with the initial condition w(0, x, v) = f(x, v). The uniqueness of bounded classical
solutions of the equation (following e.g. from an application of the 1t6 formula)
implies that

/ f(y,u)qz(x,v;y,u)dydbt:/ fOuwpi(x,v;y, w)dydu.
RZd RZ:Z

Thus g;(x, v; y,u) = p:(x, v; y, u) and formula (13.33) follows. O

A simple calculation yields that for any f € L?(r)

Prfu.w) = fR L PPy v 0w ) f (0, Tyw) dydy
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“323)/ i (0, —us y, —v) f (v, Tyw) dydv.
R2d

From this formula we obtain the second equality in (13.6). Invoking again the results
of Sect. 13.4 we conclude that ¥ is invariant under the adjoint semigroup, which
proves that it is a common core of both L and L*.

Note that S agrees on € with the generator of the semigroup

sz(v,w):=f r1(0,v; y,u) f (u, tyw)dydu, t>0,
R2d

where r;(x, v; y, u) are the transition probability densities corresponding to the pro-
cess, defined by the solution of (13.1) with U =0, see formula (13.39) below. Since
% is a core for the generator of this semigroup we conclude that S is essentially
self-adjoint.

13.4 Gaussian Bounds on Transition Probability Densities

We consider an equation that is slightly more general than (13.1). Suppose that
(s,x) € [0, +00) x RN Let {¥;**, t > s} be an R" -valued solution of the equation

dy;”* =[AY" + H(, Y")]dt + Qdwy,,

§,X
Yo' =ux,

(13.34)

where {w;, t > 0} is a standard N-dimensional Brownian motion over a probability
space (¥, o/, P) and A =[a;;], Q = [g;;] are constant N x N matrices. Here

H(t,x) = (hi(t,%), ..., ha(t,x)) = QG (1, x), (13.35)

and G : R x RN — R¥ is a continuous function such that |G|l < 4+00. Matrix Q
is assumed to be symmetric. We suppress writing the superscripts in the notation of
the process if any one of them (or both) equals 0.

Let P, be the law of the solution to (13.34) on C([s,+00), RM) and let
Ps ;(x; -) be the corresponding transition of the probability function. The genera-
tor of the process is given by

1 N N 1 N
LI =5 ,-JZ_I Cijd, OO + ;(h,-(r,»o +5 j;afjxj)ax,ﬂx),
feCHRM).

Here C = 0% =[¢; 1. By -Z* we denote the formal adjoint of .Z.
When H = 0 the solution of (13.34) is a Gaussian, Markovian process given by

t
20T = A= 4 / A0 (13.36)

s
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Its mean and the covariance matrix are respectively equal to eA¢~%)x and
Cov(Zf’x, Z;’X) =eAMC, o fort>u>s,
where
! T
C, = f A" Q%A dr. (13.37)
0

We assume that
detC; >0 foralls > 0. (13.38)

Let Oy » denote the law of this process and Qg ;(x; ), gs.:(x, y) be the respective
transition probability function and its density. Then,

Gr—s(x, y) = qr—s(x, y; 1),
where
Gi—s(x, yim) :=ri_s(y — e xim), (13.39)
and

ru(zsm) =

1 P
2m)dl2 JdeiC, eXp{_%Z Cu Z}'

Since both matrices C], and C, I are non-negative definite tr(C, C, ) = 0 for any
y > 0. Our assumption is that for some y € (0, 1) we have

T
ST ;=/ tr(C,, Cy " )du < +00 (13.40)
0
and

T
G, r ;=/ w(Cy ') du < 400, VT >0. (13.41)
0

Remark 13.1 Note that the system (13.1) satisfies the assumptions made in the fore-
going. In this case N = 2d, the solution can be identified with an N-dimensional
column vector valued process whose components are X; and V;. The respective
matrices and a non-linear perturbation of the drift are given by

a1 _|[00 G(t,x) = 0 13.42)
“lo -1 9Tlo 1| = Vim0

Here I denotes the d x d identity matrix. We have

e [1 a=er
0 e ]
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and
_ fu®l  fio®1
T\l fao1)
Here
t t
fii() :=fO (1—e™)’du,  fia(t) :=f0 e (1—e")du
and
t
o 0) ::/ e 2 du.
0
Let

t 2 t t 2
A() :=/ (1 - e_“) du/ e Hdu — (/ e_”(l - e_“)du> .
0 0 0

Strict positivity of A(¢) for ¢ > 0 is a consequence of the Cauchy—Schwartz inequal-
ity. Hence

detC, = A1) > 0

and hypothesis (13.38) is fulfilled. The expression appearing in (13.40) in this case
equals

T T
fy,Tzf tr(Cl/Ct_V)dtf/ w(C;ch)IC | Y dr.
0 0

Here |A| := (Z?;: 1 aizj)l/ 2 is the norm of the given matrix. A simple calculation
shows that

w(C/C;7 ) =dA' A @) ~17!, forr < 1.
Since |C;| ~ ¢, as t < 1, we conclude that ﬂy,T < 400 for any y > 0. On the other
hand, |C,_1| ~t™4 ast < 1,50 9,1 < 400, provided y is sufficiently close to 1.

For any ¢ > 0 we let

t
V= QeAT(’*Wc;_IM/ A 0dw,, uel0,1] (13.43)

u

and let G (¢, x) be as in (13.35). Define
t t
ps,,(u}, YARE G) ::/ G(u, Z;”‘) -dw, — %/ |G(u, Z,i‘x)|2du. (13.44)
N N

We shall omit writing parameter G if it is obvious from the context. The Gir-
sanov theorem for degenerate diffusions, see Corollary 2.1 of Stroock and Varadhan
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(1972), implies that h; 5, : C([s, t]; RYN) — R+—the Radon—Nikodym derivative
of P . with respect to Qj ., restricted to .#; ; (with s < 1), satisfies

By 0 Z°% = expfps. (w, Z)}. (13.45)

Formula (13.45) in particular implies that Ps;(x, -) possesses a density p; ;(x,y)
with respect to the Lebesgue measure given by

D5t (X, ¥) = 8.0 (X, Y)qr—5(x,y), (13.46)

where

85,1 (x,y) 1= Ep|hy s 0 Z°¥|Z]" = y]. (13.47)

Theorem 13.7 Under the assumptions made above functions ps;(x,y) are jointly
continuous and strictly positive in the region Z := [(s, x,t,y) : 0 <s < t]. There
exists a function € : [(t,s) :t > s > 0] — (0, +00) such that

Ps,t(x,y) SC (1, $)q1—s(x, y; 2). (13.48)

If G(t, x) is m times differentiable in x, then so is ps (x,y), jointly in x and y vari-
ables. In addition, estimate (13.48) holds for |V V;"z Ds.t(x, y)| for non-negative
integer valued multiindices m1, my such that \m1| + |m3| = m.

When m = 2 functions x — p; s(x,y), y = p;s(x,y) solve the Kolmogorov
backward and forward equations:

05+ L)psi(x, ) =0 andresp. (3 — Zy)ps.i(x,y) =0, (13.49)

with the final condition (resp. initial condition) given by

S—>t—

lim . Ps.a X, ) f()dy = f(x) (13.50)

and

lim » Psi(x, V) f(X)dx = f(y), VfeCpRY).

t—>s+

Proof Consider a Gaussian process given by
A T(_ — X
Zity =25 = Cuge O (200 —y), uels 1) (13.51)

By comparing the respective mean and covariance functions it can easily be shown
that the law of this process coincides with that of {Z;*, u € [s, t]} conditioned on
the event Z;"* =y, i.e. the Ornstein—-Uhlenbeck bridge starting at time s at x and
reaching y at time ¢. A direct calculation shows that the bridge process defined by
(13.51) is uncorrelated with (thus independent of) the random vector Z;*. Denote
by qu the bridge corresponding to x =y =0.
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Let
u
Wy = wu—/ Vidr, s<u<t. (13.52)
N

The following lemma can be verified by a direct calculation of the respective co-
variance matrices.

Lemma 13.8 The process {w,,s < u <t} is a standard N-dimensional Brownian
motion over (X, o/, P) that is non-anti-cipative with respect to the natural filtration
corresponding to {(W,, Z,i”);’y), s < u <t} and independent of the vector Z;"".

Our next task is to express function g ;(x, y) appearing on the right-hand side of
(13.46) in terms of the unconditional expectation of the Ornstein—Uhlenbeck bridge.
For this purpose observe first that

t
A T
eMZs = —/ A 0dw, 4+ [Croy — TV C, e 0] 28

u

t
— _/ A Qdw, + €, CL 78
u

This equality implies that
b\VZs  =—Vi+bPZs, (13.53)
where
bf,l) = QeAT(””)C,__lueA(””) and b,(f) = QeAT(””)C,__lx.
Lemma 13.9 We have

gs.1(x,y) = Epexple; '}, (13.54)

where

t
ei’sy = Py, (W, 75 ) — / G(u, Z;’,‘y) . {b,ﬁl)i,ﬁ,, + b,(f) [eA(’_S)x — y]}du.
N

¢7t’)7
Proof For an integer k > 1 andi =0, ..., k we define
thi=s+i(t—s)/k, G* ::G(II!‘,ZZ;X), Awtik =wg = wi,
AlZJlik = II}Z:'kJrl — lfllik and
k—1 1t )
pk(w, Z25%) =Y GE - Awy — 5/ |G(r, ;)| ar. (13.55)
! s
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Using (13.52) we can rewrite the left-hand side of (13.55) as being equal to

= i 1 [ 2
Z[G{F.Aﬁ)t_k—i—/k G{.‘.Vljdu] —5/ |G (r, Z5%)|"dr
i—0 ! I s

k-1 k=1 .k

(13.33) ko Ag ek )5 @[, Al—s)

= ;Gi.Aw"'k__X(;/t_k Gy (b Z, , + b7 [ x —y]}du
1= 1= l

k=1 o4k t
+ka+l Gf-bftz)(Zf’x—y)du—%/ |G(r,Zf’x)|2dr.
i=0 "l s

Using Lemma 13.8 we obtain that

Ep[exp{p}, (w, Z*)}1Z]" = y] = Epexp{p, (W, Z2;',)}, (13.56)
where
A k_l ~
:551‘(11)’ Zs’t),cy) = G{( Aﬁ)r‘.k
i=0
ant A
- Z/tk G{»‘ . {blgl)Z;,, + bl(,z)[eA(t_s)x - y]}du
i=0 1
t
3 [ 16t 2z, )Par
N
and

Gh=G(tf, 25" ).

thty

The right-hand of (13.56) converges, as k — +00, to the expression on the right-
hand side (13.54). Moreover, under our assumptions, for any ¢ € Cp (RN) we have

Jim Eefexplf, (. 2)}0(27)] = Belgd (v, 27)0(2))

This allows us to identify the limit of the expressions on the left-hand side of (13.56)
as being equal to g, ;(x, y) which ends the proof of the lemma. d

Using Cauchy—Schwartz inequality we obtain from (13.54) the following upper
bound on g ;(x, y)

2010, y) < { Epexp{20,, (i, 2°7,) 1} /2

t 1/2
X {Epexp{ZHGlloo/ bV Z5 4+ bP e x — y]|du}}
N

(13.57)
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for all x,y € R4, t,5 € [0, T] and s < ¢. The first factor on the right-hand side of
(13.57) can be rewritten in the form

1/2
[ves . 228,200+ [ 1otz ]| <evrzico,

Using (13.53) and Holder inequality we can estimate the second factor on the
right-hand side by

exp{1Glloo |6 | 1ps. (|29 x = y|) HEp exp{61Gllao 6@ 11, 1|22}/

x {Epexp{6] V' ||L1[X’t]||G||oo}}l/6, (13.58)

where

‘ t
62 geyi= [ ol ana [V o= [ 172

An application of Cauchy—Schwartz inequality yields

1/2

2 )“Ll[n <(rch) T -9

Since C;_; is the covariance matrix of a Gaussian random vector Z; the second
factor in (13.58) can be estimated by

exp{CHIGIZ 6P |71 (r Cr-0)?} < exp{CHIGI2,(r — ) (r €74 (r €y )

for some absolute constant C*. To estimate the third factor in (13.58) we rewrite
(13.43) in the form

AT (t—u) ~—V /2
VJZQe ¢ u)Ct—u Wzi’
where

t
' :Cf_(;*”z)/ A 0 dw,.
u

Using Cauchy-Schwartz inequality we can estimate [|[V'| 1, by
Ty i—s W] L2[s.r]- Suppose now that u is a centered Gaussian measure on
(H,| - |)—a separable Hilbert space. Then, using Corollary 3.2, pp. 5960 of
Ledoux and Talagrand (1991), we conclude that there exists an absolute constant
C* such that

/ef”)‘”u(dx)gc*ec*fz“, VE €R.
H

Here S is the covariance operator of the measure. Using this inequality we estimate
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the term in question by

C*exp{C*.7;, 4>, .
Hence (13.48) follows. The proof of the estimates for the derivatives of p; ;(x, y)
in x and y can be done analogously. d

Since, it is clear from (13.46) and (13.54) that under the assumptions of twice dif-
ferentiability of G (¢, x) in the x variable the transition probabilities are also twice
continuously differentiable in the respective variables we conclude that the Kol-
mogorov backward equation holds, see Theorem 7.6, p. 366 of Karatzas and Shreve
(1991). The fact that the Kolmogorov forward equation also holds is a classical re-
sult. Its proof is contained in e.g. Friedman (1975), see the proof of Theorem 4.7,
p.- 143. The uniform ellipticity assumption made there is only needed for the exis-
tence of transition probability densities and appropriate upper bounds. These facts
have already been established by us in the foregoing.

13.5 Comments and References

The model described by (13.1) has been considered in Papanicolaou and Varadhan
(1985), where the central limit theorem has been shown using a somewhat differ-
ent argument from the one presented in this chapter. The method of the proof has
required the potential to be deterministically bounded together with its two deriva-
tives. The argument presented here has been adapted, with some modifications, from
Benabou (2006), where the central limit theorem has been shown for a tagged par-
ticle in a system of Ornstein—Uhlenbeck particles interacting with each other via
a certain two-body potential. In this situation the resulting potential is unbounded
and the method from Papanicolaou and Varadhan (1985) cannot be applied. In the
statement of Theorem 13.1 we maintained, for clarity’s sake, the assumption that the
potential is deterministically bounded together with its gradient. We also mention
here an article T6th (1986) that considers a related discrete model of a persistent
random walk in a random environment.

The central limit theorem in case of periodic potentials has been shown in Ro-
denhausen (1989), where also the Einstein relation between diffusivity and mobility
of the particle has been shown. When the dynamics is described by an equation
analogous to (13.1), but with forcing of the potential type replaced by a general pe-
riodic vector field, the central limit theorem has been shown in Hairer and Pavliotis
(2004). Using strong ergodic properties of the hypoelliptic diffusion described by
that system it is possible to prove the existence of a smooth solution of the Poisson
equation — % xP) = V) (using our terminology), when V), is of zero mean with
respect to the invariant measure for the diffusion. From that point on the argument
follows the method described in Sect. 2.6.

The estimates on the transition probability densities of Sect. 13.4 are obtained by
a technique adapted from Goldys and Maslowski (2006). This paper also contains
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lower bounds of the transition probability densities corresponding to the solutions
of (13.34) by the densities of the Ornstein—Uhlenbeck process corresponding to
H(t, x) =0. One can use such bounds and a coupling argument to prove the exis-
tence of the asymptotic covariance matrix for the diffusion given by (13.1), when
the gradient field VU (x) is replaced by a forcing term that is time dependent, zero
mean, stationary and of finite dependence range in the temporal variable, see Ko-
morowski and Krupa (2006).
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Chapter 14
Analytic Methods in Homogenization Theory

In this chapter we present another, more analytic in flavor, point of view on the
problem of homogenization of diffusions in random environments. We have already
indicated in Sect. 9.6 that this topic is closely related to the problem of convergence
of solutions of partial differential equations with random coefficients. To recall we
suppose that {X;"“, ¢ > 0} is a diffusion given by (9.30). For a bounded domain U
with a sufficiently regular boundary dU, parameter ¢ > 0 and ug € L>(U) consider
a solution of the initial boundary value problem

d
1
=13 o, [ak,z<f;w>axlu@><r,x>] (1.x) € (0, +00) x U,
2 k=1 €

u®@t,x)=0, (t,x)€(0,+00) x U, (14.1)

u® (0, x) = ug(x).
The solution can be represented using the diffusion process:
u®(t, x; 0) = Ep[uo(X;), ‘[;EL)/ > 1],

where

X52 = eX5 (14.2)

t/e?
and tfg] is the exit time of the diffusion from U. It turns out, see Theorem 14.14
below, that if the coefficients ay ; (x; w) satisfy assumptions made in Sect. 9.3.3 then

: (&) - 2y _
62%1+([u (t,x) — u(t,x)] >Q =0,
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where u(z, x) is a solution of the heat equation with constant coefficients

d
_ 1 _ _
0l (1, x) = 5 D ad, it x),
k,l=1
u(0,x) =ug(x), u(t,x)=0,x €U,

(14.3)

with ag s, given by (9.55). The limiting procedure described above (called homog-
enization, cf. Sect. 9.6) in particular implies the central limit theorem for X f‘“ / Jt,
see Theorem 14.16 below. The reverse implication has already been discussed in
Sect. 9.6.

Concerning the organization of the material in this chapter: in the first part, con-
tained in Sects. 14.1 and 14.2, we introduce the notions of G-convergence of opera-
tors and I"-convergence of quadratic forms that play important roles in the analytic
theory of homogenization. In Sect. 14.3 we present the compensated compactness
argument to prove the G-convergence of a family of second order elliptic differen-
tial operators. This material is used in Sect. 14.4 to derive the convergence result
for the solutions of (14.1) with stationary and ergodic coefficients and prove again
the central limit theorem for corresponding diffusions. The appendix contained in
Sect. 14.5 is devoted to the proof of uniform ellipticity for the second order di-
vergence form partial differential operators whose corresponding Dirichlet form is
coercive.

14.1 G-Convergence of Operators

Suppose that H is a separable Hilbert space and H* its dual. For fixed constants
M > m > 0 denote by €’ (m, M) the class of linear operators L : H — H™* that
satisfy:

mlully < ge(Lu,u)y,  Lullps < Mlullg, YueH. (14.4)

Here g+(-,-) g is the duality pairing between H and H*.
Note that the above estimates imply in particular that each L € € (m, M) is in-
vertible and ||L~!|| < Mm~!.

Definition 14.1 We say that a sequence of operators {L,,n > 1} C ¢ (m, M) is G-
convergent to Lo : H — H*, and write Lo = G-lim,_, 1 Ly, if Lg is invertible
and

L' f—~Ly'f asn— +oo, (14.5)
weakly in H for any f € H*.

Below we list some of the properties of G-convergence.

Proposition 14.2 Suppose that Lo = G-lim,_, oo Ly, where {L,,n > 1} C
€(m, M). Then, Loy € € (m, M*/m).
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Proof Forany n >0 letu, := L;lf. Since L, € €(m, M) we conclude that
mlunlly < b (Lnttn, un) 1 = 5 (fo ) - (14.6)
Passing to the limit as n — 400 we get
mluolyy < w+(f.uo) i = m+{Louo, uo) -
On the other hand, from (14.4), we have
1 e < MPlunllyy < MPm™" e foun) 1
‘We obtain, upon letting n — +0o0,

£ 13 < MPm ™ e (fouo) i < MPm™ | £l s ol (14.7)

and the proposition follows. O

Proposition 14.3 Suppose that .7 is an arbitrary set of indices. Any family of op-
erators {L., e € 9} C €(m, M) contains a G-convergent sequence.

Proof Suppose that {fi,k > 1} is a linearly dense subset of H*. Since the set
{||Lg_1 I, e € .#} is bounded we can use the diagonal process to extract a sequence
{Lg,,n > 1} such that

. —1 . .
nETooH*Uk’LE" fj)y exists for each j, k > 1.

By a simple density argument we conclude that lim,,— +cc g+ (g, L;ﬂl f)u exists for
each g, f € H*. Denote by Bf the weak limit in H of L, f, as n — +o00. Since
the norms of L;ll are uniformly bounded by Mm~! we conclude that B : H* — H
is bounded and || B|| < Mm~!. Combining (14.6) and (14.7) we can write

1f 1 < MPm™" (. B Y.
Hence B is invertible and Lo := B~! is the G-limit of L, , as n — ~+oo0. O
Define L* : H — H*, the adjoint of L, by
H*(L*u, v)H =pg+(Lv,u)yg, VYu,veH.
It is elementary to verify that L* € € (m, M), if L € €(m, M).

Proposition 14.4 Suppose that {L,,,n > 1} is G-convergent to Lo. Then, {L}, n >
1} is G-convergent to L.



458 14 Analytic Methods in Homogenization Theory

Proof 1t suffices to show that an arbitrary subsequence of {L},n > 1} contains a
subsequence G-converging to L. For a convenience sake we shall also denote such
a subsequence by {L},n > 1}. From Proposition 14.3 there exists a G-converging
subsequence {L; ,k > 1}. We show that it converges to L. For f, g € H, we let

Uy = (LZk)flf, Vg = L;klg, U= (L(*;)flf
and v := La]g. We have
klilfoo H (g, Uk)H = kiir}rloo H¥{(Lu Vi, ug) g = kiiriloo ([, vi)H- (14.8)
Since {L,, , k > 1} is G-convergent to L the utmost right-hand side of (14.8) equals
o {f, ) = m*(g, u)n

and the conclusion of the proposition follows. d

14.2 I'-Convergence of Quadratic Forms

Suppose that L € € (m, M). We call it symmetric if the bilinear form
I'(u,v):=g«{(Lu,v)yg, wu,veH (14.9)

is symmetric, i.e. I"(u, v) = I' (v, u). To abbreviate we shall write I" (u) := I (u, u).
For a given f € H* define the energy functional & : H — R by

1
Er):= 5T @)~ ge{fou)n. ueH. (14.10)

There exists a unique minimizer u, of this functional that satisfies Euler—Lagrange
equation

Lu, = f. (14.11)
Thanks to coercivity of L Eq. (14.11) has a unique solution and
5 . 1 _
Ef) :=n}llné”f(u)=—§H*<f,L L)y (14.12)
As a direct corollary of Proposition 14.3 we obtain the following.

Proposition 14.5 The G-limit of a sequence of symmetric operators {L,,n > 1} C
€ (m, M) is symmetric.

The following result gives a criterion of the G-convergence of operators in terms
of the convergence of their corresponding energy functionals.



142 I'-Convergence of Quadratic Forms 459

Theorem 14.6 The sequence of symmetric operators {L,,n > 1} C €(m, M) is G
convergent to Ly if and only if

lim &7 () =E&9f), VfeH*. (14.13)

n——+00

Here &™ (f) is the minimum of the energy functional &™ (f) corresponding to f
and L,,.

Proof From (14.11) we know that the minimizers of the energy functional corre-
sponding to L, is givenby u,, := L, L for n > 0. The asserted equivalence follows
from the definition of the G-convergence and formula (14.12). O

Definition 14.7 We say that a sequence of functionals F,, : H - R, n > 11s I'-
convergent to a functional Fy: H — R if

(i) forany u € H and any sequence u, — u weakly convergentin H, as n — +00,
we have

liminf F,, (u,) > Fo(u),
n—+00
(ii) there exists a sequence v, — u, weakly in H, as n — 400, such that

liminf F, (v,) = Fo(u).
n—+00
The notion of G-convergence for symmetric operators is equivalent to the notion

of I"-convergence of their corresponding energy functionals as it is asserted in the
next result.

Theorem 14.8 Suppose that {L,,n > 1} is a sequence of symmetric operators be-
longing to € (m, M). Denote by {I},, n > 0} the sequence of corresponding bilinear
forms, see (14.9). Then, {L,,n > 1} is G-convergent to Ly if and only if {I},,n > 1}
is I'-convergent to I.

Proof The “if” part. Suppose that sequence {I},,,n > 1} converges to [p. Let
u € H be arbitrary and let u,, — u, as n — +oo, weakly in H be such that
lim,, oo I3 (uy) = I'o(u). Then,

limsup &M (f) < nilllloo 5;n)(un) = 5;0) ().

n—+00

In consequence, we obtain

limsup&E™ (f) < EQ (). (14.14)

n——+00

On the other hand, suppose that u,, is such that

50 ) < EV(f) 4 - (14.15)
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The uniform coercivity of {L,,n > 1} implies that {||u,| g, n > 1} is bounded. One
can choose therefore a subsequence of {u,,n > 1}, denoted for simplicity in the
same way, that is G-weakly convergent, say to ug. Using property (i) from the defi-
nition of I"-convergence we obtain

liminf & () > & (o) = £V (f).

n—-+00
Combining this inequality with (14.15) we get

hmlnfé”(”)(f) > &0 ).

n——+00

Thanks to Theorem 14.6, this together with (14.14) allows us to conclude that

G- lim L,=Lo. (14.16)

n—-+400
The “only if” part. Suppose that (14.16) holds and that u,, — ug, weakly in H.
Let f := Loug. By virtue of Theorem 14.6 we have then

hmlnféa(")(u )= lim EM(f) = £<0>(f)=(§}°)(u0).

n——+o0o
Hence

liminf I}, (u,) > Ty (uo)
n——+00

thus, condition (i) from the definition of the I"-convergence has been verified.
To verify part (ii) of the definition, choose u, := L, ! £. From the definition of
G-convergence we obtain u, — ug =L ! f. In consequence,

lim I}, (uy) =n_131}r100 w{foun)g = g+ {f, uo)m = Io(uo).

n——+00

Hence, {I;,, n > 1} is I"-convergent to . O

14.3 G-Convergence of Matrix Valued Functions

Suppose that U C R? is a bounded domain. For fixed M > m > 0 denote by
M(@m, M) the class of measurable, d x d matrix valued functions a = [a;;]: U —
M(d) such that:

() lajj(x)| <M foralli,j=1,...,dandae.x €U,
(>ii) Zflj:la,-j(x)siéj >m|E|*, VE € RY andae. x € U.

Let H := Wzl’o(U ) be the completion of C2°(U) in the norm

||M”W210(U) = ”VXMHL(ZI(U)’ ue CSO(U)-
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Its dual will be denoted by W, 1(U ). For each a € Mi(m, M) we can define an
operator L : WZI,O(U) — WZ_1 (U) by

Lu(v) ::f aVyu-Vyvdx, Vu,ve WZI’D(U). (14.17)
U

L is the divergence form elliptic operator corresponding to a given matrix valued
function a(-) with the Dirichlet boundary condition on U. Sometimes, we shall also
write L = —V, - (aV,). Using the notation of Sect. 14.1 we can write L € € (m, M).

In this section we assume that a family of matrix valued functions {a®, ¢
(0, 17} is contained in M(m, M) for some fixed 0 < m < M. Suppose also that f €
WZ_I(U) and u, is the unique solution of the equation L.u, = f, where L, is the
operator corresponding to a®) via (14.17). It is the unique weak solution in Wzl L)
of the Dirichlet problem ’

Ve (@®Viue)=f inU,
(14.18)
ug=0 onaU.

Definition 14.9 We say that a® is G-convergent, as ¢ — 0+, to a matrix valued
function a and write a = G-limg_, o+ a® if for each few, 1(U ) there exists
uo € W, ,(U) such that

ug —ug, weakly in W, ,(U) (14.19)
and
a® - Viu, —~a-Veug, weaklyin Lf,(U), ase —0+. (14.20)

Note that the above definition implies the uniqueness of a possible limit. Indeed,
suppose that there exist two matrices @ and 4 that are G-limits of a®), as & — 0+.
Choose an arbitrary ¢, — 04. According to Proposition 14.3 the corresponding
sequence of operators {L,,n > 1} contains a subsequence, which for convenience
sake will be denoted by the same symbol, G-converging towards some L.

Choose an arbitrary ug € Wzly ,(U) and set f := Loug. From the definition of the

G-convergence of operators we obtain that u,, = L, ' f — ug, weakly in W, L(U).
On the other hand, from (14.19) and (14.20) we conclude that

a-Veug= lim a®) . Viu, =a- Viuo.
n—+400

Since ug can be arbitrary from Wz1 ,(U) this implies that a = a.
In what follows we formulate some basic properties of G-convergence of matrix
valued functions.
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Proposition 14.10 Suppose that a = G-lim,_,04 a®. Then, a € M(m, M) for
some M1 depending only on m, M.

Proof Let us choose an arbitrary sequence &, — 04. Denote by L, the operator
corresponding to a‘®) via (14.17) and by Ly its G-limit. Then, L¢ and & are related
via (14.17). Indeed, let u,, := L;lLouo, where u( belongs to WZI’O(U). For any

vE WZIO(U) we can write

Louo(v)anugn(v):f a®V,ug, - Vivdx. (14.21)
U

From (14.20) the utmost right-hand side converges to
/ aViug - Vyvdx.
U

According to Proposition 14.2 we have Lo € € (m, M?/m). This implies that a €
M(m, My) for some M. Indeed, by (14.20) we have

- . (&n) _
”avxuO”L%](U) = ;111Ln-|1-2£ ”a Vg, = M1111£>n41-g£ llue, ”Wzl,a(U). (14.22)

|| 15102

Since {L,,n > 1} C €(m, M) and Lo € € (m, M*/m) the utmost right-hand side is
bounded from above by

L
M~ timinf | Ly, 1y 10
which, thanks to (14.21), equals
Mm ™[ Lottolly1 gy < Mm ™2 Vol 2 0. (14.23)
Fix pe{l,...,d}. Forany z € U and R > 0 such that Bg(z) C U we choose

up(x) 1= p((x —2DR™")(xp — 2p),

where 0 < p(x) <1 is a C* function such that p(x) =1, |x| < 1/2 and p(x) =0,
when |x| > 1. With this choice of uy we conclude from (14.22) and (14.23) that

d
Z/ [apy0)]) dx <CiRY, p=1,....d
g=1 Br2(2)

for some constant C; > 0 depending only on m, M. This implies the upper bound
on the entries of a.
To obtain the lower bound recall that Lo € € (m, M), thus

/U&quo Vyeuodx > m||qu0||iZ(U), Yug € W, ,(U). (14.24)
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The coercivity condition implies the desired lower bound on the matrix a(x), see
Theorem 14.17 below. 0

The following compactness result holds.

Theorem 14.11 Suppose that {a®, ¢ € (0, 11} is contained in M(m, M). Then, any
sequence {a'® n > 1} contains a G-converging subsequence.

Proof Denote by L, the elliptic operator associated with a®). According to Propo-
sition 14.3 one can choose a subsequence, which for convenience we denote the
same way as the original sequence, {a‘®»), n > 1} such that the corresponding oper-
ators G-converge, as n — +00, to some L. Then, for any f € WZ_1 (U) we have

wp =L, f—=uo:=Ly'f, weaklyin W, ,(U).

In fact, since matrices a®") are bounded, by further refinement of the subsequence
we can also guarantee that a®»)V,u, converges weakly in Lﬁ(U ) to some pg €
L3(U).

To finish the proof it suffices to show that

po(x) =a(x)Vyiug(x), ae.onU (14.25)
for a certain matrix valued function a belonging to M(m, M) and some positive
constants m1, M. Fix an arbitrary i = 1, ..., d and define fn(') € W{l (U) by

rl(i)(u) :=f a®e; - Veudx, uce W21’0(U).
U

Here ¢; is the i-th vector of the canonical base in R?. Let v,gi) € W21 ,(U) be the
unique solution of L, (v,(,i)) = fn(i). Since {v,(,i), n > 1} is bounded in W21 ,(U) we

can find a subsequence (denoted by the same symbol) such that v,gi) — v(()i) , weakly

in W21’0(U). Define
XD =Ly (Lovy” — f10) =Ly ' Loy — vl (14.26)

Since L, is G-convergent to Ly we conclude that

lim x© =0

9
n——+00 n

weakly in W, (V).

Define a sequence of matrices AW (x) = [Ag?) (x)], where

d
AP (x) ==a{5 (x) + > al @a i @), ij=1.....d.
k=1
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Functions Al(;') are bounded in L*(U), uniformly in 7, so one can find a weakly

convergent subsequence. Denote the limiting matrix by a(x) := [a;;(x)]. For any
£ € RY define

d
R (x: 8) = (1 (), ... hpa (X)) := Ve (x) =& = Y Vex (0.
i=1
Note that lim,_, 4o /tn (x; £) = Vyug(x) — £ and (from the definition of Ag.’) (x))

ETOOH(S")(X)hn(X§ &) =po—ax)&,

weakly in Lﬁ(U ). Let ¢ be an arbitrary, non-negative function from C°(U). We
have

0<ru(¢):= / a®m )y (x5 &) - by (x5 &) (x)dx. (14.27)
U
In addition, from (14.26) we get

Vo [a (1 6)] = —f = Vi (@™8)

d
=—f+ > (A7 + Loxa”)g

j=1
d .
=—f+Y s (14.28)
j=1
In particular the sequence appearing on the utmost left-hand side of (14.28) is com-
pact in W;l (U). Since also
curl iy (x) = [Bx; 1 (x) — Bx; i (¥)] =0,

by the div-curl lemma, see e.g. Theorem 4, p. 54 of Evans (1990), we conclude from
(14.27) that

0= lim rn(¢)= /U[po(X) —a()§] - [Vauo(x) —£]p (x)dx,

for all £ € R4 and non-negative ¢ € C2°(U). Choose representatives a(x), uo(x),
Viup(x), po(x) and a set N of Lebesgue measure 0, for which

[Po(x) —a(x)&] - [Veuo(x) —£] >0, VEeR? xeU\N. (14.29)

Suppose that x € U \ N and (¢,n) € R+ js arbitrary. Set & := Vyup(x) + 1.
Inequality (14.29) implies that
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t[po(x) — Ez(x)quo(x)] n+r2amn-n=0, Vi, neR* xeU\N.
This is possible only if po(x) =a(x)V, ug(x) on U \ N and (14.25) follows. O

Recall that Wzl (U) is the completion of the space (cf. (11.24))

s . 2 o 2 2
[ € CoW)  ullfyy g = Nz gy + 1Vl ) < 0]
under the norm || - ||y, 1) The argument presented in the proof of the above theorem
permits the following slight generalization of the result.

Theorem 14.12 Suppose that 0 < m < M are fixed. A sequence of matrix valued
functions {a(”), n > 1} contained in M(m, M) is G-convergent to a := [a;;], pro-
vided one can construct a sequence { x,&l), n > 1} of elements from W21 (U) such that

{Vx . [a(”)(ei + Vxx,?))], n> 1} is compact in Wz_l(U), (14.30)
im o, =0, (1431)

and
nl}ir_‘r_looa(")(ei +VixD)ej=a;j, Vi,j=1,...,d. (14.32)

The last two limits are understood weakly in L*>(U).

It is clear that the G-convergence of functions a®) (x) implies the G-convergence
of the corresponding operators L. In fact, the converse also holds. Namely, we have
the following.

Corollary 14.13 Suppose that {L¢, € € (0, 11} is a family of divergence form ellip-
tic operators corresponding to matrix valued functions {a®, ¢ € (0, 1]}, contained
in M(m, M) for some 0 <m < M. Assume also that Lo = G-limg_,o4 L. Then,
functions a(“;)(') G-converge to some a(-). In addition, Lo corresponds to a(-) via
(14.17).

Proof From Theorem 14.11 we know that for any sequence &, — O there exists
a G-converging subsequence, which we also denote by {a®”) n > 1}. Denote its
G-limit by a(-). From the assumption made above the corresponding sequence of
operators G-converges to Lg. Thus, the operator and the limiting matrix have to be
related to each other via (14.17). This argument also shows that the set of the limit
points of {a®, ¢ € (0, 1]}, as € — 0+, has to be a singleton and the conclusion of
the corollary follows. g
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14.4 Application to Homogenization of Diffusions in Random
Media

Suppose that a probability space (£2,.%, Q), an additive group {z,,x € R?} and a
random matrix a : £2 — M(d) are as described in Sect. 9.3. We assume also that
a(x; w) = a(tyw) belongs to M(m, M) for Q-a.s. w and U is a bounded region
in RY with a sufficiently smooth boundary, e.g. of C? class. For any & > 0 denote
a® (x; w) :=a(x/e; ). Let

d
1 -
LEp(x) = 5 > 0y (@) (v )y e(x). ¢ e CU). (14.33)
k,l=1

Operator LY maps W21 L(U)to Wz_l (U), see (14.17). Our first result deals with the
question of G-convergence of these operators, as ¢ = 04.

Theorem 14.14 Under the assumptions made above, for Q a.s. w there exists the
G-limit of @'®)(-; w), as ¢ — 0+. The limit is a deterministic, constant, positive
definite matrix. The corresponding operator Ly is the G-limit of LY, as € — 0+,

for Q a.s. w.
Proof Let X;EP ) be the A-correctors defined by (9.48) and let x(P) be any .74 weak

limiting point obtained when A converges to 0. Then, Vx?) € L?(Q) and we can
define a (non-stationary) random field

1
X(p)(x;cu)::/ Vx P (t5c) - xds, xeRY. (14.34)
0

Let x 7% (x; w) := ex P (x/e; ). It can easily be checked that for Q-a.s. » we
have X(”)(~; w) € W21(U) and

Vix P9 (x; 0) = VP (e w).
The family xP¥)(x) satisfies conditions (14.30)—(14.32) formulated in Theo-

rem 14.12 (with the obvious replacement of n by parameter ¢). Indeed, from (9.47)
and (9.48) we obtain that for any ¢ € C>°(U)

A /U P2 () (x)dx + /U (@@ 0)[ei + Ve3P (0]} - Ve ()dx =0,

where )"(;p’g) (x;w) = 8)(A(p)(tx/ga)). Letting A — 0+ and using (9.49) (in this case
7 = Q) we conclude that

fU{a<8>(x)[e,. + V7P )]} Vep(x)dx =0, Vg e C(U).
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From Theorem 11.18 we conclude that for any smooth and compactly supported
vector field F: RY — R and f € C°(U)

lim Vxx(p’e)(x;w)-F(x)dx:(VX(p))Q~/ F(x)dx =0 (14.35)
e—~>0+ Juy R4

and

lim &(8)()(;0))[6,-+Vxx(p’8)(x;a))]~ejf(x)dx=&,-j/ f(x)dx, Q-as.,
e—0+ U R4

where coefficients a;; are given by formula (9.55). By Theorem 11.18 we also know
that

. 2 2
Ej& [ Vix PO w) ”Lg(U) = |U|”VX(p) ”Q Q-as.

&

Putting the above facts together we conclude that the hypotheses of Theorem 14.12
are met for Q as. w. Therefore, Theorem 14.14 is a consequence of Theo-
rem 14.12. U

We can also formulate the corresponding result for the semigroups associated
with the operators L%. Recall that {X; ", 1 > 0}, given by (14.2), is the diffusion
corresponding to generator LY that starts at x and is defined over a probability

space (X, o7, P). We let H;g()] :=min[z : X;,” ¢ U] be the exit time of the diffusion
from U. Here Hfl)j := oo if the respective set is empty. Each operator LY is the
generator of a contraction semigroup on L?(U) given by a formula

PO f=Ep[f(Z50). HE) > 1], feLl*U).t>0.

For any u belonging to the domain of Lo we let u, := (Lg’)_lf, where f = Lou.
From G-convergence of LY to Ly we conclude that

us —u, weaklyin WZI,O(U).

Since Wzl’ ,(U) is compactly embedded in L%(U), see e.g. Theorem 7.22 of Gilbarg
and Trudinger (1983), the above convergence holds in fact in the strong sense in
L?(U). We can use then Theorem 1.6.1, p- 28 of Ethier and Kurtz (1986) to conclude
the convergence of the respective semigroups and obtain the following:

Theorem 14.15 For any f € L*>(U) we have

lim [ {Ee[f(XFE), HE) > t] = Ee[f(x + wy), Heu > 1]} 2dx =0
e—=0+ Jy ’ ’

Qa.s.inw. Here {w;, t > 0} is a d-dimensional Brownian motion with zero drift and
covariance matrix a, while Hy y denotes the exit time of {x + w;,t > 0} from U.
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‘We conclude this section with the functional central limit theorem for diffusions
{X;*,t > 0}. Denote by Q% the law of the diffusion over C([0, +-00); RY) and
by O~ the respective law of {x + w;, t > 0}.

Theorem 14.16 For any x € R? measures 0F? converge weakly to 0%, as ¢ —
0+, Qa.s. in w.

Proof The proof is conducted in two steps. First, we prove that there exists a set N
for which Q(N) = 0 and such that for any w ¢ N the family {Q}“, ¢ € (0, 1]} is
tight, as ¢ — 0+. The latter means that for any sequence of ¢, — 0+ the respective
family of measures is tight. Then, we show that for any limiting measure Q, integer
m>1,times0<¢ <.--<t, <s <t and functions f, g(,...,gm € CS"(R") we
have

/{[J/z(f)—//Zy(f)]l—[gi(ﬂz[)}Q(dU)=0- (14.36)

i=1

Here I1;(0) := o (¢) for any o € C([0, +00); R4 and 7 > 0, and

t
M (f) = [T — f(ITy) — /0 Lo/ (IT,)dp.

The operator L is the G-limit of LY, cf. Theorem 14.14. The above property iden-
tifies the limiting measure as the unique solution of the corresponding martingale
problem, see Corollary 7.1.7 of Stroock and Varadhan (1979).

To show tightness we recall that, according to assumptions made about random
matrix a(-), outside a set N of null QQ measure the respective matrix valued function
a(x; w) belongs to M(m, M). Hence, the transition probability densities of X ;‘ ’8‘"
satisfy the following Gaussian upper bounds

Ci Calx — y|?
w
Ple(x,y) = meXP{—f

}, Vi>0,x,yeR?, (14.37)
see Theorem 1, p. 891 and Remark 5, p. 895 of Aronson (1967). The constants
C1, Cy > 0 are independent of ¢ € (0, 1] and w ¢ N. From (14.37) we immediately
conclude that

Ep|XF8 — X200 <Gyt — )%, Viss

for some constant C3 > 0, independent of ¢ and w. This, according to Theorem 12.3,
p. 95 of Billingsley (1999), implies tightness of {Q}'“, e € (0, 1]}. Suppose that
Q is a limiting point of Oy, for some sequence &, — 0+. For a given R > 0
and |x| < R we let Hg := min[z : [I1;| > R], or equal +oo if the respective set
is empty. Choose arbitrary p and T > 0. Using tightness we can find R > 0 large
enough so that Q7 “[Hg < T] < p/2. From weak convergence we conclude that
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Q[HR+1 < T]< p/2. Therefore forany 0 <s <t < T

‘/{[//z,(n —%(f)]]‘[gmnt,-)}d e

i=1

= 3”f||c§(]Rd) ‘)gc;,w[HR-H <T]

n (14.38)

/ {[///z(f) — (N[ & (H:J}d Qs
[Hr+1=T]

i=1

The first term on the right-hand side is estimated by (3/2)]| f || C2(RA)P while the
second equals

m
/ {[N;;’(t — tw, ;) — NY(s — t, 1T,,,) ] Hgi (1) }dQ;;‘”‘. (14.39)
[Hp41>T] il
Here
NPt x) :=u,(t, x; 0) — f(x) — /()I(Loun)(r, X; w)dr, (14.40)
and
un(t, x; ) == Ep[ £ (X2), Hp > 1]. (14.41)
Function u, (-) solves the parabolic initial-boundary value problem
ity = Xd: 84 (@1 95un), in (0, +00) x B
tUn ) &, i\ A1 Oxln), , R+2,
u, =0, on(0,400) x dBr2, (14.42)
un(0,-) = ).
From (14.41) we conclude that
lunlloo < I1f lloo- (14.43)

Using Harnack estimates for solutions of parabolic partial differential equations, see
Moser (1964), we conclude that there exists a constants « € (0, 1) and C, indepen-
dent of n and w, such that

|t (1, ) —un (¢, X)]| < Co(lx = y* + 1t —51*72),  ¥(t,x), (¢, x') €€, (14.44)

where € :=[s — ty,, t — ty] X BR+1- Estimates (14.43) and (14.44) together imply
that the family {u, (-, -; ), n > 1} is relatively compact in the uniform topology on
the space of continuous functions on %. Thanks to Theorem 14.15 we also know

nEToo ”u" @) —u) H L2(Brs2) 0, Vvi>0,
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where

iu(t,x) = Ep[ f(x +wy), Hy Bg,r > t]-
These two facts imply that

lim u,(t,x) =u(t,x), uniformlyon@.
n—-+00

Hence, the upper limit of the expression (14.39), as n — 400, can be estimated by

[Nt = tw. 11,,) = N(s — t. 1T,)] | [ & (1T,)
i=1

lim
n—=>+00 J[Hp 1 >T]

dQ5® =0.

Here N(z, x) is given by an analogue of (14.40), where u,, is replaced by u. Thanks
to Theorem 14.15 we know that N (¢, x) = 0. Thus, from estimate (14.38) we con-
clude that

/![%(f) —5(f)] Hgi(n,,.)}dé =0, YfeC (RY).
i=1

This identifies the measure Q as the law of the Brownian motion {x + wy, ¢ > 0}
and ends the proof of the theorem. O

14.5 Appendix: Ellipticity of the Coefficient Matrix of a Coercive
Form

Theorem 14.17 Suppose that U is a region in R? and a : U — M(d) is a matrix
valued function with measurable entries that satisfies

2 1
/Uavxv Vevdx = m|[ Vvl g, Yo e W), (U) (14.45)

for some m > 0. Then

a)E-E>mlgl* VEeR?, aexel. (14.46)

Proof Suppose first that a(x) = a is a constant matrix and U = R?. Then for any
NS Wzl (R?) the left-hand side of (14.45) equals

d
> ap /kpkq|f)(k)|2dk > m/ k2[00 | dk, Vv e Wi (RY).
p-q=1
Here 0(k) is the Fourier transform of v(x). This clearly implies that

d
> apgkpkg =mik?,  VkeR?.
p.q=1
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It suffices only to notice that the set [|0 (k) 12, ve W21 (R?)] contains all non-negative,
compactly supported, continuous, even functions.

Next, we assume that U is an arbitrary region. With no loss of generality we may
suppose that 0 € U. Note that if (14.45) holds for this region then it also remains
true for any nU, where n > 1. The conclusion then follows from the already proved
result for U = R¥ and the fact that U=t W21’ ,(nU) is dense in W21 (Rd ).

Assume now that the entries of a(x) are continuous. Let us fix z € U and suppose
that ¢ > 0 is arbitrary. We can choose § > 0 sufficiently small so that Bs(z) C U and

/ a(z)Vyev - Vyvdx
Bs(2)

2
> m||Vyvl|? —f a(x) —a@)||Vev(x)| dx
LGBy (@) BS(Z)‘ Vo)
2 1
> = e)Vevla 0 YV E WS, (B5().

Using the conclusion of the theorem obtained for constant coefficients we conclude
that

a(z)é -& >mlE)?, VEeRY

To finish the proof we extend the result to a matrix valued function with measurable
entries. Let

ar(x) = |BR|—1f alx+ y)dy
Br

on
Ug :=[x € U : dist(x, 0U) > 2R].

Then (14.45) holds for ag(x) and v from W21 ,(UR). Since the entries of the matrix

are continuous we can use the result proved so far and obtain that ag (x)& -& > m|& |2
for all £ € R? and x € Ug. Letting R — 0+ we conclude that a(x) satisfies lower
bound (14.46). O

14.6 Comments and References

The notion of G-convergence (from the convergence of Green’s functions) was in-
troduced in Spagnolo (1967) and Spagnolo (1968) to study compactness properties
of solutions of linear parabolic and elliptic second order differential equations in
divergence form whose matrix of coefficients is symmetric, uniformly bounded and
elliptic.

I'-convergence of quadratic functionals considered in Sect. 14.2 is the special
case of an abstract notion of I"-convergence introduced in De Giorgi and Fran-
zoni (1975), see also De Giorgi (1975). The connection between the G-convergence
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of symmetric elliptic operators in a divergence form and I"-convergence of their
quadratic forms has been established in Sbordone (1975). The fact that the G-
convergence of generators implies the convergence in law of the respective pro-
cesses has been observed in Papanicolaou and Varadhan (1981). In that paper it is
assumed that the generators are self-adjoint but the argument can be used in the
general case.

An application of the compensated compactness method and extension of conver-
gence results to non-symmetric, second order, elliptic operators in divergence form
is given in Murat (1977) (see also Murat and Tartar, 1997), Simon (1979); Tartar
(1977, 1978). In the first three articles the term H-convergence (from homogeniza-
tion) is used in case of the convergence of matrix valued functions, instead of the
G-convergence used here. The div-curl lemma used in Sect. 14.3 comes from Murat
(1978).

An extensive discussion concerning the G-convergence for solutions of elliptic
and parabolic equations of an arbitrary order can be found in a series of papers
Ngoan (1977a,b); Zhikov (1983a,b); Zhikov et al. (1979, 1981). Our proof of The-
orem 14.11 follows closely the argument contained in Chap. 5 of the monograph
Zhikov et al. (1994).

The choice of the material presented in this chapter is not intended to be a review
of techniques used in modern analytic homogenization theory. Its main purpose is
to inform the reader, with some probabilistic background, about the relationship be-
tween the results that can be obtained with probabilistic tools and their counterparts
that can be shown by analytic methods. Likewise, the account of literature, concern-
ing analytic aspects of homogenization theory, presented above is far from being
complete. We direct the reader to the monographs (Bensoussan et al., 1978; Cio-
ranescu and Donato, 1999; Dal Maso, 1993), and the already mentioned (Zhikov
et al., 1994) for more information concerning this subject.
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